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PREFACE 


Thib  book  ia  not  intended  to  be  a  text  on  "Practical  Mathe- 
matics" in  the  sense  of  making  uae  of  scientific  material  and  of 
fundamental  notions  not  already  in  the  possession  of  the  student, 
or  in  the  sense  of  making  the  principles  of  mathematics  secondary 
to  its  technique.  On  the  contrary,  it  has  been  the  aim  to  give 
the  fundamental  truths  of  elementary  analysis  as  much  prominence 
as  seems  possible  in  a  working  course  for  freshmen. 

The  emphasis  of  the  book  is  intended  to  be  upon  the  notion  of 
functionaltly.  Illustrations  from  science  are  freely  used  to  make 
this  concept  prominent.  The  student  should  learn  early  in  his 
course  that  an  important  purpose  of  mathematics  is  to  express  and 
to  interpret  the  laws  of  actual  phenomena  and  not  primarily  to 
secure  here  and  there  certain  computed  results.  Mathematics 
might  well  be  defined  as  the  science  that  takes  the  broadest  view  of 
all  of  the  sciences — an  epitome  of  quantitative  knowle<^e.  The 
introduction  of  the  student  to  a  broad  view  of  mathematics  can 
hardly  begin  too  early. 

The  ideas  explained  above  are  developed  in  accordance  with  a 
two-fold  plan,  as  follows: 

First,  the  plan  is  to  group  the  material  of  elementary  analysis 
about  the  consideration  of  the  three  fundamental  functions : 

1.  The  Power  Function  y  =  ax"  (n  any  number)  or  the  law 
"as  X  changes  by  a  fixed  mtdtipU,  y  changes  by  a  fixed  multiple  also." 

2.  The  Simple  Periodic  Function  ;/  =  a  sin  mx,  considered  as 
fundamental  to  all  periodic  phenomena. 

3.  The  Exponential  Function,  or  the  law"  031  cftanfles  by  a^ed 
incrrnierU,  y  changes  by  a  fixed  mvUiple." 

Second,  the  plan  is  to  enlarge  the  elementary  functions  by  the 
development  of  the  fundamental  lTan$formations  applicable  to 
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these  and  other  functions.  To  avoid  the  appearance  of  abstruae- 
nesa,  these  transformations  are  stated  with  respect  to  the  graphs 
of  the  functions;  that  is,  they  are  not  called  transformations,  but 
"  motions ' '  of  the  loci.  The  facts  are  summarized  in  several  simple 
"Theorems  onLoci,"  which  explain  the  translation,  rotation,  shear, 
and  elongation  or  contraction  of  the  graph  of  any  function  in  the 
xy  plane. 

Combinations  of  the  fundamental  functions  as  they  actually 
occur  in  the  expression  of  elementary  natural  laws  are  also  dis- 
cussed and  examples  are  given  of  a  type  that  should  help  to  explain 
their  usefulness. 

Emphasis  is  placed  upon  the  use  of  lime  as  a  variable.  This 
enriches  the  treatment  of  the  elementary  functions  and  brings 
many  of  the  facts  of  "analytic  geometry"  into  close  relation  to 
their  application  in  science.  A  chapter  on  waves  is  intended  to 
give  the  student  a  broad  view  of  the  use  of  the  tr^onometrie  func- 
tions and  ftQ  introduction  to  the  application  of  analysis  to  peri- 
odic phenomena. 

It  is  difficult  to  understand  why  it  is  customary  to  introduce 
the  trigonometric  functions  to  students  seventeen  or  eighteen  years 
of  age  by  means  of  the  restricted  definitions  applicable  only  to  the 
right  triangle.  Actual  test  shows  that  such  rudimentary  methods 
are  wasteful  of  time  and  actually  confirm  the  student  in  narrow- 
ness of  view  and  in  lack  of  scientific  imagination.  For  that  reason, 
the  definitions,  theorems  and  addition  formulas  of  trigonometry 
are  kept  as  general  as  practicable  and  the  formulas  are  given 
general  demonstrations. 

The  possibilities  and  responsibilities  of  character  building  in  the 
department  of  mathematics  are  kept  constantly  in  mind.  It  is 
accepted  as  fundamental  that  a  modem  working  course  in  mathe- 
matics should  emphasize  proper  habits  of  work  as  well  as  proper 
methods  of  thought;  that  neatness,  system,  and  orderly  habits 
have  a  high  value  to  all  students  of  the  sciences,  and  that  a  text- 
book should  help  the  teacher  in  every  known  way  to  develop  these 
in  the  student. 

Chapters  V,  VI  and  VII  contain  material  that  is  required  for 
admission  to  many  colleges  and  universities.  The  amount  of  time 
devoted  to  these  chapters  will  depend,  of  course,  upon  the  local 
requirements  for  admission. 
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The  present  work  ia  a  revision  and  rewriting  of  a  preliminary 
form  which  has  been  in  use  for  three  years  at  the  University  of 
Wisconsin.  During  this  time  the  writer  has  had  frequent  and 
valuable  assistance  from  the  instructional  force  of  the  department 
of  mathematics  in  the  revision  and  betterment  of  the  text.  Ac- 
knowledgments are  due  especially  to  Professors  Burgess,  Dresden, 
Hart  and  Wolfi  and  to  Instructors  Fry,  Nyberg  and  Taylor. 
Professor  Burgess  has  tested  the  text  in  correspondence  courses, 
and  has  kindly  embraced  that  opportunity  to  aid  very  materially 
in  the  revision.  He  has  been  especially  successful  in  shortenii^ 
graphical  methods  and  in  adapting  them  to  work  on  squared  paper. 
Professor  Wolff  has  read  all  of  the  final  manuscript  and  made 
many  suggestions  based  upon  the  use  of  the  text  in  the  class  room. 
Mr.  Taylor  has  read  aU  of  the  proof  and  supplied  the  results  to  the 
exercises. 

Professor  E.  V.  Huntington  of  Harvard  University  has  read  the 
galley  proof  and  has  contributed  many  important  suggestions. 

The  writer  has  avoided  the  introduction  of  new  technical  terms, 
or  terms  used  in  an  unusual  sense.  He  has  taken  the  liberty,  how- 
ever of  naming  the  function  ax",  the  "Power  Function  of  x,"  as  a 
short  name  for  this  important  function  seems  to  be  an  unfortu- 
nate lack — a  lack,  which  is  apparently  confined  solely  to  the 
English  language. 

It  is  with  hesitation  that  the  writer  acknowledges  his  indebted- 
ness to  the  movement  for  the  improvement  of  mathematical  in- 
struction that  has  been  led  by  Professor  Klein  of  GSttlngen; 
not  that  this  is  not  an  attempt  to  produce  a  text  in  harmony  with 
that  movement,  but  for  fear  that  the  interpretation  expressed 
by  the  present  book  is  inadequate. 

The  writer  will  be  glad  to  receive  suggestions  from  those  that 
make  use  of  the  text  in  the  class  room. 

Charles  S.  Slichter. 
Untvkrsitt  op  Wisconsin 
July,  25,  1914 
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INTRODUCTION 

Any  course  in  mathematics  requires  the  frequent  use  of 
geometrical  constructions,  and  the  carrying  out  of  analytical 
and  numerical  computations.  In  order  that  this  work  may 
be  performed  neatly  and  accurately  it  is  necessary  that  the 
student  have  a  few  simple  instruments,  and  a  supply  of  proper 
material  for  doing  the  work  in  a  systematic  and  orderly  manner. 
The  indispensible  instruments  are  as  (ollows: 

I,  Instnmients.  (1)  Two  4H  hexagonal  drawing  pencils;  one 
sharpened  to  a  fine  point  for  inarking  points  upon  paper  or 
for  sketching  free  hand;  the  other  sharpened  to  a  chisel  point 
for  drawing  straight  lines.  Some  prefer  to  use  a  single  pencil 
sharpened  at  both  ends,  one  end  round  pointed,  the  other  end 
chisel  pointed. 

(2)  A  small  drawing  board'  of  soft  wood — 10  X  12  inches  is 
large  enough. 

(3)  A  small  T-square,  same  length  as  the  drawing  board. 

(4)  A  60°  and  a  45°  transparent  triangle.  Five-inch  triangles 
are  large  enough,  although  a  larger  60°  triangle  wilt  be  found  to 
be  very  convenient. 

(5)  A' protractor  for  laying  off  angles. 

(6)  A  triangular  boxwood  scale,  decimally  divided. 

(7)  A  pair  of  6-inch  pencil  compasses  for  drawing  circles  and 
arcs  of  circles,  provided  with  medium  hard  lead,  sharpened  to  a 
narrow  chisel  point. 

(8)  A  10-inch  slide  rule  is  required  for  Chapter  VIII,  and  may 
be  used  earUer  at  the  discretion  of  the  instructor. 

■  Dianing  boards  of  thii  siie  with  T-gquare  and  two  wood  trianglfs  are  marketed 
bj'  the  Milton  Bradly  Co.,  SpriosGeld  Mass.,  Btid  by  Euceoe  Dietigeu  Co.,  aad 
Keiiffd  and  Esaer  of  New  York  nod  CblosKo,  and  retail  for  about  40  oenta. 
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II.  Materials.  All  mathematical  work  should  be  done  on  one 
side  of  standard  size  letter  paper,  8J  X  11  inches.  This  is  the 
smallest  sheet  that  permits  proper  arrangement  of  mathematical 
work.     There  are  required: 

(1)  A  note  book  cover  to  hold  sheets  of  the  above  named  size  and 
a  supply  of  manilft  paper  "vertical  file  folders"  for  use  in  submit- 
ting work  for  the  examination  of  the  instructor. 

(2)  A  number  of  different  forms  of  squared  paper  and  computa- 
tion paper  especially  prepared  for  use  with  this  book.  These  sheets 
will  be  described  from  time  to  time  as  needed  in  the  work.  Form 
M2  will  be  found  convenient  for  problem  work  and  for  general 
calculation.  M2  is  a  copy  of  a  form  used  by  a  number  of  public 
utility  and  industrial  corporations.  Colleges  usually  have  their 
own  sources  of  supply  of  squared  paper,  satisfactory  tor  use  with 
this  book.  The  forms  mentioned  in  the  text,  printed  on  16  lb., 
St.  Regis  Bond,  cost  about  25'  cents  per  pound  in  100  lb.  lots 
(12,000  sheets)  from  F.  C.  Blied  &  Co.,  Madison,  Wis. 

(3)  MisceUaneous  supplies  such  as  thumb  tacks,  eiaserB,  sand- 
paper-pencil-sharpeners, etc. 

m.  General  Directions.  All  drawings  should  be  done  in 
pencU,  unless  the  student  has  had  training  in  the  use  of  the  ruling 
pen,  in  which  case  he  may,  if  he  desires,  "ink  in"  the  most  im- 
portant drawings. 

All  mathematical  work,  such  as  the  solutions  of  problems  and 
exercises,  and  work  in  computation  should  be  done  in  ink.  The 
student  should  acquire  the  habit  of  working  problems  with  pen 
and  ink.  He  will  find  that  this  habit  will  materially  aid  him  in 
repressing  carelessness  and  indifference  and  in  acquiring  neatness 
and  ^rstem. 

TO  THE  INSTRUCTOR 

The  usual  one  and  one-half  year  of  secondary  school  Algebra 
includii^  the  solution  of  quadratic  equations  and  a  knowledge  of 
fractional  and  n^ative  exponents,  is  required  for  the  work  of  this 
course.  In  the  appendix  will  be  found  material  for  a  brief  review 
of  factoring,  quadratics,  and  exponents,  upon  which  a  week  or  ten 
days  should  be  spent  before  beginning  the  regular  work  in  this 
text. 
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The  instructor  cannot  insiBt  too  emphatically  upon  the  require- 
ment that  all  mathematical  work  done  by  the  student — whether 
preliminary  work,  numerical  scratch  work,  or  any  other  kind 
(except  drawings) — shall  be  carried  out  with  pen  and  Ink  upon 
paper  of  suitable  size.  This  should,  of  course,  include  all  work 
done  at  home,  irrespective  of  whether  it  b  to  be  submitted  to  the 
inatnietor  or  not.  The  "psychological  effect"  of  this  requirement 
will  be  found  to  entrain  much  more  than  the  acquirement  of  mere 
technique.  If  properly  insisted  upon,  orderly  and  systematic 
habits  of  work  will  lead  to  orderly  and  systematic  habits  of 
thought.  The  final  results  will  be  very  gratifying  to  those  who 
sufficiently  persist  in  this  requirement. 

At  institutions  whose  requirements  for  admission  include  more 
than  one  and  one-half  units  of  preparatory  algebra,  nearly  all  of 
Chapters  V,  VI,  and  VII  may  be  omitted  from  the  course. 

An  asterisk  attached  to  a  section  number  indicates  that  the 
section  may  he  omitted  during  the  first  reading  of  the  book. 

GREEK  ALPHABET 
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MATHEMATICAL  SIGHS  AND  SYMBOLS 


read 

and  so  on. 

s 

read 

is  identical  mtk. 

j6 

read 

is  not  equai  to. 

- 

read 

approaches. 

V 

read 

is  approximately  eqitai  to. 

> 

read 

is  greater  than. 

< 

read 

is  less  than. 

S: 

read 

is  greater  than  or  egud,  to. 

(«,6) 

read 

point  whose  coordinates  are  a  and 

15 

read 

factorial  n. 

n! 

read 

factorial  n  or  n  admiration. 

":./(^) 

read 

limit  off(x)  as  X  approaches  a. 

read 

X  becomes  infinite. 

i"i 

read 

absoliUe  value  of  a. 

log.:c 

read 

logarithm  of  x  to  the  base  a. 

lg:c 

read 

common  logarithm  of  x. 

read      naturai  logarithm 
read       summation  fro 
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CHAPTER  I 

VARIABLES  AHD  FUNCTIONS  OF  VARIABLES 

1.  Scales.  If  a  series  of  points  corresponding  in  order  to  the 
numbers  of  any  sequence'  be  selected  along  any  curve,  the  curve 
with  its  points  of  division  is  called  a  scale.  Thus  in  Fig.  1  (a) 
the  points  aloi^  the  curve  OA  have  been  selected  and  marked  in 
order  with  the  numbers  of  the  sequence: 

0,  1  /4,  1  /2,  1,  2§,  3,  5,  7,  8 

Thus  primitive  man  might  have  made  notches  along  a  twig 
and  then  made  use  of  it  in  making  certain  measurements  of 


FiQ.   1.— Scales  of  Varioua  Sorts. 

interest  to  him.  If  such  a  scale  were  to  become  generally  used  by 
others,  it  would  be  desirable  to  make  many  copies  of  the  original 
scale.  It  would,  therefore,  be  necessary  to  use  a  twig  whose  shape 
oould  be  readily  duphcated;  such,  for  example,  as  a  straight  stick; 
and  it  would  also  be  necessary  to  attach  the  same  symbols  in- 
variably to  the  same  divisions. 

'  A  ■equenoa  of  Dumbara  baie  means  a  est  of  numben  amnaad  in  oider  of 
nuisDitude. 

1 

L,  ,z,;i.,C00gIC 


ELEMENTARY  MATHEMATICAL  ANALYSIS 


[61 


Certain  advantages  are  gained  (often  at  the  expense  of  others, 
however)  if  the  distances  between  consecutive  points  of  division 
are  kept  the  same;  that  is,  when  the  intervals  are  laid  off  by  repe- 
tition of  the  same  selected  distance.    When  this  is  done,  the  scale 


Fio.  2, — An  Ammeter  Scale. 

is  called  a  uniform  scale.  Primitive  man  might  have  selected  for 
such  uniform  distance  the  length  of  his  foot,  or  sandal,  the  breadth 
of  his  hand,  the  distance  from  elbow  to  the  end  of  the  middle 
finger  (the  cubit),  the  lei^th  of  a  step  in  pacing  (the  yard),  the 
amount  he  can  stretch  with  both 
arms  extended  (the  fathom),  etc., 
7'^  etc. 

We    are    familiar    with    many 
scales,  such  as  those   seen  on  a 
yardstick,  the   dial   of  a  clock,  a 
thermometer,  a  sun-dial,  a  steam- 
gage,   an    ammeter    or  voltmeter, 
the  arm  of  a  store-keeper's  scales, 
etc.,  etc.     The  scales  on  a  clock,  a  yardstick,  or  a  steel  tape  are 
uniform.    Those  on  a  sun-dial,  on  an  ammeter  or  on  a  good 
thermometer,  are  not  uniform. 

One  of  the  most  important  advantages  of  a  uniform  scale  is 
the  fact  that  the  place  of  beginning  or  zero  may  be  taken  at  any 
one  of  the  points  of  division.    This  is  not  true  of  a  non-uniform 
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Bcale.  If  the  needle  of  an  ammeter  be  bent  the  instrument  cannot 
be  used.  It  is  always  necessary  in  using  such  an  instrument  to 
know  that  the  zero  is  correct;  if  a  sun-dial  is  not  properly  oriented, 
it  is  useless.  If,  however,  a  yardsticic  or  a  steel  tape  be  broken, 
it  may  still  be  used  in  measuring.  The  student  may  think  of 
many  other  advantages  gained  in  usii^  a  uniform  scale. 

2.  Formal  Definition  of  a  Scale.  If  points  be  selected  in  order 
along  any  curve  corresponding,  one  to  one,  to  the  numbers  of 
any  sequence,  the  curve,  with  its  divisions,  ia  called  a  scale. 

The  notion  of  one  to  one  correspondence,  included  in  this 
definition,  is  frequently  used  in  mathematics. 

In  mathematics  we  frequently  speak  of  the  arithmetical  scale 
and  of  the  algebraic  scale.  The  arithmetical  scale  corresponds  to 
the  numbers  of  the  sequence: 

0,  1,  2,  3,  4,  5,  .  .  . 

and  such  intermediate  numbers  as  may  be  desired.  It  is 
usually  represented  by  a  uniform  scale  as  in  Fig.  I  (6).  The 
algebraic  scale  corresponds  to  the  numbers  of  the  sequence: 
.  .  .  -6, -5, -4, -3, -2,-1,0, +1, +2, +3,-1-4, +5,  .  .  . 
and  such  intermediate  numbers  as  may  be  desired.  It  is  usually 
represented  by  a  uniform  scale  as  in  Fig.  I  (c).  The  arithmetical 
scale  begins  at  0  and  extends  indefinitely  in  one  direction.  The 
algebraic  scale  has  no  point  of  beginning;  the  zero  is  placed  at  any 
desired  point  and  the  positive  and  negative  numbers  are  then 
attached  to  the  divisions  to  the  right  and  the  left,  respectively,  of 
the  zero  so  selected.  The  scale  extends  indefinitely  in  both 
directions. 

Exercises 

1.  Show  that  the  distance  between  two  points  selected  anywhem 
on  the  algebraic  scale  is  always  found  by  subtraction. 

2.  If  two  algebraic  scales  intersect  at  right  angles,  the  oommoe 
point  being  the  zero  of  both  scales,  explain  how  to  find  the  distance 
from  any  point  of  one  scale  to  any  point  of  the  other  scale. 

3.  What  points  of  the  algebraic .  scale  are  distant  5  from  the 
point  3  of  that  scale?  What  point  of  the  arithmetical  scale  is 
distant  5  from  the  point  3  of  that  scale? 
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3.  Two  Scales  in  Juxtaposition  or  Double  Scales.    The  relation 

between  two  magnitudeB  or  quantities,  or  between  two  numbera, 
may  be  shown  conveniently  by  placing  two  scales  side  by  side. 
Thus  the  relation  between  the  number  of  centimeters  and  the 
number  of  inches  in  any  length  may  be  shown  by  placing  a  centi- 
meter acale  and  a  foot-rule  side 
by  side  with  their  zeros  coin- 
ciding as  in  Fig.  4. 

A  thermometer  is  frequent- 
ly seen  bearing  both  the 
Fahrenheit  and  the  centi- 
grade scales  (see  Kg.  5). 
It  is  obvious  that  the  double 
scale  of  such  a  thermometer 
may  be  used  (within  the 
limits  of  its  range)  for  converts 
ing  any  temperature  reading 
Fahrenheit  into  the  corres- 
ponding centigrade  equiva- 
lent and  vice  versa.  The  con- 
struction of  scales    of    this 

sort  may  be  made  to  depend       „      -.,,..,   r.     .     .■ 

,^        ,    ..         t    .      ,  ,  ^K-  '- — Method   of    ConBtniction 

upon  the  solution  of  the  fol-     of    Double    Scale    showing   Relation 
lowing  problem  in  elementary    between  "Milea  pet  Hour"  and  "Feet 
geometry:     To  divide  a  given    p^^  Second/' 
line  into  a  given  number  of  eqital  parts. 

To  construct  a  double  scale  showing  the  relation  between  speed 
expressed  in  miles  per  hour,  and  speed  expressed  In  feet  per  second, 
we  may  proceed  as  follows;  Amile  contains  5280  feet;  an  hour  con- 
tains 3600  seconds.  Hence,  one  mile  per  hour  equals  5280/3600 
or  22/15  feet  per  second.  On  one  of  two  intersecting  straight 
■lines,  OA  (see  Fig.  7),  lay  off  22  convenient  equal  intervals  (say  1  /4 
inch  each).  On  the  second  of  the  intersecting  lines,  OS,  lay  off 
15  equal  intervals  (say  I  /2  inch  each).  Join  the  15th  division 
of  OB  with  the  22nd  division  of  OA  and  draw  parallels  to  the 
line  AB  through  each  of  the  15  divisions  of  OB.  Then  the  22  and 
the  15  equal  subdivisions  stand  in  juxtaposition  along  OA  and 
constitute  the  double  scale  required.    labelling  the  first  scale 
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"feet  per  aecoad"  and  the  eecond  scale  "miles  per  hour,"  the 
double  scale  may  be  used  for  converting  speed  expressed  in 
either  unit  iato  speed  expressed  in  the  other. 

By  annexing  the  appropriate  number  of  ciphers  to  the  numbers 
of  each  scale,  the  range  of  the  double  scale  may  be  considered 
220  and  150  or  2200  and  1500,  etc.,  respectively. 

The  lengths  of  the  various  units  selected  for  the  dit^am  are,  of 
course,  arbitrary.  As,  however,  the  student  i3  expected  to  prepare  ■ 
the  various  constructions  and  diagrams  requited  for  the  exercises 
iq  this  book  on  paper  of  standard  letter  size  (that  is,  8J  by  11 
inches),  the  various  units  selected  should  be  such  as  to  permit  a 
convenient  and  practical  construction  upon  sheets  of  that  size. 

Exercises 

The  student  is  e:q>ected  to  carry  out  the  actual  construction  of  only 

'o  of  the  double  or  triple  scales  described  in  the  following  exercises. 

1.  Construct  a  double  scale  ten  inches  long  expresBtng  the  relation 
between  fractions  of  an  inch  expressed  in  tenths  and  fractions  of  an 
inch  expressed  in  sixteenths. 

To  draw  this  double  scale  it  is  merely  necessary  to  lay  off  the 
intervals  directly  from  suitable  toot-rules.  On  the  scale  of  tenths 
indicate  the  inch  and  half  inch  intervals  by  longer  division  lines  than 
the  others.  On  the  scale  of  sixteenths  represent  the  quarter  inch  inter- 
vals by  longer  division  lines  than  those  of  the  sixteenths,  and  represent 
the  half  inch  and  inch  intervals  by  still  longer  lines,  as  is  usually  done 
on  foot  rules. 

3.  Draw  a  double  scale  showing  pressure  expressed  as  inches  of 
mercury  and  as  feet  of  water,  knowing  that  the  density  of  mercury 
is  13.6  times  that  of  water. 

These  are  two  of  the  common  ways  of  expressing  pressure.  Water 
pressure  at  water  power  plants,  and  often  for  city  water  service,  is 
expressed  in  terms  of  bead  in  feet.  Barometric  pressure,  and  the 
vacuum  in  the  suction  pipe  of  a  pump  and  in  the  exhaust  of  a  con- 
densing steam  engine  are  expressed  in  inches  of  mercury.  The 
approzimale  relations  between  these  units,  i.e.,  1  atmosphere  >-  30 
inches  of  mercury  =  32  feet  of  water  =  15  pounds  per  square  inch, 
are  known  to  every  student  of  elementary .  physics.  To  obtain,  in 
terms  of  feet  of  water,  the  pressure  equivalent  of  1  foot  of  mercury, 
the  latter  must  be  multiplied  by  13.6,  the  density  of  mercury.     This 
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result  when  divided  by  12  givea  the  presBure  equivalent  of  1  inch  of 
mercury,  which  ia  1.13  feet  of  water. 

If  we  let  the  scale  of  inches  of  mercury  range  from  0  to  10,  then  the 
Scale  of  feet  of  water  must  range  fromO  to  11.3.  Hence  draw  a  line 
OA  10  inches  long  divided  into  inches  and  tenths  to  represent  inches 
of  mercury.  Draw  any  line  OB  through  0  and  lay  off  11.3  uniform 
intervals  (inch  intervale  will  be  satisfactory)  on  OB.  Connect  the 
end  division  on  OA  with  the  end  division  on  OB  by  a  line  AB.  Then 
from  1,  2,  3,  .  .  .  inches  on  OB  draw  parallels  to  BA,  thus  forming 
adjacent  to  OA  the  scale  of  equivalent  feet  of  water.  Each  of  these 
intervals  can  then  be  subdivided  into  10  equal  parts  corresponding 
to  tenths  of  feet  of  water. 

3.  Draw  a  triple  aoale  showing  pressure  expressed  as  feet  of  water, 
as  inches  of  mercury,  and  as  pounds  per  square  inch,  knowing  that  the 
density  of  mercury  is  13.6  and  that  one  cubic  foot  of  water  weighs 
62.5  pounds. 

To  reduce  feet  of  water  to  pounds  per  square  inch,  the  weight  of  one 
cubic  foot  of  water,  62.5  pounds,  must  be  divided  by  144,  the  number 
of  square  inches  on  one  face  of  a.  cubic  foot.  This  gives  1  foot  of 
water  equivalent  to  62.5/144  or  0.434  pounds  per  square  inch.  To 
obtain  the  pressure  given  by  1  toot  of  mercury,  the  pressure  equiva- 
lent of  1  toot  of  water  must  be  multiplied  by  13.6,  the  density  of 
mercury.  This  result  when  divided  by  12  gives  the  pressure  equiva- 
lent of  1  inch  of  mercury,  or  0.492  pounds  per  square  inch. 

One  pound  per  square  inch  is  equivalent,  therefore,  to  1/0.434  or 
2.30  feet  of  water  or  to  1/0.492  or  2.03  mchea  of  mercury.  If  we  let 
the  scale  of  pounds  range  from  0  to  10,  we  may  select  1  inch  as  the 
equivalent  of  1  pound  per  square  inch,  and  divide  the  scale  OA  into 
inches  and  tenths  to  represent  this  magnitude.  Draw  two  inter- 
secting lines  OB  and  OC  through  0,  and  lay  off  23  uniform  intervals 
on  OB  and  lay  off  20.3  uniform  intervals  on  OC,  1/2  inch  being  a 
convenient  length  for  each  of  these  parts.  Connect  the  end  divisions 
of  OB  and  OC  with  A  and  through  all  points  of  division  of  OB  draw 
lines  parallel  to  BA  and  through  all  points  of  division  of  OC  draw  lines 
parallel  to  CA,  and  subdivide  into  halves  the  intervals  of  the  scales 
last  drawn.  The  range  may  be  extended  to  any  amount  desired  by 
annexing  ciphers  to  the  numbers  attached  to  the  various  scales. 

Extending  the  range  by  annexing  ciphers  to  the  attached  numbers 
is  obviously  practicable  so  long  as  the  various  intervals  or  units  are 
decimally  subdivided.  The  method  is  impracticable  for  scales  that 
are  not  decimally  subdivided,  such  as  shillinga  and  pence,  degrees  and 
minutes,  feet  aiid  inches,  etc. 
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4.  Draw  a  triple  scale  showing  the  relations  between  the  cubic  foot, 
the  gallon  and  the  liter,  if  1  cubic  foot  =  7i  gallons  =  28i  liters. 
Divide  the  acale  of  cubic  feet  into  tenths,  the  scale  of  gallons  Into 
quarts,  and  the  third  scale  into  liters. 

It  is  obvious  that  it  is  always  necessary  firstto  select  the  range  of 
the  various  scales,  but  it  ia  quite  aa  well  in  this  case  to  show  the  equiva- 
lents for  1  cubic  foot  only,  as  numbers  on  the  various  scales  can  he 
multiplied  by  10,  100,  or  1000,  etc.,  to  show  the  equivaleots  for  larger 
amounts. 

Select  10  inches  =  1  cubic  foot  for  the  scale  (OA)  of  cubic  feet. 
Draw  two  intersecting  lines  OB  and  OC.  On  OB  lay  off  71  equal 
parts  (say,  7i  inches)  and  on  OC  lay  oft  28J  equal  parts  (say,  28i 
quarter  inches).  Connect  the  end  divisions  with  A  and  draw  the 
parallel  lines  exactly  as  with  previous  examples.  The  intervals  of  the 
scale  of  gallons  can  then  be  subdivided  into  the  four  equal  parts  to 
show  quarts. 
I  6.  The  velocity  in  feet  per  second  of  a  faUing  body  is  given  by  the 
formula  v  =  gl,  in  which  g  =  32.2  and  ( is  measured  in  seconds.  Draw 
a  double  scale  showing  the  velocity  at  any  time. 

It  ia  obvious  that  the  reading  32.2  on  the  v-scale  must  be  placed 
opposite  the  mark  I  on  the  (-scale.  First,  select  the  range  for  the 
t-soale,  aay  from  1  to  10  seconds.  Then  a  convenient  acale  for  (  is  1 
inch  equals  1  second,  which  scale  can  readily  be  subdivided  to  show 
1/5  or  1/10  seconds.  If  the  general  method  be  followed,  it  would  be 
necessary  to  lay  off  322  equal  parts  on  a  line  (OB)  intersecting  the 
f-scale  (OA).  Aa  this  is  an  inconveniently  large  number,  it  is  better 
to  lay  off  3.22  divisiona  on  the  construction  line  OB,  Each  of  these 
divisions  may  be  2  inches  in  length,  so  that  6.44  inches  will  represent 
the  terminal  or  end  division  on  the  intersecting  line  OB.  From  the 
6.44  inch  mark  on  OB  draw  a  line  to  10  on  the  (-scale  OA.  Then  from 
2,  4,  6  inches  on  OB  draw  parallels  to  BA,  thus  locating  u  =  100,200, 
and  300.  These  intervals  can  then  be  subdivided  into  10  equal  parts 
to  show  V  =  10,  20,  30,  .  .  .  If  values  of  n  are  wanted  for  (  >  10, 
zeros  may  be  annexed  to  the  numbers  attached  to  both  scales. 

8.  Select  sections  from  any  of  the  double  scales  described  above  and 
discuss  the  relation  of  the  number  of  units  on  one  side  to  the  number  of 
units  on  the  other  side.  Show  that  the  ratio  in  different  sections  of 
the  number  of  units  on  the  two  sides  of  the  same  double  scale  is  not 
constant  if  one  scale  be  a  non-uniform  scale. 

7.  If  a  double  scale  be  drawn  on  a  deformable  body,  as,  for  example, 
on  a  rubber  band,  would  the  double  scale  still  represent  true  relations 
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)  stretched?     What  if  the  stretching  were 

4.  Fimctioiis.  The  relation  between  two  magnitudes  expressed 
graphically  by  two  scales  drawn  in  juxtaposition,  a^  above,  may 
sometimes  be  expressed  also  by  means  of  an  equation.  Thus, 
if  ^  is  the  number  of  dollars,  and  x  is  the  number  of  pounds  sterling 
ih  any  amount,  then: 

y  =  4.87  X  (1) 

also,  if  F  be  the  reading  Fahrenheit,  and  C  the  reading  centigrade 
of  any  temperature,  then: 

F  =  l-C  +  32  (2) 

U  =  13.67/12  =  144ir/62.5  (3) 

where  U,  V,  and  W  are  pressures  measured,  respectively,  in  feet  of 
water,  inches  of  mercury,  or  in  pounds  per  Square  inch. 

Note.  The  letters  x,  y,  F,  C,  U,  V,  W  in  the  above  equations 
stand  for  nvmbers;  to  make  this  emphatic  we  sometimes  speak  of  them 
as  pure  or  abstract  numbers.  These  numbers  are  thought  of  as  arising 
from  the  measurement  of  a  magnitude  or  quantity  by  the  application 
of  a  suitable  unit  of  measure.  Thus  from  the  magnitude  or  quantity 
of  water,  12  gallons,  arises,  by  use  of  the  unit  of  measure  the  gaUon,  the 
abstract  number  12. 

Algebraic  equations  express  the  relation  between  numbers,  and  il 
shovld  always  be  understood  that  the  letters  used  in  algebra  stand 
for  numbers  and  not  for  quantities  or  magniludes. 

Quanti^  or  Magnitude  is  an  answer  to  the  question:  "How 
much?"     Number  is  an  answer  to  the  question:     "How  many?" 

An  interesting  relation  is  given  by  the  scales  in  Fig.  6.  This 
digram  shows  the  fee  charged  for  money  orders  of  various 
amounts;  the  amount  of  the  order  may  first  be  found  on  the  upper 
scale  and  then  the  amount  of  the  fee  may  be  read  from  the  lower 
scale.  The  relation  here  exhibited  is  quite  different  from  those 
previously  given.  For  example,  note  that  as  the  amount  of  the 
order  charges  from  $50.01  to  $60  the  fee  does  not  change,  but 
remains  fixed  at  20  cents.  Then  as  the  amount  of  the  order 
chaises  from  160.00  to  $60.01,  the  fee  changes  abruptly  from  20 
cents  to  25  cents.    For  an  order  of  any  amount  there  is  a  cor- 
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responding  fee,  but  for  each  fee  there  corresponds  not  an  order  of 
a.  single  value,  but  orders  of  a  considerable  range  in  value.  This  is 
quite  different  from  the  cases  described  in  Fig.  5.  There  for 
each  reading  Fahrenheit  there  corresponds  a  certain  reading 
centigrade,  and  vice  versa,  and  for  any  change,  however  small,  in  one 
of  the  temperature  readings  a  change,  also  small,  takes  place  in 
the  other  reading.  For  this  reason  the  latter  quantity  is  said  to  be 
continuous. 

The  relation  between  the  temperature  scales  has  been  expressed 
as  an  algebraic  equation.  The  relation  between  the  value  of  & 
money  order  and  the  corresponding  fee  cannot  be  expressed  by  a 
similar  equation.  If  we  had  given  only  a  short  piece  of  the  centi- 
grade-Fahrenheit double  scale,  we  could,  nevertheless,  produce  it 
indefinitely  in  both  directions,  and  hence  find  the  corresponding 
readings  for  all  desired  temperatures.  But  by  knowii^  the  fees 
for  a  certain  range  of  money  orders  one  cannot  determine  the  fees 
for  other  amounts.  In  both  of  these  cases,  however,  we  express 
the  fact  of  dependence  of  one  number  upon  another  number  by 
saying  that  the  first  number  is  a  function  of  the  second  number. 

DefinitioD.  Any  number,  u,  is  said  to  be  a  function  of  another 
number,  (,  if,  when  ( is  given,  the  value  of  u  is  determined.  The 
number  I  is  often  called  the  argument  of  the  function  u. 

Illustrations.  The  length  of  a  rod  is  a  function  of  its  tempera- 
ture. The  area  of  a  square  is  a  function  of  the  length  of  a  side. 
The  area  of  a  circle  is  a  function  of  its  radius.  The  square  root 
of  a  number  is  a  function  of  the  number.  The  strength  of  an  iron 
rod  is  a  function  of  its  diameter.  The  pressure  in  the  ocean  is  a 
function  of  the  depth  below  the  surface.  The  price  of  a  railroad 
ticket  is  a  function  of  the  distance  to  be  travelled. 

It  is  obvious  that  any  mathematical  expression  is,  by  the  above 
definition,  a  function  of  the  letter  or  letters  that  occur  in  it. 
Thus,  in  the  equations: 

u  =  (»  +  4(  +  1 
(-  1 


u=Vl  +  i  +  t'- 
u  is  in  each  case  a  function  of  t. 
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Temperature  Fahrenheit  is  a  function  of  temperature  centigrade. 
The  value  of  the  fee  paid  for  a  money  order  is  a  function  of  the 
amount  of  the  order. 

Goods  sent  by  freight  are  classiiied  into  first,  second,  third, 
fourth,  and  fifth  classes.  The  amount  of  freight  on  a  package  is 
a  function  of  its  class.  It  is  also  a  function  of  its  weight.  It  is 
also  a  function  of  the  distance  carried.  Only  the  second  of  these 
functional  relations  just  named  can  readily  be  expressed  by  an 
algebraic  equation.  It  is  possible,  however,  to  express  all  three 
graphically  by  means  of  parallel  scales.  The  definition  of  the  func- 
tion is  given  (for  any  particular  railroad)  by  the  complete  freight 
tariff  book  of  the  railroad. 

The  fee  charged  for  a  money  order  is  a  function  of  the  amount  of 
the  order.  The  functional  relation  has  been  expressed  graphically 
in  Fig.  6.  Note  that  for  orders  of  certain  amounts,  namely, 
$2i,  S5,  SIO,  $20,  S30,  $40,  $50,  $60,  $75,  the  function  is  not  de- 
fined. The  graph  alone  cannot  define  the  function  at  these 
values,  as  one  cannot  know  whether  the  higher,  the  lower,  or  an 
intermediate  fee  should  be  demanded.  One  can,  however,  define 
the  function  for  these  values  by  the  supplementary  statement  (for 
example):  "For  the  critical  amounts,  always  charge  the  higher  fee." 
As  a  matter  of  fact,  however,  the  lower  fee  is  always  chained. 

A  function  having  sudden  jumps  like  the  one  just  considered,  is 
said  to  be  discontinuous. 

Exercises 

In  the  following  exercises  the  function  described  can  be  represented 

by  a  mathematical  expression.     The  problem  is  to  set  up  the  espres- 
sion  in  each  case. 

1.  One  side  of  a  rectangle  is  10  feet.  Express  the  area  ^  as  a 
function  of  the  other  side  x. 

2.  One  leg  of  a  r^ht  triangle  is  16  feet.  Express  the  area  A  as  a 
function  of  the  other  leg  x. 

8.  The  base  of  a  triangle  is  12  feet.  Express  the  area  as  a  func- 
tion of  the  altitude  I. 

4.  Express  the  circumference  of  a  circle  as  a  function  (1)  of  its 
radius  r;  (2)  of  its  diameter  d. 

6.  Express  the  diagonal  d  of  a  square  as  a  function  of  one  side  x. 
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6.  One  leg  of  a  right  triangle  is  10.  Express  the  hypotenuse  h 
as  A  (unction  of  the  other  leg  x. 

7.  AshipBsailsoaacouraeABperpendicularto04.  If  04  =-  30 
miles,  express  the  distance  of  the  ship  from  O  as  a  function  of  AB. 

8.  A  circle  has  a  radius  10  units.  Express  the  length  of  a  chord 
as  a  function  of  its  distance  from  the  center. 

9.  An  iaoaoeles  triangle  has  two  sides  each  equal  to  15  cm.,  and 
the  third  side  equal  to  x.  Express  the  area  of  the  triangle  as  a 
function  of  x. 

10.  A  right  cone  is  inscribed  in  a  sphere  of  radius  12  inches.  Ex- 
press the  volume  of  the  cone  as  a,  function  of  its  altitude  I. 

11.  A  right  cone  is  inscribed  in  a  sphere  of  radius  a.    Express  the 
,  volume  of  the  cone  as  a  function  of  its  altitude  t. 

\  12,  One  dollar  is  at  compound  interest  for  20  years  at  r  per  cent. 
Express  the  amount  X  as  a  function  of  r. 

.'~  Functional  Notation.  The  following  notation  is  used  to  ex- 
press that  one  number  ia  a  function  of  another;  thus,  if  u  is  a 
function  of  t  we  write: 

Likewise, 

means  that  j/  is  a  function  of  x.    Other  symbols  commonly  used  to 
express  functions  of  x  are: 

These  may  be  read  the  "^-function  of  x,"  the  "X-functionof  x," 
etc.,  or  more  briefly,  "the  i^  of  x,"  "the  X  of  x,"  etc. 

Expressii^  the  fact  that  temperature  reading  Fahrenheit  is  a 
function  of  temperature  reading  centigrade,  we  may  write: 

F=KC) 

This  is  made  specific  by  writing: 

F  =  |C  +  32 

likewise  the  fact  that  the  charge  for  freight  is  a  function  of  class, 
weight,  and  distance,  may  be  written: 


i.vCoogIc 


!6!        VARIABLES  AND  FUNCTIONS  OF  VARIABLES        13 

To  make  this  fuactional  Bymbol  explicit,  might  require  that  we  be 
furnished  with  the  complete  schedule  as  printed  in  the  freight  tariff 
book  of  the  railroad.  The  dependence  of  the  tariff  upon  class  and 
weight  can  usually  be  readily  expressed,  but  the  dependence  upon 
distance  often  contains  arbitrary  elements  that  cause  it  to  vary 
irregularly,  even  on  different  branches  of  the  same  rMlroad.  A 
complete  specifieation  of  the  functional  symbol  /  would  be  con- 
sidered given  in  this  case  when  the  tariff  book  of  the  r^road  was  in 
our  hands. 

6.  VariableE  and  Constants.  In  elementary  algebra,  a  letter  is 
always  used  to  stand  for  a  number  that  preserves  the  same  value 
in  the  same  problem  or  discussion.  Such  numbers  are  called 
constants.  In  the  discussion  above  we  have  used  letters  to  stand 
for  numbers  that  are  assumed  not  to  preserve  the  same  value  but 
to  change  in  value;  such  numbers  (and  the  quantities  or  m^piitudes 
which  they  measure)  are  called  variables. 

If  r  stands  for  the  distance  of  the  center  of  mttaa  of  the  earth  from 
the  center  of  mass  of  the  sun,  r  is  a  variable.  In  the  equation 
*  =  igt*  (the  law  of  fallii^  bodies),  if  (  be  the  elapsed  time,  «  the 
distance  traversed  from  rest  by  the  falling  body,  and  g  the  acceleration 
due  to  gravity,  then  s  and  t  are  variables  and  g  is  the  constant  32.2 
feet  per  second  per  second. 

The  following  are  constants :  Ratio  of  the  diameter  to  the  circumfer- 
ence in  any  circle;  the  electrical  resistance  of  pure  copper  at  60°  F.; 
the  combining  weight  of  oxygen ;  the  density  of  pure  iron ;  the  breaking 
strength  of  mild  steel  rods;  the  velocity  of  l^ht  in  empty  space. 

The  following  are  variables:  the  pressure  of  steam  in  the  cylinder  of 
an  engine;  l^e  price  of  wheat;  tbeelectromotive  force  in  an  alternating 
current;  the  elevation  of  groundwater  at  a  given  place;  the  discharge 
of  a  river  at  a  given  station.  When  any  of  these  magnitudes  are 
assumed  to  be  measured,  the  numbers  resulting  are  also  variable*. 

The  volume  of  the  mercury  in  a  common  thermometer  is  a  variable; 
the  muss  of  mercury  in  the  thermometer  is  a  constant. 

6.  Algebraic  Functions.  An  expression  that  ia  built  up  by 
operating  on  x  a  limited  number  of  times  by  addition,  subtraction, 
multiplication,  division,  involution  and  evolution  only,  is  called 
an  algebraic  function  of  x.  The  following  are  algebraic  functions 
ofx: 
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(I)  x\  (4)  2i  +  5.         (7)  x'-6x*  +  111  -  6. 

(2)...        (5)i/x.        m~~^, 

(3)  3V^;  (6)  X'  -  5.  (9)  (x  ~a)(x-  b)  {x  -  c). 

The  expreasion  x'  iB  aa  a^ebraic  function  of  x  but  2'  is  not  an 
algebraic  function  of  x.  The  fee  charged  for  a  money  order  is  not 
an  algebraic  function  of  the  amount  of  the  order. 

It  is  convenient  to  divide  algebraic  functions  into  classes.  ThuB 
x'  +  2  ia  said  to  be  integral;  (x  +  1)1(2  —  x')  and  2  +  x~^  are 
said  to  be  fractional;  likewise  x'  +  2  and  (x  +  1)  /(2  —  x')  are 
said  to  be  rational;  \/l  —  x  and  3  —  x^^  are  said  to  be  irrational. 
These  terms  may  be  formally  defined  as  fotlowB: 

An  algebraic  function  of  x  is  said  to  be  rational  if  in  building  up 
the  expression,  the  operation  of  evolution  is  not  performed  upon 
X,  or  upon  a  function  of  x;  otherwise  the  function  is  irrational. 

Thus,  expressions  (1),  (4),  (5),  (6),  (7),  (9),  above,  are  rational 
functions  of  x.  Expressions  (3)  and  (8)  are  irrational.  Ex- 
pression (2)  is  rational  if  re  is  a  whole  number;  otherwise  irrational. 

A  rational  function  is  SEud  to  be  integral  if  in  building  up  the 
function  the  operation  of  division  by  x,  or  by  a  function  of  x, 
is  not  performed;  otherwise  the  function  is  fractional. 

Thus  expressions  (1),  (4),  (6),  (7),  (9),  above, ^re  integral  func- 
tions of  X.  Expressions  (1),  (4),  (6),  (7),  (9)  are  both  rational 
and  integral  and  may  therefore  be  called  rational  integral 
functions  of  x. 

EzerciseB 

Classify  the  following  functions  of  r,  I,  or  x,  answering  the  following 
questions  for  each  function:  (A)  is  the  function  algebraic  or  (B)  non- 
algebraic?  If  it  is  algebraic,  is  it  (a)  rational  or  (b)  irrational;  if  it 
is  rational,  is  it  (I)  integral  or  (2)  fractional?  The  scheme  of  olaasifi- 
cation  is  as  follows : 

A,  Algebraic. 

Mr.«on.l    f"l"T', 
i_  (2)  fractional 

(6)  irrational 

B.  Non-algebraic. 

1.  16.U>;  Vo'  -  *';  Vox";  Va/x". 
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2.  ax'  +bx''  +  cx+  d. 
.     8.  ^«  -  xK 

*•*'  +  !+  **■ 

8.|^J;  (1+0(1 

_    a'  —  X*.    a'  —  «•     o'  + 


(1  +  V^)(l  -  V')- 


-    9.   (a -*)(«'  + a* +3;');   (a*  -  j;t){al  +  o'l*  +1').  . 
10.  -j-^ — ■        Write  an  equal  integral  expression. 

7.  Graphical  Computation.    The  ordinary  operations  of  arith- 
metic, such  as  multiplication,  division,  involution  and  evolution, 

Y    U 
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Fig.  8.— Graphical  Multi- 
plication by  Properties  of 
Similar  Triangles. 


Fio.  9. — Method  of  Graphical  Mul- 
tiplication and  Diviiion  carried  out  on 
Squared   Paper.     The   figure  shows  1.9 


can  be  performed  graphically  aa  explained  below.  The  graphical 
construction  of  products  and  quotients  is  useful  in  many  problems 
of  science.  The  law  of  proportional  sides  of  similar  triangles  is 
the  fundamental  theorem  in  all  graphical  computation.  Its 
application  is  very  simple,  as  will  appear  from  the  following  work. 
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Fboblsm  1:  To  compute  graphioMy  the  product  of  two 
numbers.  Let  the  two  numbers  whose  product  is  required  be  a 
and  6.  On  any  line  lay  off  the  unit  of  measuiement,  01,  Fig.  8. 
On  the  same  line,  and,  of  course,  to  the  same  scale,  lay  off  OA 
equal  to  one  of  the  factors  a.  On  any  other  line  passing  through 
1  lay  o£f  a  line  IB  equal  to  the  other  factor  b.  Join  OB  and 
produce  it  to  meet  AC  drawn  parallel  to  IB.  Then  AC  is  the 
required  product.     For,  from  ^milar  triangles: 

AC:lB  =  OA:  01  (1) 

or, 

AC  =  OA  X  IB  (A) 

It  is  obvious  that  the  angle  OAC  may  be  of  any  magnitude. 
Hence  it  may  conveniently  be  taken  a  right  angle,  in  which  case  the 
worit  may  readily  be  carried  out  on  ordinary  squared  paper.  Many 
prefer,  however,  to  do  the  work  on  plain  paper,  laying  off  the 
required  distances  by  means  of  a  boxwood  triangular  scale.  The 
squared  paper,  form  Ml,  prepared  for  use  with  this  boolc  is  suitable 
for  this  purpose.  On  a  sheet  of  this  paper,  draw  the  two  lines 
OX  and  OY  at  right  angles  and  the  unit  line  1  [/,  as  shown  in  Fig. 
9.  Then  from  the  similar  triangles  OIB  and  OAC  the  proportion 
(I)  and  the  formula  (A)  above  are  true.  Hence  to  compute 
graphically  the  product  of  two  numbers  a  and  b  count  off  ("Fig.  9) 
OA  =  o  to  the  OX-scale  and  IB  =  6  to  the  OF-scale.  Lay  a 
straight  edge  or  edge  of  a  transparent  triangle  down  to  draw  OC. 
It  is  not  necessary  to  draw  OC,  but  merely  to  locate  the  point  C.  ■ 
Then  count  off  AC  to  the  Oy-scale.  Then  AO  =  a  X  6  by  {A). 
The  figure  as  drawn  shows  the  product  4,4  X  1.9  =  8.4. 

All  numbers  can  be  multiplied  graphically  on  a  section  of 
squared  paper  10  units  in  each  dimension  by  properly  reading  the 
OX  and  OY  scales.  Any  product  ofc  can  be  written  Oi6j  X  10"  = 
ci  X  10",  where  ai  and  6i  each  have  one  digit  before  the  decimal 
point,  and  ci  ^  100. 

Thus: 

440  X  19  =  4.40  X  1.9  X  10»  =  8.40  X  10' 
also 

37  X  73  =  3.7    X  7.3  X  10=  =      27  X  10' 
To  proceed  with  the  product  of  oi  X  6i,  we  first  determine  by 
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inspection  whether  ci  >  or  <  10.    If  C|  <  10,  we  read  the  scales 
ad  they  are  in  Fig.  9  when  counting  off  Oi,6j  and  Ci.    If  Ci  >  10,  we 
read  the  OX  scale  as  it  stands  when  counting  off  Oi  but  read  the  ■ 
OY  scale  0,  10,  20,  30,  etc,  in  counting  off  the  numbers  bi  and  Ci. 


In.  using  form  Ml  for  the  following  exercises  take  the  scale  OY  at 
the  left  marginal  line  of  the  sheet  and  use  2  em.  as  the  unit  of  measure. 
Compute  graphically  the  following  products:  Check  results: 

1.  2.5    X  4.8.  4.  78.5  X  16.5. 

a.  4.15  X  6.25.  6.  2.14  X  0.0467. 

8.  3.14  X  7.22.  6.  2140  X  O.cfef?. 

Problem  2:      to    compute    graphically    the    quoHenl    of   two 
numbers  a  and  6.     Formula  (A)  above  can  be  written: 

From  this  it  is  seen  4hat  the  quotient  of  two  numbers  a  and  b  can 
readily  be  computed  graphically  by  use  of  Figs.  8  or  9.  In  Fig.  9 
count  off  OA  =  h,  the  divisor,  to  the  OX  scale,  and  AC  =  a,  the 
dividend,  to  the  OY  scale.  Lay  the  triangle  down  to  draw  OC. 
Do  not  draw  OC,  but  mark  the  point  B  and  count  off  IB  to  the 
OY  Bcale.  Then  IB  =f  a/6  by  (S).  Fig.  9  shows  the  quotient 
8.4  -r-  4.4  =  1,9.    Anyibuotient  o /6  may  be  written 

^  X  lO'  =  Q  X  10- 

where  N,  D,  Q  are  each  <  10  but  >  1.  Hence,  the  OX  and  OY 
scales  may  always  be  read  as  they  stand  in  Fig.  9. 


Compute  graphically  the  fallowing  quotients:  Cheek  results: 

-  1.     6.2/2.5.  -  -   4.  7.32/1.25.  ' 

2.  1,33/6.45.*  0.    872/321. 

•3.    2.^4/0.52.  .6.     128/937.- 
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Problem  3:  To  compute  graphically  the  square  root  of  any 
number  N.  In  Fig.  10  count  oG  lA  =  N  to  the  OX  scale,  and 
draw  a  semicircle  on  OA  as  a  diameter.  Tlien  IC  =  \/jV  to 
the  OY  scale.  Another  construction  is  to  place  the  triangle  in 
the  position  shown  in  Fig.  10,  so  that  the  two  edges  pass  through 
0  and  A  and  the  vertex  of  the  right  angle  lies  on  the  line  I U. 
Fig.  10  shows  the  construction  for  \/7.    The  readings  on  the  OX 


lof  " 

31   "-..     ■< 
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scale  may  be  multiplied  by  10'"  and  those  on  the  OY  scale  by  10" 
where  n  is  any  integer  positive  or  negative. 

State  the  two  theorems  in  plane  geometry  on  which  the  proof  of 
these  two  constructions  depends. 

Problem  4:  To  compute  graphically  the  square  of  any  num- 
ber N.    This  is  a  special  case  of  Problem  1,  when  a  =  b  ='  N. 

Exercises 

1.  Compute  the  square  roots  of  2,  3,  5,  and  7. 
3.  Compete  the  square  roots  of  3.75,  37.5,  0.375. 

3.  Compute  the  squares  of  1.23  and  3;45. 

4.  Compute  the  squares  of  7.76  and  0.895. 
6.  Show  that  r'  is  nearly  10. 
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Problem  5:  To  cottvpute  graphically  the  reciprocal  of  any 
number  N.  This  is  a  special  cmo  of  Problem  2,  when  a  =  I  and 
b  =  N. 

Problem  6;  To  compute  graphically  the  integral  powers  of 
any  number  N.  This  problem  is  solved  by  the  successive  applica- 
tion of  Problem  1  to  construct  N*,  N',  N*,  etc.,  and  of  Problem  2 
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to  construct  A'^',  JV~*,  JV"',  etc.    This  construction  Is  shown  for 
the  powers  of  1.5  in  Fig,  11. 

Exercises 

1.  Compute  the  reciprocal  of  2.5;  of  3.33;  of  0.75;  of  7.5. 


2,  Compute  (1.2)',  (0.85)S  (1.15)'. 
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3.  Show  that  (1.05)"  =  2.08,  so  that  money  at  5  percent  com- 
pound interest  more  than  doubles  itself  in  fifteen  years. 

Note;    The  work  is  less  if  (1.05)'is  first  found  and  then  this  result 

4.  From  the  following  outline  the  student  is  to  produce  a  complete 
method,  including  proof,  of  constructing  successive  powers  of  any 
number. 

Let  OA  (Fig.  12)  be  a  radius  of  a  circle  whose  center  is  0.  Let 
OB  be  any  other  radius  making  an  acute  angle  with  OA.  Prom  B 
drop  a  perpendicular  upon  OA,  meeting  the  latter  at  Ai.  IVom  At 
drop  a  perpendicular  upon  OB  meeting  OB  at  At.  From  At  drop  a 
perpendicular  upon  OA  meeting  OA  at  Aj,  and  so  on  indefinitely. 
Then,  if  OA  be  unity,  OAi  is  less  than  unity,  and  OAt,  OAs,  OA, 
.    .    .  are,  respectively,  the  square,  cube,  fourth  power,  etc.,  of  OAi. 


Fla.   12. — Graphical   Computation   of   Powers  of   a   Number. 

Inateadof  the  above  construction,  erect  a  perpendicular  to  OB  meet- 
ing OA  produced  at  a,.  At  ai  erect  a  perpendicular  meeting  OB  pro- 
duced at  Qi,  and  so  on  indefinitely.  Then  if  OA  be  unity,  Oi  is 
greater  than  unity  and  Oj,  aj,  a,,  .  .  .  are,  respectively,  the  square, 
cube,  etc.,  of  oi.     As  an  exercise,  construct  powers  of  4/6  and  of  2,5. 

5.  Show  that  the  successive  "treads  and  risers"  of  the  steps  of 
the  "stairways"  of  Figs.  13  and  14  are  proportional  to  the  powers 
of  T.  The  figures  are  from  Milaukovitch,  Zeiischrift  j'Sr  Math. 
und  Nai.  VnterricH,  Vol.  40,  p.  329. 

8.  Double  Scales  for  Several  Simple  Algebraic  Fuactioos.  We 
may  make  use  of  the  graphical  method  of  computation  explained 
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above  to  construct  graphically  double  scales  representing  simple 
^gebraic  relations.  For  example,  we  may  construct  a  double 
scale  for   determining    the    square    of    any    desired    number. 


Computation  of  at,  at',  ar',  .  . .  for  r 

Call  OA  (see  Rg.  15)  the  scale  on  which  we  desire  to  read  the 
number;  call  OB  the  scale  on  which  we  read  the  square.  Let 
us  E^ee  to  lay  off  OA  bb  a  uniform  scale,  using  Ol  as  the  unit  of 
measure.    Since  we  desire  to   read  opposite  0,  I,  2,  3,  of  the 


uniform  scale,  the  squares  of  these  numbers,  the  lengths  aloi^  the 
scale  OB  must  be  bud  off  proportional  to  the  square  roots  of  the  num- 
berfl  0,  1,  2,  3,  .    .  ,  that  is,  the  square  root  of  any  length,  when 
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laid  off  on  OB,  and  marked  vntk  Ike  symbol  of  Ike  original  length, 
wiU  be  opposite  the  square  root  of  thai  number  on  OA. 

No  difficulty  need  be  experienced  in  carrying  out  the  actual 
construction  of  double  scales  representing  algebraic  relations, 
either  by  use  of  a  table  of  numerical  values  of  the  function  or  by 
means  of  graphical  construction.  As  a  less  laborious  method  of 
graphically  expressing  functional  relations  will  be  explained  in  the 
next  chapter,  the  matter  of  double  scales  will  not  be  discussed 
further  at  this  place. 


9.  Functions  Represented  by  Scales  not  in  Juxtaposition.    It  is 

obvious  that  any  double  scale  used  to  express  the  relation  between 
a  function  of  a  variable  and  the  variable  itself,  may  be  separated,  if 
desired,  into  two  distinct  scales,  provided  means  be  adopted  for 
connecting  corresponding  points  on  the  two  scales.  For  example, 
one  of  the  two  scales  may  be  rotated  about  any  one  of  its  points, 
as  scissors  about  their  pivot,  thereby  forming  two  intersecting 
straight  lines.  Corresponding  points  may  then  be  connected  by 
erecting  perpendiculars  to  each  scale  and  joining  those  that 
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proceed  from  corresponding  points,  or  by  any  other  practical  means. 
In  Fig.  16  the  centigrade  and  Fahrenheit  scales  are  shown  opened 
about  the  32°  division  of  the  Fahrenheit  scale  as  pivot.  Perpen- 
diculars erected  at  corresponding  points  of  the  two  scales  meet  at 
the  points  Pi,  Pi,  Pi,  .    .    . 

The  line  NOM  on  which  theae  points  lie  is  straight.  Why? 
The  student  will  write  out  a  proof,  making  use  of  any  three  points 
as  P\,  Pi,  Pt,  and  a  property  of  similar  triangles.  Of  course  the 
angle  between  OC  and  OF  need  not  be  taken  as  a  right  angle. 


the  OC  and  OF 


It  is  also  obvious  that  the  divisions  on  both  scales  may  now  be 
made  the  same  length;  that  is,  OQi,  OQi,  0Q%,  .  .  .  may  be 
made  the  same  length  as  ORi,  Oflz,  ORi,  ....  This  is  at 
once  accomplished  if  the  lines  OQi,  OQi,  OQs,  .  .  .  ,  be  each 
elongated  in  the  ratio  of  Ofli  /OQi.  The  functional  relation  may 
be  expressed  equally  well  by  marking  as  before  the  intersection 
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of   the   perpendiculars   erected   at  corresponding  values.    The 
result  is  shown  in  Fig.  17. 

In  the  same  manner  any  of  the  double  scales  may  be  opened 
about  any  point  as  pivot.  If  the  angle  between  the  scales  is 
made  90°,  the  relation  between  the  function  and  its  argument  is 
shown  by  points  on  a  straight  line  making  an  angle  of  45°  with  each 
scale.  If  one  of  the  scales  be  non-uniform,  it  may,  after  it  is 
turned  about  the  selected  pivot,  be  made  a  uniform  scale,  in  which 
case  the  straight  line  just  mentioned  becomes,  in  general,  a  curved 
line.  We  see,  therefore,  that  instead  of  showing  the  relation 
between  a  function  and  its  variable  by  means  of  two  scales  in 
juxtaposition,  we  may  use  two  uniform  scales  intersecting  at  an 
angle,  and  connect  corresponding  values  of  the  variable  and  its 
function  by  perpendiculars  erected  at  these  corresponding  points. 
The  pairs  of  perpendiculars  intersect  at  points  which,  in  general, 
lie  upon  a  curve.  This  curve  is  obviously  characteriBtio  of  the 
particular  functional*  relation  under  discussion.  The  respresenta- 
tion  of  functional  relations  in  this  manner  leads  to  the  considera- 
tion of  so-called  coordinate  systems,  the  discussion  of  which  is 
begun  in  the  next  chapter. 
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RECTANGULAR   COdSDINATES  AND   THE   POWER 
FUNCTION 

10.  Rectangular  Coordinates.  Two  intersecting  algebraic 
scales,  with  their  zero  points  in  common,  may  be  used  as  a  system 
of  latitude  and  longitude  to  locate  any  point  in  thar  plane.  The 
student  should  be  familiar  with  the  rudiments  of  this  method  from 
the  graphical  work  of  elementary  algebra.     The  scheme  is  illus- 
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trated  in  its  simplest  form  in  Fig.  18,  where  one  of  the  horizontal 
lines  of  a  sheet  of  squared  paper  has  been  selected  as  one  of  the 
algebraic  scales  and  one  of  the  vertical  lines  of  the  squared  paper 
has  been  selected  for  the  second  algebraic  scale.  To  locate  a  givMi 
point  in  the  plane  it  is  merely  necessary  to  give,  in  a  suitable  unit 
of  measure  (as  centimeter,  inch,  etc.),  the  distance  of  the  point  to 
the  right  or  left  of  the  vertical  scale  and  its  distance  above  or  below 
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the  horizontal  sc&le.  Thus  the  point  P,  In  Fig.  18,  is  2)  units  to 
the  right  and  3}  units  above  the  standard  scales.  Fi  is  3  units  to 
the  left  and  2  units  above  the  standard  scales,  etc.  Of  course 
these  directions  are  to  be  given  in  mathematics  by  the  use  of  the 
signs  "  +  "  and  "  —  "  of  the  algebraic  scales,  and  not  by  the  use 
of  the  words  "right"  or  "left,"  "up"  or  "down."  The  above 
scheme  corresponds  to  the  location  of  a  place  on  the  earth's 
surface  by  giving  its  angular  distance  in  degrees  of  longitude  east 
or  west  of  the  standard  meridian,  and  also  by  giving  its  angular 
distance  in  degrees  of  latitude  north  or  south  of  the  equator. 

The  sort  of  latitude  and  longitude  that  is  set  up  in  the  manner 
described  above  is  known  in  mathematics  as  a  system  of  rectangu- 
lar coSrdinates.  It  has  become  customary  to  letter  one  of  the 
scales  XX',  called  the  X-azis,  and  to  letter  the  other  YY',  called 
the  Y-azis.  In  the  standard  case  these  are  drawn  to  the  right 
and  left,  and  up  and  down,  respectively,  as  shown  in  Fig,  18. 
The  distance  of  any  point  from  the  y-axia,  measured  parallel  to 
the  X-axia,  ia  caUed  the  abscissa  of  the  point.  The  distance  of 
any  point  from  the  X-axis,  measured  parallel  to  the  y-axis,  is 
called  the  ordinate  of  the  point.  Collectively,  the  abscissa  and 
ordinate  are  spoken  of  as  the  coBrdinates  of  the  point.  Abscissa 
corresponds  to  the  longitude  and  ordinate  corresponds  to  the 
latitude  of  the  point,  referred  to  the  X-axis  as  equator,  and  to 
the  y-axis  as  standard  meridian.  In  the  standard  case,  abscissas 
measured  to  the  right  of  YY'  are  reckoned  positive,  those  to  the 
left,  n^ative.  Ordinates  measured  up  are  reckoned  positive, 
those  measured  down,  negative. 

Rectangular  coordinates  are  frequently  called  Cartesian  co- 
ordinates, because  they  were  first  introduced  into  mathematics 
by  Ren6  Descartes  (1596-1650). 

The  point  of  intersection  of  the  axes  is  lettered  0  and  is  called 
the  origin.  The  four  quadrants,  XOY,  YOX',  X'OY',  VOX,  are 
called  the^fst,  second,  third,  and  fourth  quadrants,  respectively. 

A  point  is  designated  by  writing  its  abscissa  and  ordinate  in  a 
parenthesis  and  in  this  order:  Thus,  (3, 4)  means  the  point  whose 
abscissa  is  3  and  whose  ordinate  is  4.  Likewise  (—3,4)  means  the 
point  whose  abscissa  is  {—  3)  and  whose  ordinate  is  (-1-  4). 

Unless  the  contrary  is  explicitly  stated,  the  scales  of  the  co- 
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firdinate  axes  are  assumed  to  be  straight  and  uniform  and  to  inter- 
sect at  right  angles.  Exceptions  to  this  are  not  uncommon, 
however,  of  which  examples  are  given  in  Figs.  19  and  22. 

The  use  of  two  intersecting  algebraic  scales  to  locate  individual 
points  in  the  plane,  as  explained  above,  is  capable  of  immediate 
enlargement.  It  will  be  explained  below  that  a  suitable  array,  or 
set,  or  locus  of  such  points  may  be  used  to  exhibit  the  relation 
between  two  variables  laid  off  on  the  two  scales,  or  between  a 
variable  laid  off  on  one  of  the  scales  and  a  function  of  the  variable 
laid  off  on  the  other  scale.  This  fact  has  already  been  explained 
from  another  point  of  view  at  the  close  of  the  preceding  chapter. 

11.  Statistical  Gr^hs.  From  work  in  elementary  algebra  the 
student  ie  supposed  to  be  famiUar  with  the  construction  of  statis- 


tical graphs  similar  to  those  presented  in  Figs.  19  to  32.  The 
student  will  study  each  of  these  graphs  and  the  following  brief 
descriptions  before  nmking  any  of  the  drawings  required  in  the 
exercises  that  follow. 

Fig.  19  is  a  barograph,  or  autographic  record  of  the  atmospheric 
pressure  recorded  November  24,  1907,  during  a  balloon  journey 
from  Frankfort  to  Marienburg  in  West  Prussia.  One  set  of  scales 
consists  of  equal  circles,  the  other  of  parallel  straight  lines.  The 
zero  of  the  scale  of  pressure  does  not  appear  in  the  diagram. 
Note  also  that  the  scale  of  pressure  is  an  inverted  scale,  increasing 
downward.  The  scale  of  time  is  an  algebraic  scale,  the  zero  of 
which  may  be  arbitrarily  selected  at  any  convenient  point.  The 
scale  of  pressure  is  an  arithmetical  scale.  The  zero  of  the  baro- 
metric scale  corresponds  to  a  perfect  vacuum — no  less  pressure 
exists. 
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Fig.  20  ie  a  graphical  tim&-table  of  certaio  paaeenger  trains  be- 
tween Chic^o  and  Minneapolis.  The  curves  are  not  continuoue, 
as  in  the  case  of  the  barograph,  but  contain  certain  sudden  jumps. 

What  IB  the  meaning  of  these?    What  indicates  the  speed  of  the 


trans?    Where  is  the  fastest  track  on  this  rwlroad?    What  shows 
the  meeting  point  of  trains? 

//  the  diagram,  Fig.  20,  be  wrapped  around  a  vertical  cylinder  of 
such  size  that  the  two  midnight  lines  Just  coincide,  then  each  train  line 
may  be  traced  through  continuously  from  terminus  to  terminus. 
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Functions  having  this  remarkable  property  are  said  to  be  periodic 
In  the  present  caae  the  trains  run  at  the  same  time  every  day, 
that  is,  periodically.  In  mathematical  language,  the  position  of 
the  trains  is  said  to  be  a  periodic  function  of  the  time. 

Fig.  21  is  the  graphical  time-table  of  "limited"  trains  between 
Chicago  and  Loa  Angeles.  The  schedule  of  train  No,  1,  a  very 
heavy  passenger  train,  is  placed  upon  the  chart  for  comparison. 
The  periodic  character  of  this  function  is  brought  out  very  clearly 
by  using  time  as  the  abscissa.     The  student  should  discuss  the 
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discontinuities  and  the  various  speeds  as  shown  from  the  diagram. 
The  track  profile  is  given  at  the  right  of  the  diagram  for  purposes 
of  comparison. 

Fig.  22  represents  the  fluctuation  of  the  elevation  of  the  ground- 
water at  a  certain  point  near  the  sea-coast  on  Long  Island.  The 
fluctuations  are  primarily  due  to  the  tidal  wave  in  the  near-by 
ocean.  Here  the  scale  of  one  of  the  coordinates  (elevation)  is 
laid  off  on  a  series  of  equal  circumferences  similar  to  those  of  Fig. 
19.  The  scale  of  the  other  coordinate  (time)  is  laid  off  on  the  mar- 
gin of  the  outer  or  bounding  circle.  The  curve  is  continuous. 
Is  the  curve  periodic?  What  indicates  the  rate  of  change  in  the 
elevation  of  the  ground-water?  When  is  the  elevation  changing 
most  rapidly?     When  is  it  changing  most  slowly? 
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Fig.  23  repreaentB  the  functional  relation  between  the  amount  of 
a  domestic  money  order  and  the  fee.  Two  arithmetical  scales 
were  used  in  making  the  diagram,  as  in  ordinary  rectangular  co- 
Srdinates,  except  that  the  vertical  scale  is  ten-fold  the  horizontal 
scale;  that  is,  lengths  that  represent  dollars  on  the  one  scale  rep- 
resent cents  on  the  other.  This  is  an  excellent  illustration  of  a 
discontiniwus  function.  On  account  of  the  sudden  jumps  in  the 
values  of  the  fee,  the  fee,  as  explained  in  the  preceding  chapter,  is 
said  to  be  a  discontinuous  function  of  the  amount  of  the  order. 

12.  Suggestions  on  the  Construction  of  Graphs.    Two  kinds  of 

rectangular  cofirdinate  paper  have  been  prepared  for  use  with  this 
book.  Form  Ml  is  ruled  in  centimeters  and  fifths,  and  permits 
two  scales  of  twenty  and  twenty-five  major  units  respectively  to 
be  laid  off  horizontally  and  vertically  on  a  standard  sheet  of  letter 
paper  8i  X  11  inches.  Form  M2  is  ruled  without  major  divisions 
in  uniform  1  /5-inch  intervals.  This  form  of  ruling  is  desirable  for 
general  computation  and  for  graphing  functions  for  which  non- 
decimal  fractional  intervals  are  used,  such  as  eighths,  twelfths, 
or  sixteenths,  which  often  occur  in  the  measurement  of  mass 

It  is  a  mistake  to  assume  that  more  accurate  work  can  be  done 
on  finely  ruled  than  on  more  coarsely  ruled  squared  paper.  Quite 
the  contrary  is  the  case.  Paper  ruled  to  1  /20-inch  intervals  does 
not  permit  interpolation  within  the  small  intervals  while  paper 
ruled  to  I  /lO  or  I  /5-inch  intervals  permits  accurate  interpolation 
to  one-tenth  of  the  smallest  interval.  Form  Afl  is  ruled  to 
2-mm.  intervals,  and  ia  fine  enough  for  any  work.  The  centi- 
meter unit  haa  the  very  considerable  advantage  of  permitting 
twenty  of  the  units  within  the  width  of  an  ordinary  sheet  of  letter 
paper  (8§  X  II  inches)  while  seven  is  the  largest  number  of  inch 
units  available  on  such  paper. 

In  order  to  secure  satisfactory  results,  the  student  must  recognize 
that  there  are  several  varieties  of  statistical  graphs,  and  that 
each  sort  requires  appropriate  treatment. 

1.  It  is  possible  to  make  a  useful  graph  when  only  one  variable 
is  given.  Thus  the  following  table  gives  the  ultimate  tensile 
strei^h  of  various  materials: 
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ULTIMATE  TENSILE  STRENGTH  OF  VARIODS  MATERIALS 


Material 

Tenuis  stnnath, 
tons  per  «qiiflr8  inch 

Drawn  copper 

16,0 

Timber,  with  grain 

....|              5.0 

A  graph  showing  these  results  is  given  in  Fig.  24.  There  are 
two  practical  ways  of  showing  the  numerical  values  pertaining 
to  each  material,  both  of  which  are  indicated  in  the  diagram;  either 
rectangles  of  appropriate  height  may  be  erected  opposite  the 
name  of  each  material,  or  points  marked  by  circles,  dots  or  crosses 
may  be  located  at  the  appropriate  height.  It  is  obvious  in  this 
case  that  a  smooth  curve  should  not  be  drawn  through  these  points 
— such  a  curve  would  be  quite  meaningless.  In  this  ease  there 
are  not  two  scales,  but  merely  the  single  vertical  scale.  The  hori- 
zontal axis  bears  merely  the  names  of  the  different  materials 
and  has  no  numerical  or  quantitative  significance.  The  result 
is  obviously  not  the  graph  of  a  function,  for  there  are  not  two 
variables,  but  only  one.  The  graph  is  merely  a  convenient  ex- 
pres«on  for  certain  discrete  and  independent  results  arranged 
in  order  of  descending  m[^;nitude. 

2.  It  is  possible  to  have  a  graph  involving  two  variables  in 
which  it  is  either  impossible  or  undesirable  to  represent  the  graph 
by  a  continuous  curve  or  line.  For  example.  Fig.  25  is  a  graph 
representii^  the  maximum  temperature  on  each  day  of  a  certain 
month.  Because  there  is  only  one  maximum  temperature  on 
each  day,  the  value  corresponding  to  this  should  be  shown  by  an 
appropriate  rectangle,  or  by  marking  a  point  by  a  circle,  or  by  a 
dot  or  cross,  as  in  the  preceding  case,  since  a  continuous  curve 
through  these  points  has  no  meaning.     The  horizontal  scale  may 
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be  marked  by  the  names  of  the  days  of  the  week  or  by  numbers, 
but  in  either  case  the  horizontal  Une  is  a  true  scale,  as  it  corresponds 
to  the  lapse  of  the  variable  time.  Sometimes,  as  in  Fig,  25, 
graphs  of  this  kind  are  represented  by  marking  the  appropriate 
points  by  dots  or  circles  and  then  connecting  the  suceessive  points 
by  straight  lines.  These  lines  have  no  special  meaning  in  such 
a  case,  but  they  aid  the  eye  in 
following  the  succession  of  sepa- 
rate points.  J, 

If  a  graph  be  made  of  the  noon-  S 
day  temperatures  of  each  day  of  ■» 
the  same  month  referred  to  in  | 
Fig.  25,  one  of  the  same  methods  ^ 
indicated  above  would  be  used  £ 
to  represent  the  results;  that  is,  ^ 
either  rectangles,  marked  points,  | 
or  marked  points  joined  by  ? 
lines.  Although  a  smooth  curve  1 
drawn  through  the  known  points  ^ 
would  have  a  meaning  (if  cor- 
rect), it  is  obvious  that  the  noon-  -  a 
day  temperatures  alone  are  not 
sufficient  for  determining  its 
form.  In  all  such  cases  a  smooth 
curve  should  not  be  drawn. 

Fig.  26  shows  the  monthly 
output  and  gross  earnings  of  a 
power  company  during   its  first     "le  Strength  of  Certain  Structural 

.,         ...  ,,       c      .     Materials, 

months  of  operation;  the  fixed 

charges  are  also  shown  upon  the  same  diagram.     (See  also  Figs. 
24  and  84.) 

3.  If  the  data  are  reasonably  sufficient,  a  smooth  curve  may, 
and  often  should,  be  drawn  through  the  known  points.  Thus  if 
the  temperature  be  observed  every  hour  of  the  day  and  the  results 
be  plotted,  a  smooth  curve  drawn  carefully  through  the  known 
points  will  probably  very  accurately  represent  the  unknown 
temperatures  at  intermediate  times.  The  same  may  safely  be 
done  in  exercises  (1)  and  (2)  below.    In  scientific  work  it  is  dewr- 
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able  to  mark  by  circles  or  dota  the  values  that  are  actuaUy  given 
to  distinguish  them  from  the  intermediate  values  "guessed"  and 
represented  by  the  smooth  curve. 

In  addition  to  the  above  suggeationa,  the  student  should  adhere 
to  the  following  instructions; 

4.  Every  graph  should  be  marked  with  suitable  numerals  along 
both  numerical  scales. 

5.  Each  scale  of  a  statistical  graph  should  bear  in  words  a 
description  of  the  magnitude  represented  and  the  name  of  the  unit 
of  measure  used.  These  words  should  be  printed  in  drafting  let- 
ters and  not  written  in  script. 

6.  Each  graph  should  bear  a  suitable  title  teUing  exactly  what  is 
represented  by  the  graph. 

7.  The  selection  of  the  units  for  the  scale  of  abscissas  and  ordi- 
natesis  an  important  practical  matter  in  which  common  sense  must 
control.  It  is  obvious  that  in  the  first  exercise  given  below  1  cm. 
=  1  foot  draft  for  the  horizontal  scale,  and  1  cm.  =  100  tons  for 
the  vertical  scale  will  be  units  suitable  for  use  on  form  Ml. 

Further  instruction  in  practical  graphing  is  given  in  §33. 

Exercises 
1.  At  the  following  drafts  a  ship  has  the  displacements  stated: 


.1       15 

12 

9 

6.3 

Displacement  in  tons,  T.. . 

.       2096 

1512 

1018 

686 

Plot  on  squared  paper.     What  are  the  displacements  when  the 
drafts  are  11  and  13  feet,  respectively? 

3.  The  following  tests  were  made  upon  a  steam  turbine  generator^ 


Output  in  kilowatts,  K 

..1    1,190        995        745        498 

247 

Weight,  pounds  of  steam  co 
sumed  per  hour,  W. 

Q-  :  23,120'  20,040:  18,630  12,560 

1       !       1       1 

8,320 

Plot  on  squared  paper.     What  are  the  probable  values  of  K  when 
W  is  22,000  and  also  when  W  is  11,000? 
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S.  Make  a  graphical  chart  of  the  zone  rates  of  the  Parcel  Post 
Service  for  the  first  three  zones,  using  weight  of  package  as  abscissa 
and  cost  of  postage  as  ordinate. 

4.  The  average  temperftture  at  Madison  from  records  taken  at 
7  a.  m.  daily  for  30  years  is  as  follows: 

Jan.   1,  14.0.  F.  July   1,  67.5.  F. 

Feb.  1,  15.1.  Aug.  1,64.0. 

■     Mar.  1,  35.2.  Sept.  1,  55. 4. 

Apr.  1,  40.0.  Oct.    1,44.1. 

May  1,  53.9.  Nov.  1,30.0. 

June  1,63.2.  Dec.    1,18.3. 

Make  a  suitable  graph  of  these  results  on  squared  paper. 

13.  Mathematical,  or  Non-statistical  Graphs.  Instead  of  the 
expressions  "abscissa  of  a  point,"  or  "ordinate  of  a  point,"  it  has 
become  usual  to  apeak  merely  of  the  "x  of  a  point,"  or  of  the  "y  of 
a  point,"  since  these  distances  are  conventionally  represented  by 
the  letters  x  and  y,  respectively.  If  we  impose  certain  conditions 
upon  X  and  y,  then  it  will  be  found  that  we  have,  by  that  very  fact, 
restricted  the  posdble  points  of  the  plane  located  by  them  to  a 
certain  array,  or  set,  or  locus  of  points,  and  that  all  other  points 
of  the  plane  fail  to  satisfy  the  conditions  or  restrictions  imposed. 

It  is  obvious  that  the  command,  "Find  the  place  whose  latitude 
equals  its  longitude,"  does  not  restrict  or  confine  a  person  to  a  par- 
ticular place  or  point.  The  places  satisfying  this  condition  are 
unlimited  in  number.  We  indicate  all  such  points  by  drawing 
a  line  bisecting  the  angles  of  the  first  and  third  quadrants;  at  all 
points  on  this  line  latitude  equals  longitude.  We  speak  of  this 
line  as  the  locus  of  all  points  satisfying  the  conditions.  We  might 
describe  the  same  locus  by  saying  "the  y  of  each  point  of  the 
locus  equals  the  x,"  or,  with  the  maximum  brevity,  simply  write 
the  equation  "y  =  x."  This  is  said  to  be  the  equation  of  the 
locos,  and  the  line  is  called  the  locus  of  the  equation. 

It  is  of  the  utmost  importance  to  be  able  readily  to  interpret  any 
condition  imposed  upon,  or,  what  is  the  same  thing,  any  relation 
between  variables,  when  these  are  given  in  words.  It  will  greatly 
aid  the  beginner  in  mastering  the  concept  of  what  is  meant  by  the 
term  function  if  he  will  try  to  think  of  the  meaning  in  words  of  the 
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relations  commonly  given  by  equatioaa,  and  vice  uerso.  The 
very  elegance  and  brevity  of  the  mathematical  expression  of  rela- 
tions by  means  of  equations,  tends  to  make  work  with  them  formal 
and  mechanical  unless  care  is  taken  by  the  beginner  to  express  in 
words  the  ideas  and  relations  so  briefly  expressed  by  the  equa- 
tions. Unless  expressed  in  words,  the  ideas  are  liable  not  to 
be  expressed  at  all. 

The  equation  of  a  curve  is  an  equation  satisfied  by  the  co- 
ordinates of  every  point  of  the  curve  and  by  the  coordinates  of  no 
other  point. 

The  graph  of  an  equation  is  the  locus  of  a  point  whose  co&rdi- 
nates  satisfy  the  equation. 

Exercises 

1.  Draw  and  discuss  the  foUowing  loci: 

The  ordinate  of  any  point  of  a  certain  locus  is  twice  its  ab- 
scissa; the  X  of  every  point  of  a  certain  locus  is  half  its  y;  the  y  of 
a  point  is  1/3  of  its  a;;  a  point  moves  in  auch  a  way  that  its  lati- 
tude is  always  treble  its  longitude;  the  sum  of  the  latitude  and 
longitude  of  a  point  ia  zero;  a  point  moves  bo  that  the  difference 
in  its  latitude  and  longitude  ia  always  zero. 

2.  Draw  this  locus;  Beginning  at  the  point  (1,  2),  a  point  moves 
so  that  its  gain  in  latitude  is  always  twice  as  great  as  its  gain  in 
longitude. 

3.  A  point  moves  so  that  its  latitude  ia  alwaya  greater  by  2  units 
than  three  times  its  longitude.  Write  the  equation  of  the  locus 
and  construct. 

4.  A  head  of  100  feet  of  water  causes  a  pressure  at  the  bottom  of 
43.43  pounds  per  square  inch.  Draw  a  locus  showing  the  relation 
between  head  and  pressure,  for  all  heads  of  water  from  0  to  200  feet. 

Suggestion;  There  are  several  ways  of  proceeding.  Let  pounds 
per  sqwiTe  inch  be  represented  by  abscissas  or  x,  and  feet  of  water  be 
represented  by  ordinates  or  y.  Then  we  take  the  point  x  =  43.43, 
y  =  100  and  other  points,  as  i  =  86.86,  y  —  200,  etc.,  and  draw  the 
line.     Otherwise   produce   the   equation   first   from   the   proportion 

a;:i/:;43.43:100,  or,43.43!/  =  100 

graph  from  the  fact  that  the  latitude  is  always  t^t^  of  the  longitude. 
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Be  sure  that  the  scales  are  numbered  and  labeled  in  accordance  with 
suggestions  (4),  (5)  and  (6)  of  §12. 

5.  A  pressure  of  I  pound  per  square  inch  is  equivalent  to  a  column 
of  2.042  inches  of  mercury,  or  to  one  of  2,309  feet  ot  water.  Draw  a 
locus  showing  the  relation  betiveen  pressure  expressed  in  feet  of  water 
and  pressure  expressed  in  inches  of  mercury. 

Spgqbbtion:  Let  x  =  inches  ot  mercury  and  y  =  feet  ot  water. 
First  properly  number  and  label  the  X-axis  to  express  inches  of  mer- 
cury and  number  and  label  the  ^-axis  to  express  feet  ot  water.  Since 
negative  numbers  are  not  involved  in  this  exercise,  the  origin  may  be 
taken  at  the  lower  left-hand  corner  of  the  squared  paper.  First  locate 
the  point  x  =  2.042,  y  =  2.309  {which  are  the  corresponding  values 
given  by  the  problem)  and  draw  a  line  through  it  and  the  origin.  This 
is  the  required  locus  since  at  all  points  we  must  have  the  proportion 
X  :y::2M2  : 2.309,  which  says  that  the  ordinate  of  every  point  ot  the 
locus  is  2309/2042  times  the  abscisBa  of  that  point. 

6.  A  certain  mixture  of  concrete  (in  fact,  the  mixture  1:2:5)  con- 
tains 1.4  barrels  oi  cement  in  a  cubic  yard  ot  concrete.  Draw  a  locus 
showing  the  coat  oi  cement  per  cubic  yard  ot  concrete  for  a  range  ol 
prices  of  cement  from  $0.80  to  $2.00  per  barrel. 

Sogoebtion:  Let  x  be  the  price  per  barrel  of  cement  and  y  be  the 
cost  ot  the  cement  in  1  cubic  yard  of  concrete.  Number  and  label 
the  two  scales  beginning  at  the  lower  left-hand  corner  as  origin.  Since 
prices  between  JO. 80  and  $2.00  only  need  be  considered,  the  first 
division  on  the  X-axis  may  be  marked  $0,80  instead  of  0.  Kach 
centimeter  may  represent  $0.10  on  each  scale.  The  cost  of  cement  per 
cubic  yard  of  concrete  must,  by  the  condition  of  the  problem,  be  1.4 
times  the  price  per  barrel  of  cement.  Hence  the  first  point  located 
on  the  vertical  scale  must  correspond  to  1.4  X  $0.80,  or  to  $1,12  cost 
per  cubic  yard.  As  this  is  the  lowest  cost  to  be  entered,  it  is  desirable 
not  to  start  the  vertical  scale  at  $0.00,  but  at  $1.00.  Thus  the  tower 
left-hand  corner  of  the  cowdinate  paper  may  be  taken  as  the  point 
(0.80,  1.00)  in  a  system  in  which  the  unit  of  measure  is  I  cm.  -  10 

7.  Draw  a  locus  showing  the  cost  per  cubic  yard  of  concrete  for 
various  prices  of  cement,  provided  $2.10  per  yard  must  be  added  to  the 
results  of  example  6  to  cover  cost  of  sand  and  crushed  stone. 

8.  Cast  iron  pipe,  class  A  (for  heads  under  100  feet),  weighs,  per 
foot  of  length:  4-inch,  20.0  pounds;  6-inch,  30.8  pounds;  8-iuch,  42.9 
pounds.     For  each  size  ot  pipe  construct  upon  a  single  sheet  of 
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squared  paper  a  locus  showing  the  e08t  per  foot   for  all  variations 
in  market  price  between  $20.00  and  $40.00  per  ton. 

SuooiiaTioN:  If  the  horizontal  scale  be  selected  to  repreaest 
price  jier  ton,  the  scale  may  begin  at  20  and  end  at  40,  ob  thiis  covers 
the  range  required  by  the  problem.  Therefore  let  1  cm.  represent 
(1.00.  Since  the  range  of  prices  is  from  1  cent  to  2  cents  per  pound, 
the  coat  per  foot  will  range  from  20  cents  to  40  cents  for  4-inch 
pipe  and  from  42.9  cents  to  85.8  cents  for  8-inch  pipe.  Hence 
for  the  verticsj  scale  10  cents  may  be  represented  by  2  cm.  Iq  this 
case  the  vortical  scale  may  quite  as  well  begin  at  0  cents  instead  of 
at  20  cents,  as  there  is  plenty  of  room  on  the  paper. 
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Fra.  27.— Lines  of  Slope  <1,5)  and  of  Slope  {-2). 

14.  Slope.  The  slope  of  a  straight  line  is  defined  to  be  the 
change  in  y  for  an  increase  in  x  equal  to  1.  It  wiU  be  represented 
in  this  book  by  the  letter  m.  Thua  in  Fig.  27  the  line  A.  has  the 
slope  m  =  1.5,  for  it  is  seen  that  at  any  point  of  the  line  the 
ordinate  y  gains  1.5  units  for  an  increase  of  1  inx.  The  line  B, 
parallel  to  the  line  A,  is  also  seen  to  have  the  slope  equal  to  1.5- 
The  equation  of  the  line  A  is  obviously  y  =  l.bx.  In  the  same 
figure  the  slope  of  the  hne  C  is  ~  2,  for  at  any  point  of  this  line 
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the  ordinate  y  toses  2  units  for  an  increase  in  x  equal  to  1.  The 
equation  of  the  line  C  is  obviously  y  =  —  2r.  Line  D,  parallel  to 
line  C,  also  has  slope  ( —2) 

If  h  be  the  change  in  y  for  an  increase  of  x  equal  to  k,  then  the 
slope  m  is  the  ratio  ft  /k. 

The  technical  word  slope  differs  from  the  word  slope  or  slant  in 
common  language  only  in  the  fact  that  slope,  in  its  technical  use, 
is  always  expressed  as  a  ratio.  In  common  language  we  speak  of  a 
"slope  of  1  in  10,"  or  a  "grade  of  60  feet  per  mile,"  etc.  Inmathft- 
matics  the  equivaleots  are  "slope  =  1/10,"  "slope  =  50/5280," 
etc. 

Aa  already  indicated,  the  definition  of  slope  requires  us  to  speak 
in  mathematics  of  positive  slope  and  negative  slope.  A  line  of  pos- 
itive slope  extends  upward  with  respect  to  the  standard  direction 
OJC  and  a  Une  of  negative  slope  extends  downward  with  reference 
to  OX. 

In  a  similar  way  we  may  speak  of  the  slope  of  any  curve  at  a 
given  point  on  the  curve,  meaning  thereby  the  slope  of  the  tangent 
line  drawn  to  the  curve  at  that  point. 


1.  Give  the  slopes  of  the  lines  in  exercises  1  to  8  of  the  preceding 
set  of  exercises. 
y,  2.  Draw  y  =  x;  y  2x;  y  =  3x;  y  "  3^;  !/  =  |;  Jf  =  ^1  Ji  -  -  2a!; 
y  =  —  3:c;  y  =  Oi. 

8.  Prove  that  y  =  mx  always  represents  a  straight  line,  no  matter 
what  value  m  may  have. 

16.  Equation  of  Any  Line.  Intercepts. — In  Fig.  28,  the  line 
MN  expresses  that  the  ordinate  y  is,  tor  all  points  on  the  line,  always 
3  times  the  abscissa  x,  or  it  says  that  y  =  Zx.  The  line  HK  states 
that  "y  is  2  more  than  3x."  Thus  the  hne  HK  has  the  equation 
y  =  3r  +  2. 

In  general,  since  y  =  mx  is  always  a  straight  line,'  then  y  = 
mx  +  b\sa  straight  line,  for  the  y  of  this  locus  is  merely,  in  each 
case,  the  y  of  the  former  increased  by  the  constant  amount  6  (which 

■  See  eieroin  3,  |l4,  above. 
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may,  of  course,  be  positive  or  negative).  Therefore,  y  =  mx  +  b 
is  a  line  parallel  to  ^  =  mx.  The  distance  OB  (Fig.  28)  is  equal 
to  b.  The  dietaace  is  called  the  y-intercept  of  the  locus.  The 
distaoee  OA  is  equal  to  —  6/m,  for  it  is  the  value  of  x  when  y  is 
zero.    It  is  called  the  z-intercept  of  the  locus. 
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Fio.  28. — Intercepts. 

Exercises 
1.  Sketch,  from  inspection  of  the  equations,  the  lines  given  by: 


M  y-x- 

M)  y 

(i)  »  -  »  +  1. 

W  y 

W  »  -  I  +  2. 

(fl  y 
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S.  Sketch,  from  inspection  of  the  equations,  the  hnes  given  by; 


W  »  -  ii. 

"(/)»- 

m  y  -  l«. 

(«)  B- 

(c)  y  =  x. 

,    (»  !(  - 

W)  y  -  2». 

7  ft)  V  - 

(e)  1/  =  3t. 

1  0)  »  - 

3.  Sketch  the  liaes  given  by: 

i.  (0  x^  =  4 

4.  Sketch  from  inspection  of  the  equations,  the  following: 


ttl  •  -  5.              "fyy  -s. 
/      <    ~ ■ 


/  \  JJ)  1/  -  !i  + 1. 


^y  =  Sx  +  3. 
M)»  -  -5«  -  2. 


S.  Sketch,  from  inspection  of  the  equations 


2j  -  3  =  0. 

W    a  +  i:i:  +  1/3  =  0. 
id)  ax  +  by~c. 
(e)  */a  +  y/b  -^  1. 

I      6.  The  shortest  distance  between  y  =  mx  and  y  =  mx  +  b  is  not  6. 

Ighow  that  it  equals  h/-\/\  +  m'. 

16.  Additive  Properties.  Sometimes  a  useful  result  is  obtained 
by  adding  (or  subtracting)  the  corresponding  ordinatea  of  two 
graphs.  Thus  in  Fig.  26,  operating  expenses  of  a  power  plant 
may  be  added  to  ordinates  representing  various  rates  of  divi- 
dends, and  compared  (by  subtraction)  with  monthly  revenue. 
Sometimes,  however,  it  becomes  necessary  to  determine  a  result 
by  adding  two  functions  corresponding  to  different  values  of  the 
variable  or  argument.  Fig.  29  is  an  excellent  illustration  of  this. 
This  diagram  enables  one  to  find  the  cost  of  a  cubic  yard  of 
"  1:2:4"  concrete  (except  cost  of  mixing)  by  knowing  the  prices 
of  the  constituent  materials.     The  information  necessary  to  coQ' 


:,.;,l,ZDdbyG00gle 


SI  6] 


RECTANGULAR  COORDINATES 


43 


struct  the  loci  is  given  in  the  first  line  of  Table  I,  p.  44.  The 
amount  of  cement  in  1  cubic  yard  of  1:2:4  concrete  ia  seen  to  be 
1.58  barrels.  The  price  per  barrel  of  cement  may  be  considered 
a  variable  changing  with  the  condition  of  the  market  and  with 
the    locality    where    sold. 


Calling  Xi  the  price 
cement,  the  cost  yi  of  the 
cement  in  1  cubic  yard  of 
1:2:4  concrete  is  then,  for 
all  market  prices  of 
cement,  expressed  by  the 
equation: 


Vi 


=   l.S&Ei 


||l|l::::: 

:±i-:F/.  !:  ii?r: 

ili:::!:::J; 

This  is  graphically  repre- 
sented in  Kg.  29  by  the 
line  of  slope  1.58.  Note  in 
this  case  that  the  slope 
of  the  line  has  a  "physi- 
cal" meaning,  namely  it  is 
the  cost  of  the  cement  in  1  <iia*i«.DtperBiritLini»>iiii'   " 

cubic  yard  when  the  frice  Fio.  29. 

is  fl.OO  a  barrel.    In  the 

same  way  the  cost  of  the  sand  and  of  the  crushed  stone  in  1 
cubic  yard  of  concrete  for  various  market  prices  of  these  com- 
modities is  expressed  by  the  lines  of  Fig.  20  of  slopes  0.44  and 
0.88  respectively. 

Example:  Let  the  price  Xi  of  cement  be  11.20  per  barrel;  let 
the  price  atjof  stone  be  SI  -75  per  cubicyard,  and  the  price  j:i  of  sand 
be  $1.10  per  cubic  yard.  Find  the  cost  of  the  materials  necessary 
to  make  1  cubic  yard  of  1:2:4  concrete.    Then,  from  Fig.  29: 


=  $1.20  then   yi 
=     1-75  y^- 


$1.90 
1-54 
0.48 


Total,  or  cost  of  material  for  1 

cubic  yard  of  concrete  =  $3-92 

The  cost  of  concrete,  y,  is  a  function  of  three  variables,  xx,  xt, 
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xt,  all  of  which,  for  convenience'  sake,  have  been  measured  on  the 
same  scale  or  ^xis  OX.  The  representation  of  several  variables 
on  the  same  scale  need  not  cause  any  confusion. 

Since  in  this  case  the  prices  of  the  constituents  of  the  concrete 
are  not  the  same,  the  total  cost  of  1  cubic  yard  of  concrete  cannot 
be  found  by  adding  the  ordinates  at  the  same  abscissa  of  the 
three  graphs,  because  the  abscissas  or  the  various  market  prices 
of  the  ingredients  are  not  the  same. 

The  second  line  of  the  table  may  be  used  by  the  student  as  the 
basis  of  construction  of  another  diagram  similar  to  that  of  Pig.  29. 

TABLE  I 

The  quantities  of  material  required  to  make  1  cubic  yard  of  concrete 
(baaed  on  33}  percent  voids  in  the  sand  and  45  percent  voids  in 
the  broken  stone). 


Miitu« 

Quantiti«o(™..«ri»l.ii.le«biBya 

d-olconcret* 

Cement,        1           Sand, 
banels'        |     cubic  yards 

Stone, 
ubio  yardB 

1:2:4  concrete 

I:2i:5  concrete..-. 

...i         1.58        1         0.44 
.,,i         1.33        I         0.46 

0.88 

0.92 

'  A  barrel  (4  baga)  of  Dement  weifha  3S0  pounds  and  ooDtaiu  31  oubio  feet  ot 

Note:  The  student  may  be  interested  to  know  how  the  figures  in 
the  first  line  of  the  table  are  obtained.  The  explanation  wiU  best  be 
understood  if  the  figures  as  given  are  first  verified.  First  the  1.58 
barrels  of  cement  should  be  reduced  to  cubic  yards.  It  gives  0.22 
cubic  yard.  A  part  of  this  must  be  used  to  fill  the  331  percent  of 
voids  in  the  0.44  cubic  yard  of  sand.  The  cement  required  for  this  is 
0.146  cubic  yard.  Thus  the  sand  and  cement  combine  to  make 
0.44  +  0.22  -  0.146  or  0.614  ot  mixed  material.  A  part  of  this  mix- 
ture is  used  to  fill  the  45  percent  voids  in  the  0,S8  cubic  yard  of  stone, 
which  equals  0.396  cubic  yard.  Hence  the  total  volume  of  stone, 
sand  and  cement  is  0.88  +  0.514  ~  0.396,  which  equals  0.998,  or  the 
cubic  yard  required. 

To  find  the  numbers  in  the  tabic,  the  above  process  needs  to  be 
reversed  and  stated  algebraically.  Thus,  to  make  a  cubic  yard  of 
1:2:4  concrete  let 


:,.;,l,ZDdbyG00gle 


116]  RECTANGULAR  COORDINATES  45 

X  =  cubic  yards  cement  required. 
y  =  cubic  yards  sand  required. 
I  =  cubic  yards  stone  required. 

Then,  from  the  given  porosities,  or  percent  of  voids, 

X  —  iy  =  surplus  of  cement  after  filling  voids  in  sand, 
(x  —  \y)  +  y  =  volume  of  mixed  sand  and  cement, 
[(x  —  iy)  +  v)  —  0.45z  =  surplus  of    mixed   sand   and    ce- 
ment after  filling  voids  in  stone- 
z  +  {{x  —  iy)  +  y]  —  0.45z  =  1,  the  total  volume. 


0.55Z 


-Iv^ 


Fro.  30. 
Also,  because  the  mixture  is  1:2:4: 

4x  =  z 
These  give: 

4.63x  =  1 

X  =  0.22  cubic  yard 

Shorter  reasoning  is  as  follows:  As  the  voids  in  the  crushed  stone 

are  to  be  completely  filled  in  the  finished  concrete,  the  z  cubic  yards 
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of  etone  counts  ae  orJyO.SS'icubicyardsin  the  final  product.  Ah  the 
voids  in  the  sand  are  to  be  completely  filled  in  the  final  mixture,  the 
y  cubic  yards  of  sand  counts  as  only  J-y  cubic  yards  in  the  final 
product.  Aa  there  are  no  voids  to  be  filled  in  the  cement,  it  counts 
as  X  cubic  yards  in  the  final  result.    Hence  the  equation 

X  +  iy  +  0.55«  =  1,  etc. 


From  the  diagram.  Fig.  30,  determme  and  insert  in  a  table  like 
Table  1,  the  quantity  of  each  sort  of  material  in  1  cubic  yard  of 
1:3:6  concrete, 

THE  POWER  FOHCTIOH 

17.  Definition  of  the  Power  Function.  The  algebriuc  function 
consisting  of  a  single  power  of  the  variable,  such  for  example  as  the 
functions  i',  x',  \lx,  \/x^,  x**,  etc.,  stand  nest  to  the  linear 
function  of  a  single  variable,  mx  +  b,  in  fundamental  impor- 
tance.    The  function  x"  is  known  as  the  power  function  of  x. 

18.  The  Graph  of  x*.  The  variable  part  of  many  functions  of 
practical  importance  is  the  square  of  a  given  variable.  Thus  the 
area  of  a  circle  depends  upon  the  square  of  the  radius;  the  distance 
traversed  by  a  falling  body  depends  upon  the  square  of  the  elapsed 
time;  the  pressure  upon  a  flat  surface  exposed  directly  to  the  wind 
depends  upon  the  square  of  the  velocity  of  the  wind;  the  heat 
generated  in  an  electric  current  in  a  pven  time  depends  upon  the 
square  of  the  number  of  amperes  of  current,  etc.,  etc.  Each  of 
these  relations  is  expressed  by  an  equation  of  the  form  y  =  ox',  in 
which  X  stands  for  the  number  of  units  in  one  of  the  variable  quan- 
tities (radius  of  the  circle,  time  of  fall,  velocity  of  the  wind,  amperes 
of  current,  respectively,  in  the  above  named  cases)  and  in  which 
y  stands  for  the  other  variable  dependent  upon  these.  The  num- 
ber a  is  a  constant  which  has  a  value  suitable  to  each  particular 
problem,  but  in  general  is  not  the  same  constant  in  different  prob- 
lems. Thus,  if  y  be  taken  as  the  area  of  a  circle,  y  =  irx',  in  which 
X  is  the  radius  measured  in  feet  or  inches,  etc.,  and  y  is  measured  in 
square  feet  or  square  inches,  etc.;  or  if  s  is  the  distance  in  feet 
traversed  by  a  fallii^  body,  then  a  »  16.1f',  where!  stands  for  the 
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elapsed  time  in  seconds.    In  one  case  the  value  of  the  constant  a 
is  3.1416  and  in  the  other  its  value  is  16-1. 

Let  us  first  graph  the  abstract  law  or  equation  y  =  x^,  in  which 
a  concrete  meaning  is  not  assumed  for  the  variables  x  and  y  but 
in  which  both  are  thought  of  as  abstract  variables.  First  form  a 
suitable  table  of  values  for  x  and  x'  as  follows: 


I'  or  i;|      a        4      10    0.04   0.16  0.36  0.64    1.0    1.44     1.06  2.58  3.24     4     fl 

Here  we  have  a  series  of  pairs  of  values  of  x  and  j/  which  are  asso- 
ciated by  the  relation  y  =  x^.  Using  the  i  of  each  pair  of  values 
as  abscissa  with  its  corresponding  y  there  can  be  located  as  many 
points  as  there  are  pairs  of  values  in  the  table,  and  the  array  of 
points  thus  marked  may  be  connected  by  a  freely  drawn  curve. 
To  draw  the  curve  upon  co6rdinate  paper,  form  Ml,  the  origin 
may  be  taken  at  the  mid-point  of  the  sheet,  and  2  cm.  used  as  the 
unit  of  measure  for  x  and  y.  If  the  points  given  by  the  pairs  of 
values  are  not  located  fairly  close  together,  it  is  obvious  that  a 
smooth  curve  cannot  be  satisfactorily  sketched  between  the  points 
until  intermediate  points  are  located  by  using  intermediate  values 
of  X  in  forming  the  table  of  values.  The  student  should  think  of 
the  curve  as  extending  indefinitely  beyond  the  limits  of  the  sheet  of 
paper  used;  theentirelocusconsistsof  the  part  actually  drawn  and 
of  the  endless  portions  that  must  be  followed  in  imagination  beyond 
the  range  of  the  paper.  If  the  graph  of  j/  =  3:'  be  folded  about 
the  y-axis,  OY,  it  will  be  noted  at  once  that  the  left  and  right 
portions  of  the  curve  will  exactly  coincide.  The  student  will 
explain  the  reason  for  this  fact, 

19.  Parabolic  Curves.  The  equations  y  =  j,  j/  =  x',  y  «=  i', 
y  =  x'  should  be  graphed  by  the  student  on  a  single  sheet  of  coor- 
dinate paper,  using  2  cm.  as  the  unit  of  measure  in  each  case. 
Table  II  may  be  used  to  save  numerical  computation  in  the  con- 
struction of  the  graphs  of  these  power  functions.  As  in  the  case 
oi  y  =  x'',  a  smooth  curve  should  be  sketched  free-hand  through 
the  points  located  by  means  of  the  table  of  values,  and  intermediate 
values  of  x  and  y  should  be  computed  when  doubt  exists  in  the  mind 
of  the  student  coneernii^  the  course  of  the  curve  between  any  two 
points. 
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The  graphs  of  the  above  power  functions  are  observed  to  be 
continuous  tines,  without  breaks  or  sudden  jumps.    A  formal  proof 


X     1      x' 

X' 

Vx 

V5 

^« 

l/x 

l/i' 

0.2      0.04 

0.008 

0.447 

0.585 

0.089 

5.000 

25.000 

0.4|     0.16 

0.064 

0,632 

0.737 

0,252 

2.600 

6.250 

0.6!     0.36 

0.216 

0,775 

0,843 

0.465 

1.667 

2.778 

0.8|     0.64 

0.512 

0,894 

0,928 

0.715 

1,250 

1.563 

1,0.     1,00 

1.000 

1,000 

1,000 

1,000 

1. 000 

1,000 

1,2.      1,44 

1.728 

1,095 

1,063 

1,312 

0.8333 

0-6944 

1.4!     1,96 

2.744 

1.183 

1,119 

1,657 

0.7143 

0.5102 

1,6     2,56 

4,096 

1,266 

1,170 

2.034 

0.6250 

0.3906 

1.8;     3,24 

5,832 

1-342 

1,216 

2.415 

0,6556 

0.3086 

i 
2.O1     4.00 

8,000 

1.414 

1,260 

2.828 

0,5000 

0.2500 

2.2 

4,84 

10,65 

1.483 

1.301 

3.263 

0.4545 

0.2066 

2.4 

5.76 

13.82 

1.549 

1,339 

3.717 

0.4167 

0.1736 

2.6 

6.76 

17.58 

1,612 

1.375 

4,193 

0.3846 

0.1479 

2. si     7.84 

21.95 

1,673 

1,409 

4.685 

0.3571 

0.1276 

3,0'     9,00 

27.00 

1,732 

1,442 

5,196 

0.3333 

0.1111 

3,2'  10,24 

32.77 

1.789 

1,474 

6,724 

0.3125 

0,0977 

3,4 

11,56 

39.30 

1.844 

1,504 

6.269 

0,2941 

0.0865 

3.6 

12.96 

46.66 

1.897 

1,533 

6.831 

0.2778 

0.0772 

3.8 

14,44 

54,87 

1.949 

1.560 

7,407 

0.2632 

O.0693 

4,0 

16,00 

64,00 

2,000 

1,587 

8,000 

0.2500 

0.0625 

4,2!  17-64 

74.09 

2,049 

1,613 

8.608 

0,2381 

0.0567 

4,4!  19.36 

85.18 

2,098 

1.639 

9,229 

0.2273 

0.0517 

4.6-  21.16 

97.34 

2,146 

1.663 

9.866 

0.2174 

0.0473 

4.8'  23.04 

110.6 

2-191 

1,687 

10.42 

0.2083 

0.0434 

5.0,  25,00 

125,0 

2.236 

1.710 

11.18 

0.2000 

0.0400 

5,2i  27,04 

140,6 

2.280 

1.732 

11.85 

0,1923 

0.0370 

5,4]  29,16 

157,5 

2,324 

1-754 

12.66 

0.1852 

0.0343 

5,0    31,36 

175.0 

2,366 

1.776 

13.25 

0.1786  ,  0.0319 

3.8    33,64 

195,1 

2,408 

1.797 

13.97 

0.1724  .  0.0297 
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TABLE  I!,— iCoTi 

irihA 

X 

.'    j       X' 

Vx 

^ 

I« 

1/z 

1/x' 

6.0 

36.00   216,0 

2,449 

1,817 

14-70 

0-1667 

0.0278 

6.2 

38-44!  238.3 

2,490 

1.837 

15,44 

0-1613 

0.0260 

6.4 

40.96    262.1 

2,530 

1.857 

16-19 

0-1563 

0.0244 

6,6 

43,56   287,5 

2,569 

1,876 

16,96 

0.1515 

0,0230 

6.8 

46-24 

314,4 

2,608 

1,895 

17,33 

0.1471 

0,0216 

7.0 

49.00 

343,0 

2,646 

1,913 

18-52 

0,1429 

0.0204 

7.2 

51.84 

373,2 

2.683 

1,931 

19-32 

0,1389 

0,0193 

7.4 

54.76 

405.2 

2,720 

1,949 

20.13 

0,1351 

0,0183 

7.6 

57.76 

439.0 

2,757 

1,966 

20.95 

0,1316 

0,0173 

7.8 

60,84 

474,6 

2.793 

1.983 

21.79 

0.1282 

0.0164 

8.0 

64.00 

512,0 

2,828 

2.000 

22,63 

0.1250 

0,0156 

8-2 

67-24!  551.4 

3,864 

2,017 

23,48 

0.1220 

0,0149 

8.4 

70-56 

592,7 

2,898 

2-033 

24,35 

0,1190 

0,0142 

8.6 

73.96 

636,: 

2.933 

2-049 

25,22 

0,1163 

0,0135 

8-8 

77.44 

681,5 

2,966 

2.065 

26-11 

0.1136 

0,0129 

6.0 

81.00 

729.0 

3.000 

2,080 

27.00 

O.Illl 

0.0123 

9.3 

84.64 

778.7 

3,033 

2,096 

27,91 

0,1087 

0,0118 

9.4 

88,36 

830,6 

3.066 

2,110 

28,82 

0,1064 

0,0113 

9.6 

92,16 

884,7 

3,098 

2-125 

29,74 

0.1042 

0,0109 

9.8   96.04 

941,2 

3.130 

2-140 

30.68 

0.1020 

0,0104 

10,0  100.00 

1000.0 

3,162 

2,154 

31.62 

0,1000 

0.0100 

that  x"  is  a  continuoua  function  for  any  positive,  rational  value  of 
n  will  be  (riven  later. 

All  of  the  graphs  here  considered  have  one  important  prop- 
erty in  common,  namely,  they  all  pass  through  the  pointa  (0,  0) 
and  (1, 1).  It  is  obvious  that  this  property  may  be  af&rmed  of  any 
curve  of  the  class  y  =  x-,  if  n  is  a  positive  number.  These  curves 
are  known  collectively  as  curves  of  the  parabolic  family,  or  simply 
parabolic  curves.  The  curve  y  =  x'  is  called  the  paralKila. 
y  =■  x^'iB  called  the  cubical  parabola,  j/  =  i'*  is  called  the  semi- 
cubical  parabola,  etc.  Curves  for  negative  values  of  n  do  not  pass 
through  the  point  (0,  0)  and  are  otherwise  quite  distinct.    They 
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are  known  as  curves  of  the  liyperboUc  type,  and  wiU  be  discussed 
later. 

The  student  should  cut  patterns  of  the  parabola,  the  cubical 
parabola  and  the  eemi-cubical  parabola  out  of  heavy  paper  for 
use  in  drawing  these  curves  when  required.  Each  pattern  should 
have  drawn  upon  It  either  the  x-  or  y-axis  and  one  of  the  unit  lines 
to  assist  in  properly  adjusting  the  pattern  upon  squared  paper. 

20.  Symmetry.  In  geometry  a  distinction  is  made  between  two 
kinds  of  symmetry  of  plane  figures^-symmetry  with  respect  to  a 
line  and  symmetry  with  respect  to  a  'poxni.  A  plane  figure  ia 
symmetrical  with  respect  to  a  given  line  if  the  two  parts  of  the 
figure  exactly  coincide  when  folded  about  that  line.  Thus  the  let- 
ters M  and  W  are  each  symmetrical  with  respect  to  a  vertical  hne 
drawn  through  the  vertex  of  the  middle  angles.  We  have  already 
noted  that  y  =  i'  is  symmetrical  with  respect  to  OY . 

A  plane  figure  is  symmetrical  with  respect  to  a  ^ven  point  when 
the  figure  remains  unchanged  if  rotated  180°  in  its  own  plane  about 
an  axis  perpendicular  to  the  plane  at  the  given  point.  Thus  the 
letters  N  and  2  are  each  symmetrical  with  respect  to  the  mid-point 
of  their  central  hne.  The  letters  H  and  0  are  symmetrical  both 
with  respect  to  lines  and  with  respect  to  a  point.  Which  sort  of 
symmetry  is  possessed  by  the  curve  y  =  x*7    Why? 

Another  definition  of  symmetry  with  respect  to  a  point  is  per- 
haps clearer  than  the  one  given  in  above  statement:  A  curve  is 
said  to  be  symmetrical  with  respect  to  a  given  point  0  when  all 
lines  drawn  through  the  given  point  and  terminated  by  the  curve 
are  bisected  at  the  point  0. 

What  kind  of  symmetry  with  respect  to  one  of  the  coordinate 
axes  or  to  the  origin  (as  the  case  may  be)  does  the  point  (2, 3)  bear 
to  the  point  (-2,  3)?  To  the  point  (-2,  -3)?  To  the  point 
(2,  -3)? 

Note  that  symmetry  of  the  first  kind  means  that  a  plane  figure  ia 
unchanged  when  turned  180°  about  a  certain  line  in  Us  plane,  and 
that  ajonmetry  of  the  second  kind  means  that  a  figure  is  unchanged 
when  turned  180°  about  a  certain  line  perpendicular  to  its  plane. 

21.  The  curves  in  the  diagram,  Fig.  31,  are  sketched  from  a 
limited  number  of  points  only,  but  any  number  of  additional 
values  of  x  and  y  may  be  tabulated  and  the  accuracy,  as  well  as 
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the  extent,  of  the  graph  be  made  as  great  as  desired.  A  num- 
ber of  graphs  of  power  functions  are  shown  as  they  appear  in  the 
first  quadrant  in  Figs.  32  and  35.  The  student  should  explain  how 
to  draw  the  portions  of  the  curves  lying  in  the  other  quadrants 
from  the  part  appearii^  in  the  first  quadrant. 

In  the  exercises  in  this  book  to  "draw  a  curve"  means  to  con- 
struct the  curve  as  accurately  as  possible  from  numerical  or  other 
data.  To  "sketch  a  curve"  means  to  produce  an  approximate  or 
less  accurate  representation  of  the  curve,  including  therein  its 
characteristic  properties,  but  without  the  use  of  extended  numer- 
ical data. 

Exercises 

(1.)  On  coordinate  paper  draw  the  curves  y  =  x',  y  =  x',  y  =•  x^, 
y  =  x',  using  4  cm.  as  the  unit  of  measure.  On  the  same  sheet 
draw  the  hnea  x  =•  ±  \,y  '■  ±1,  !/=  +  x. 

8.  On  coordinate  paper  sketch  the  curves  i  =  y',  i  =  y',  a;  =  v*4, 
I  =  y'.    Compare  with  the  curves  ot  exercise  1. 

3.  Sketch  and  discuss  the  curves  y  =  Vk,  y  =  s/x,  y  =  V  «. 
Can  any  of  these  curves  be  drawn  from  patterns  made  from  the 
curves  of  exercise  1?  Why?  Explain  the  graphs  of  the  first  and 
last  if  the  double  sign  "  ±  "  be  understood  before  the  radicals,  and 
compare  with  the  graphs  when  the  positive  sign  only  is  to  be  under- 
stood before  the  radicals. 

4.  Draw  the  curve  y'  =  i'.     Compare  with  the  curve  y  =  a*. 

6.  Name  in  each  case  the  quadrants  of  the  curves  of  exercises 
1-4,  and  state  the  reasons  why  each  curve  exists  in  certain  quad- 
rants and  why  not  in  the  other  quadrants. 

22.  Discussion  of  the  Parabolic  Curves.  Draw  the  straight 
lines  X  =  i,x  —  —  1,  !/=  I,  y  —  — 1  upon  the  same  sheet  upon 
which  a  number  of  parabolic  curves  have  been  drawn.  These 
lines  together  with  the  coordinate  axes  divide  the  plane  into  a 
number  of  rectangular  spaces.  In  Fig.  33  these  spaces  are  shown 
divided  into  two  sets,  those  represented  by  the  cross-hatching, 
and  those  shown  plain.  Vhe  cross-hatched  rectangular  spaces 
contain  the  lines  y  =  x  and  y=  —x  and  also  all  curves  of  the  para- 
bolic type.  No  parabolic  curve  ever  enters  the  redangidar  strips 
shown  plain  in  Fig.  33. 
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The  line  y  =  x  divides  the  spaces  occupied  by  the  parabolic 
curves  into  equal  portions.  Why  does  the  curve  y  =  x'  (in  the 
first  quadrant)  lie  below  this  line  in  the  interval  x  =  0  to  x  =  1, 
but  above  it  in  the  interval  to  the  right  oi  x  =  1?  On  the  other 
hand,  why  does  the  curve  y  =  \/x,  or  j/'  =  x  (in  the  first  quad- 
rant), lie  above  the  line  y  =  a;  in  the  interval  a;  =  0  to  a:  =  1  and 
below]/  =  a;  in  the  interval  to  the  right  oi  x  =  1? 

One  part  of  the  parabolic  curve  y  =  x'  always  lies  in  the  first 
quadrant.    If  n  be  an  even  number,  another  part  of  the  curve  lies 


Fio.  33. — The  Regions  of  the  Parabolic  and  the  Hyperbolic  Curves. 
All  parabolic  curves  lie  within  the  crosa-hatched  region.  All  hyperbolic 
curves  lie  within  the  region  shown  plain. 

in  which  quadrant?  If  n  be  an  odd  number,  the  curve  lies  in  which 
quadrants? 

If  the  exponent  n  of  any  power  function  be  a  positive  fraction, 
may  mfr,  the  equation  of  the  curve  may  be  written  y  =  x".  If 
in  this  case  both  m  and  r  be  odd,  the  curve  lies  in  which  quadrants  ? 
If  m  be  even  and  r  be  odd,  the  curve  lies  in  which  quadrants?  If 
m  be  odd  and  r  be  even,  the  curve  lies  in  which  quadrants?  If 
both  m  and  r  be  even  the  curve  lies  yi  which  quadrants? 

A  curve  which  ia  symmetrical  to  another  curve  mlh  respect  to  a 
line  may  be  spoken  of  figuratively  as  the  reflection  or  image  of  the 
second  curve  in  a  mirror  represented  by  the  ^ven  line. 
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EzerciseB 

Exercises  1-5  refer  to  curves  in  the  first  quadrant  only. 

1.  The  expressions  r',  i'*,  x',  x'  are  numerically  less  than  x  for 
values  of  i  between  0  and  1.  How  is  this  fact  ahowD  in  the  diagram, 
Fig.  31? 

2.  The  expressions  x',  x^^,  x',  x'  are  numerically  greater  than  x  for 
.^^^  all  values  of  x  numerically  greater  than  unity.  How  is  this  fact 
^""^    pictured  in  the  diagram,  Fig.  317 

3.  For  values  of  x  between  0  and  1,  x'  <  x'  <  j'  <  x^  <t. 
—^  For  values  x>  l,x^>  x'>  x'  >x^^  >  x.  Explain  how  each  of  these 
t^    facts  ia  expressed  by  the  curves  of  Fig.  32. 

i.  Sjow  that  the  graphs  y  —  x^,  y  —  i^*,  y  —  x^,  y  •■  x^  are  the 
reflections  of  y  "^  xM,  y  "  x',  y  ^  x',  y  •■  x',  in  the  mirror  y  =  x. 
^_^        0.  Sketch  without  tabulating  the  numerical  values,  the  following 
^^    loci:  y  =  x",  y  =  x°',  y  =  x'"",  y  =  x"". 

The  following  are  to  be  discussed  for  all  quadrants. 

6.  Sketch,  without  tabulating  numerical  values,  the  following  loci 

y\     7.  Sketch  the  following:  w"  =  i"",  u'"  -  x",  y"""  —  * 


■^ 


\i^  Sketch  the  following:  y  = 


',y  =  -x',y'=-- 


23.  Hyperbolic  Type.  Loci  of  equations  of  the  form  yx'  =  1, 
or  y  =  I  /i",  where  n  is  poaitive,  have  been  called  hyperbolic 
curves.  The  fundamental  curve  xy  =  1,  ory  =  I  /a  is  called  the 
rectangular  hyperbola.  Its  graph  is  given  in  Figs.  34  and  35, 
butthecurveshouldbedrawnindependently  by  thestudent,  using 
2  cm.  as  the  unit  of  measure.  Its  relation  to  the  x-  and  y-axea  is 
most  characteristic.  For  very  small  positive  values  of  x,  the  value 
of  y  is  very  large,  and  as  x  approaches  0,  y  increases  indefinitely. 
But  the  function  is  not  defined  for  the  value  x  =  0,  for  the  prod- 
uct xy  cannot  equal  1  if  x  be  zero.  For  numerically  small  but 
negative  values  of  x,  y  is  negative  and  numerically  very  large,  and 
becomes  numerically  larger  as  x  approaches  0.  The  locus  thus 
approaches  indefinitely  near  to  the  F-axis,  as  x  approaches  zero. 

Instead  of  saying  that  "y  increases  in  value  without  limit,"  it 
is  equally  common  to  say  "3/ becomes  infinite;"  in  fact,  "infinite" 
is  merely  the  Latin  equivalent  of  "no  limit."  It  is  often  written 
1/  =  (B .    This  is  a  mere  abbreviation  for  the  longer  expresuons, 
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"y  becomes  infinite"  or  "y  increases  in  value  without  limit." 
The  student  must  be  cautioned  that  the  symbol  =•  doea  not  stand 
for  a  number,  and  that  "y  =  <o"  must  not  be  interpreted  in  the 

same  way  that  "i;  ■  5"  is  interpreted. 

As  X  increases  from  numerically  large  negative  values  to  0, 
y  continually  decreases  and  becomes  negatively  infinite  (abbre- 
viated y  ^  —  «■ ).    As  I  decreases  from  numerically  large  positive 


r» 

't- 

? 

■\\ 

/ 

^ 

.•-^ 

to? 

.; 

^ 

~^ 

'^ 

f,.' ' 

\ 

V 

I. 

Fio.  34, — Hyperbolic  Curves. 

values  to  0,  y  continuaUy  increases  and  becomes  infinite.  Thus, 
in  the  neighborhood  of  a;  =  0,  i/  is  discontinuous,  and,  in  this  case, 
the  discontinuity  is  called  an  infinite  discontinuity. 

On  account  of  the  symmetry  in  xy  =  1,  if  we  look  upon  x  as  a 
function  of  y,  all  of  the  above  statements  may  be  repeated,  merely 
interchanging  x  and  y  wherever  they  occur.  Thus,  there  is  an 
infinite  discontinuity  in  x,  as  j/  passes  through  the  value  0. 

The  hnes  XX'  and  YY'  which  these  curves  approach  as  near  as 
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we  please,  but  never  meet,  are  called  the  asymptotes  of  the 
hyperbola. 

All  other  curves  of  the  hyperbolic  family,  such  as  yx'  =  1, 
rj/'  =  1,  yV  =  1,  y*x*  =  1  and  the  like,  approach  the  X-  and 
F-axea  as  asymptotes.  The  rates  at  which  they  approach  the 
axes  depends  upon  the  relative  magnitudes  of  the  exponents  of  the 
powers  ofx  and  y;  the  quadrants  in  which  the  branches  lie  depend 
upon  the  oddness  or  evenness  of  these  exponents. 


Fro.  35.— Hyperbolic  C 
Firat  Quadrant.  1/  -  I /a 
Adiabatic  Curve  for  Air. 


Exercises 

^  .-N  1.  Draw  accurately  upon  squared  paper  the  loci,  xy  =  1,  xy'  =  1, 
x'y  =  1,  xy'  =  I. 

3.  Show  that  the  curves  of  the  hyperbohc  type  lie  in  the  rectangular 
regions  shown  plain,  or  not  cross-hatched,  in  Fig.  33. 

\)   3.  In  what  quadranta  do  the  branches  of  x^'y''  =  1  lie? 

4.  How  does  the  locus  of  x'y'  =  1  differ  from  that  of  ly  =  17 

\       6.  Sketch,  showing  the  esHential  character  of  each  locus,  the  curves 
x'y'  =  1,  x"y  -  1,  x""^  -  1. 

6.  Show  that  xy  =  a  paaaes  through  the  point  (V^o,  \/o);  that 
xy  =  a'  passes  through  (a,  a)  and  can  be  made  from  xy  =  1  by 
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"stretching  "  (if  a  >  1)  both  abscissas  and  ordinates  ot  xj/  =  I  in  the 

24.  Curves  Syininetrical  to  Each  Other.  Some  of  the  facte  of 
symmetry  respecting  two  portions  of  the  same  parabola  or  hyper- 
bola may  be  readily  extended  by  the  student  to  other  curves. 
First  answer  the  following  questions:  ^ 

How  are  the  points  (o,  b)  and  ( — o,  b)  related  to  the  F-axia?  ) 

^  How  are  the  points  (o,  b)  and  (o,  -6)  related  to  the  X-axis?        (^^ 
Xty  BfH^-arc  the  points  {a,  b)  and  (6,  a)  related  to  the  line  y  =  x^ 
^v^Ptoye  the  result  by  plane  geometry.  j  "*^^ 

The  following  may  then  be  readily  proved  by  the  fltudent:      '-'  ' 

Theoreus  on  Loci 


I.  //  X  be  replaced  by  (—  x)in  any  equation  containing  x  and 
the  new  graph  is  Ike  reflection  of  the  former  in  tkt . 

II.  Jf  y  be  replaced  by  {—  y)in  any  eqvation  containing 
the  new  graph  is  the  reflection  of  Ike  former  in  tke  axis  XX' 

III.  If  X  and  y  be  inlerckanged  in  any  equation  containing 
and  y,  the  new  grapk  is  tke  reflection  of  the  former  one  in  the  line 


\< 

( 
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36.  The  Variation  of  the  Power  Function.  The  symmetry  of 
the  graphs  of  the  power  function  with  respect  to  certain  lines  and 
points,  while  of  interest  geometrically,  nevertheless  does  not  con- 
stitute the  most  important  fact  in  connection  with  theee  functions. 
Of  more  importance  is  the  law  of  change  of  value  or  tke  law  by  which 
the  function  varies.  Thus  returning  to  a  table  of  values  for  the 
power  function  x^  for  the  first  quadrant, 

x\0      1/2      1      3/2      2        5/2      3 
x^:0       1/4       1       9/4      4      25/4      9 

we  note  that  as  x  changes  from  0  to  1/3  the  function  grows  by  the 
small  amount  1/4.  As  x  changes  from  1  /2  by  another  increment  of 
1/2  to  the  value  1,  the  function  increases  by  3 /4  to  the  value  1. 
As  X  grows  by  successive  steps  or  increments  of  1  /2  unit  each,  it 
is  seen  that  x'  grows  by  increasingly  greater  and  greater  steps, 
until  finally  the  change  in  x'  produced  by  a  small  change  in  x 

■To  "eloncate  "  or  "  stcetih  "  in  the  ratio  2:  3  msani  to  ohanoe  the  lenith 
ot  ■  Uiie  Mtiaeat  so  that  (ariinnsi  lenith):  (new  or  stretohed  lencth)»2:3. 
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becomea  very  large.  Thus  the  step  by  step  increase  in  the  function 
is  a  rapidly  augmenting  one.  Even  more  rapidly  does  the  func- 
tion I*  gain  in  value  as  x  grows  in  value.  On  the  contrary,  for  posi- 
tive values  of  x  the  power  functions  1  jx,  I  jx^,  1  /a;',  etc.,  decrease 
in  value  as  x  grows  in  value.  Referring  to  the  definition  of  the 
slope  of  a  curve  given  in  §14,  we  see  that  the  paraboUc  curves 
have  a  positive  slope  in  the  first  quadrant,  while  the  hyperbolic 
curves  have  always  a  negative  slope  in  the  first  quadrant. 

The  law  of  the  power  function  is  stated  in  more  definite  terms 
in  §34.  That  section  may  be  read  at  once,  and  then  studied 
a  second  time  in  connection  with  the  practical  work  which 
s  it. 


36.  Increadng  and  Decreasing  Functiocs.  As  a  point  passes 
from  left  to  right  along  the  X-axia,  x  increases  algebraically. 
As  a  point  moves  up  on  the  F-axis,  y  increases  algebraically  and 
as  it  moves  down  on  the  Y-axis,  y  decreases  algebraically.  An 
increasing  function  of  x  is  one  such  that  as  x  increases  algebraically, 
y,  or  the  function,  also  increases  algebraically.  By  a  decreasing 
function  of  z  is  meant  one  such  that  as  x  increases  algebraically, 
y  decreases  algebraically.  Graphically,  an  increasing  function  is 
indicated  by  a  rising  curve  as  a  point  moves  along  it  from  left  to 
right.  The  power  function  y  =  x"  (n  positive)  is  an  increasing 
function  of  x  in  the  first  quadrant.  The  power  function  y  = 
a;~"(—  n  negative)  in  the  first  quadrant  is  a  decreasing  function 
of  a:. 

The  power  function  y  =  i'  is  an  increasing  function  for  all  values 
of  X  while  ^  =  a;*  isa  decreasing  function  in  the  second  quadrant 
but  an  increasing  function  in  the  first  quadrant.  In  a  case  like 
y  =  ±  a:'*,  where  y  has  two  values  for  each  positive  value  of  x,  it 
is  seen  that  one  of  these  values  increases  with  x  while  the  other 
s  with  X. 


1.  Consider  the  function  y  =  -j- 1''  and  construct  its  locus.  As  x 
grows  by  Huccessive  steps  of  one  unit  each,  does  the  function  grow  by 
increasingly  greater  and  greater  steps  or  not?  WhyT  Is  the  slope 
of  the  curve  an  increasing  or  a  decreasing  function  of  x7 
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S.  Does  the  algebraic  value  of  the  slope  of  xy  "  1  increase  with  z 
in  the  first  quadrant? 

3.  Ab  X  changes  from  —  5  to  +  5  does  the  slope  of  ^  —  z*  always 
increase  algebraically? 

i.  Ejtpress  in  tlie  language  of  mathematics  the  fact  that  the 
curves  y  =  x;  when  n  is  a  rational  number  greater  than  unity,  are 
concave  upiDaTd. 

Answbb:  "When  n  ia  greater  than  unity,  the  slope  of  the  curve 
increaaea  as  x  increases." 

Express  in  a  similar  way  the  fact  that  the  curves  ^  =  x'''"  are 
conctwe  downward. 

27.  The  Graph  of  the  Power  Function  when  z"  has  a  Coeffi- 
cient.   If  QuOierical  tables  be  prepared  for  the  equations 

1/   =  x' 
and  j/  =  3x* 

then  for  like  values  of  x  each  ordinate,  y',  of  the  second  curve 
will  be  three  fold  the  correaponding  ordinate,  y,  of  the  first  curve. 
It  is  obvious  that  the  curve 

»■  -  «•  (1) 

and  the  curve 


are  similarly  related;  the  ordinate  y'  of  any  point  of  the  first  locus 
can  be  made  from  the  corresponding  ordinate  y  (i.e.,  the  ordinate 
having  the  same  abscissa)  of  the  second  by  multiplying  the  latter 
by  a.  If  a  be  positive  and  greater  than  unity,  this  corresponds  to 
itretching  or  elongating  all  ordinatee  of  (2)  in  the  ratio  1 :  a;  if  a 
be  positive  and  less  than  unity,  it  corresponds  to  contracting  or 
shortening  all  ordinates  of  (2)  in  the  ratio  1 :  a. 

For  example,  the  graph  oty'  =  ax'  can  be  made  from  the  graph 
of  y  =  X*  if  the  latter  be  first  drawn  upon  sheet  rubber,  and  if 
then  the  sheet  be  uniformly  stretched  in  the  y  direction  in  the  ratio 
l:a.  If  the  curve  be  drawn  upon  sheet  rubber  which  is  already 
under  tension  in  the  y  direction  and  if  the  rubber  be  allowed  to 
contract  in  the  y  direction,  the  resulting  curve  has  the  equation 
y  =  ax'  where  a  ia  a  proper  fraction  or  a  positive  number  leas  than 
unity. 

The  above  results  are  best  kept  in  mind  when  expressed  in  a 
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slightly  different  from.  The  equation  y*  =  a-x"  can,  of  course,  be 
written  in  the  from  {y'/a)  =  x'.  Comparing  this  with  the  equa- 
tion y  =  X",  we  note  that  iy'/a)  =  yory'  =  ay,  therefore  we  may 
conclude  generally  that  subslUultng  [y'/a)  for  y  in  the  equalion  of 
any  curve  midliplies  all  of  the  ordinates  of  the  curve  by  a.  For 
example,  after  substituting  {y'/2)  for  y  in  any  equation,  the  new 
ordinate  y'  must  be  twice  as  large  as  the  old  ordinate  y,  in  order 
that  the  equation  remain  true  for  the  same  value  of  x. 

In  the  same  manner  changing  the  equation  y  =  a;"  to  j/  = 
I  —  j  ,  that  is,  substituting  (x'/a)  for  x  in  any  equation  muUipUes 
aU  of  the  abgcissas  of  the  curve  by  a.  Multiplying  all  of  the  abscis- 
sas of  a  curve  by  a  elongates  or  stretches  all  of  the  abscissas  in 
the  ratio'  l:aif  a  >  I,  but  contracts  or  shortens  all  of  the  abscis- 
sas if  a<l.  As  the  above  reasoning  is  true  for  the  equation  of 
any  locus,  we  may  state  the  results  more  generally  as  follows: 

Tbeorems  on  Loci 
IV.    Substituting  (-\forx  in  the  equation  of  any  locus  multiplies 
aU  of  the  abscissas  of  Ike  curve  by  a. 
■■'     V.  Substituting  (—\  for  y  in  the  equation  of  any  locus  multiplies  all 
of  the  ordiruUes  of  the  curve  by  a. 

Note:  It  is  not  necessary  to  retain  the  symbols  x'  and  y'  to 
indicate  new  variables,  if  the  change  in  the  variable  be  otherwise 


1.  Without  actual  construction,  compare  the  graphs  y  =  x'  and 
f  =  5x*;  y  =  ;r'andv=2i  y  =  "Tandy  =  — ;  yx' &nd  y—2x*; 
/  =  I"  and  y  =  g  ■ 

3.  Without  actual  construction,  compare  the  graphs  y  =  x'  and 
^"(2)  '  !'=^'and2=«';    Jf  =  i' and j/ =  U)   ;    3/=  I'and  g=a'. 
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;'  and  y^  =  \^  '' V 


^(r- 


28.  Orthographic  Projection.  In  elementary  geometry  we 
learned  that  the  projection  of  a  given  pointP  upon  a  given  line  or 
plane  is  the  foot  of  the  perpendicular  dropped  from  the  given  point 
upon  the  given  line  or  plane.  Likewise  if  perpendiculars  be 
dropped  from  the  end  points  A  and  B  of  any  line  s^ment  AB  upon 
a  given  line  or  plane,  and  if  the  feet  of  these  perpendiculars  be 
called  P  and  Q,  respectively,  then  the  line  segment  PQ  is  called  the 
projection  of  the  Une  AB.  Also,  if  perpendiculars  be  dropped 
from  all  points  of  a  given  curve  AB  upon  a  given  plane  MN,  the 


Fio.  37. — Orthographic  Projection  of  Line  Senoienta 


locuB  of  the  feet  of  all  of  the  perpendiculars  so  drawn  is  called  the 
projection  of  the  given  curve  upon  the  plane  MN. 

To  emphasize  the  fact  that  the  projections  were  made  by  using 
perpendiculars  to  the  given  plane,  it  is  customary  to  speak  of  them 
as  orthogonal  or  orthographic  projections. 

The  shadow  of  a  hoop  upon  the  ground  is  not  the  orthographic 
projection  of  the  hoop  unless  the  rays  of  light  from  the  sun  strike ' 
perpendicular  to  the  ground.  This  would  only  happen  in  our  lat- 
itude upon  a  non- horizontal  surface. 

The  shortening  by  a  given  fractional  amount  of  all  of  a  set  of 
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parallel  line  aegments  of  a  plane  may  be  brought  about  geometric- 
ally by  orthographic  projection  of  all  points  of  the  line  segments 
upon  a  second  plane.  For,  in  Fig,  37,  let  AiBi,  A^i,  A3B1, 
etc.,  be  parallel  line  segments  lying  in  the  plane  MN.  Let  their 
projections  on  any  other  plane  be  A'ld,  A'tC't,  A'lC,  etc., 
respectively.  Draw  A^t  parallel  to  A'jC'tand  AiCi  parallel  to 
A'lC'i,  etc.  Then  since  the  right  triangles  A,BiCi,  AtB^^, 
AtBiCi,  etc.,  are  similar, 

AiB,  _  AiBi  _  A,Bj 
AiCi      AiC,      A,Ci 

Call  this  ratio  a.    It  is  evident  that  o>l.    Substitute  the 
equals:  A'lC'i  =  AiCi,   A'lC't  =  Aid,  etc.    Then: 
AiBi  ^  AjBi^  ^  AjBt  ^  ^a 

A',C\  "  A'lC'i      A'tC't      ■  ■  ■  "  1 
The  numerators  are  the  original  line  segments;  the  denominators 
are  their  projections  on  the  plane  MO.     The  equality  of  these 
fractions  shows  that  the  parallel  lines  have  all  been  shortened  in 
the  ratio  a  :  1. 

The  above  work  shows  that  to  produce  the  curve  y  =  (x/a)', 
(o  <  1),  from  y  •=  x'by  orthographic  projection  it  is  merely  neces- 
sary to  project  all  of  the  abscissas  oiy  =  x'  upon  a  plane  passing 
through  YOY'  making  an  angle  with  OX  such  that  unity  on  OX 
projects  into  a  length  a  on  the  projection  of  OX.  To  produce 
the  curve  y  =  ax"  (a  <  1)  from  y  =-  i-  by  orthographic  projection 
it  is  merely  necessary  to  project  all  of  the  ordinates  oi  y  =  x"  upon 
a  plane  passing  through  XOX'  making  an  angle  with  OY  such  that 
unity  on  OY  projects  into  the  length  a  on  the  projection  o(  OY. 

To  lengthen  all  ordinates  of  a  given  curve  in  a  given  ratio, 
1 :  a,  the  process  must  be  reversed;  that  is,  erect  perpendiculars  to 
the  plane  of  the  given  curve  at  all  points  of  the  curve,  and  cut  them 
by  a  plane  passing  through  XOX'  making  an  angle  with  OY  sueh 
that  alength  a  (a  >1)  measured  on  the  new  F-axis  projects  into 
unity  on  OY  of  the  original  plane. 

29.  Change  td  Unit  To  produce  the  graph  of  y  =  lOx'  from 
that  of  1/  ■  a;',  the  stretching  of  the  ordinates  in  the  ratio  1 :  10 
need  not  actually  be  performed.    If  the  unit  of  tfaq  vertical  scale 
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of  V  =  ^'  ^^  taken  1  /lO  of  that  of  the  liorizontal  scale,  and  the 
proper  numerical  values  be  placed  upon  the  divifiions  of  the 
scales,  then  obviously  the  graph  of  y  =  x'  may  be  used  for  the 
graph  oiy  =  lOi'.  Suitable  change  in  the  unit  of  measure  on  one 
or  both  of  the  scales  of  y  =  x"  ia  often  a-very  desirable  method  of 
representing  the  more  general  curve  y  =  ox". 

An  interesting  example  is  given  in  Fig.  38.  The  period  of  vi- 
bration of  a  simple  pendulum  is  given  by  the  formula  T  =  r\/l/g. 
When  g  =  981  cm.  per 
second  per  second  (abbre- 
viated cm. /sec.')  this  gives 
T  =  O.lOOSvT,  which  for 
many  purposes  is  suflSci- 
ently  accurate  when  writ- 
ten T  =  O.IOvl.  In  this 
equation  T  must  be  in  sec- 
onds audi  in  centimeters. 
Thus  when  ;  =  100  cm.,  T 
=  1  sec,  so  that  the  graph 
may  be  made  by  drawing 
the  parabola  y  =  \/%  from 
the  pattern  previously 
made  and  then  attaching  the  proper  numbers  to  the  scales,  as 
shown  m  Fig.  38. 

30.  Variation.  The  relation  between  y  and  z  expressed  by  the 
equation^  =  ox",  where  n  is  any  positive  number,  is  often  expressed 
by  the  statement  "y  varies  as  the  nth  power  of  x,"  or  by  the 
statement  "y  is  proportional  to  x"."  Likewise,  the  relation 
y  =  a/x",  where  n  is  positive,  is  expressed  by  the  statement 
"y  varies  inversely  as  the  nth  power  of  x."  The  statement  "the 
dongation  of  a  coil  spring  is  proportional  to  the  weight  of  the  sus- 
pended mass"  tells  us: 

y  =  mx  (1) 

where  y  is  the  elongation  (or  increase  in  length  from  the  natural 
or  unloaded  length)  of  the  spring,  and  x  is  the  weight  suspended  by 
the  spring,  but  it  does  not  give  us  Ike  value  of  m.  The  value  of  m 
may  readily  be  determined  if  the  elongation  corresponding  to  a 
given  weight  be  given.    Thus  if  a  weight  of  10  pounds  when  eus- 
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pended  from  the  spring  produces  an  eloogatiou  of  2  inches  in  the 
length  of  the  coil,  then,  aubstituUng  x  -  10  and  y  =  2  in  (1), 


and  hence  m  =  1/5 

If  this  spring  be  used  in  the  construction  of  a  spring  balance,  the 
length  of  a  division  of  the  uniform  scale  corresponding  to  1  pound 
will  be  1  /5  inch. 
A  special  symbol,   = ,  is  often  used  to  express  variation.    Thus 
y  ■x  l/d= 
states  that  y  varies  inversely  as  d\    It  is  equally  well  expressed  by: 


wh»^  A;  ie  a  constant  called  the  proportionglity  factor. 

The  statements  "y  varies  jointly  as  u  and  v,"  and  "y  varies 
directly  as  «  and  inversely  as  v,"  mean,  respectively: 


Thus  the  area  of  a  rectangle  varies  jointly  as  its  length  and  breadth, 
or, 

A  =  kLB 

If  the  length  and  breadth  are  measured  in  feet  and  A  in  square  feet, 
k  is  unity.  But,  if  L  and  B  are  measured  in  feet  and  A  in  acres, 
then  k  =  1  /43560.  If  L  and  B  are  measured  in  rods  ajid  A  in 
acres,  then  k  =  1  /160. 

From  Ohm's  law,  we  say  that  the  electric  current  in  a  circuit 
varies  directly  as  the  electromotive  force  and  inversely  as  the 
resistance,  or: 

C  =  E/a  or  C  =  kE/R 
The  constant  multiplier  is  unity  if  C  be  measured  in  amperes,  E 
in  volts,  and  R  in  ohms,  so  that  for  these  units 
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3L  lUostratioos  from  Science.  Some  of  the  most  important 
laws  of  natural  science  are  expressed  by  means  of  the  power  func- 
tion' or  graphically  by  means  of  loci  of  the  parabolic  or  hyperbolic 
type. 

The  linear  equation  y  =  mxis,oi  course,  the  simplest  case  of  the 
pover  function  and  ita  graph,  the  straight  line,  may  be  regarded  as 
the  simplest  of  the  curves  of  the  parabolic  tj^.  The  following 
illustrations  will  make  clear  the  importance  of  the  power  function 
in  expressing  numerous  laws  of  natural  phenomena.  Later  the 
student  will  learn  of  two  additional  types  of  fundamental  laws  of, 
science  expressible  by  two  functions  entirely  different  from  the 
power  function  now  being  discussed. 

The  instructor  will  ask  oral  questions  concerning  each  of  the 
following  illustrations.  The  student  should  have  in  mind  the 
general  form  of  the  graph  in  each  case,  but  should  remember  that 
the  law  of  variation,  or  the  law  of  change  of  value  which  the  func- 
tional relation  expresses,  is  the  matter  of  fundamental  importance. 
The  graph  is  useful  primarily  because  it  aids  to  form  a  mental  pic- 
ture of  the  law  of  variation  of  the  function.  The  practical  graph- 
ing of  the  concrete  illustrations  given  below  will  not  be  done  at 
present,  but  will  be  taken  up  later  in  $33. 

(a)  The  pressure  of  a  fluid  in  a  vessd  may  be  expressed  in  either 
pounds  per  square  inch  or  in  terms  of  the  height  of  a  column  of 
mercury  possessing  the  same  static  pressure.    Thus  we  may  write : 

p  =  0.492ft  (1) 

in  which  p  is  pressure  in  pounds  per  square  inch  and  ft  is  the  height 
of  the  column  of  mercury  in  inches.  The  graph  is  the  straight 
line  through  the  origin  of  slope  492/1000.  The  constant  0.492  can 
be  computed  from  the  data  that  the  weight  of  mercury  is  13.6  times 
that  of  an  equal  volume  of  water  and  that  1  cubic  foot  of  water 
we^hs  62.5  pounds. 

In  this  and  the  following  equations,  it  must  be  remembered 
that  each  letter  represents  a  number,  and  that  no  equation  can 
be  used  until  all  the  magnitudes  involved  are  expressed  in  terms 
of  the  particular  units  which  are  specified  in  connection  with 
that  equation. 

iFot  btBrity  oi"  ■■  mil  isi"  will  f requsntly  be  nailed  *  power  luaetion  al  i. 
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{b)  The  velocity  of  a  f allii^  body  which  has  fallen  from  a  state 
of  rest  during  the  time  t,  is  given  by 

V  =  Z2.2t  (2) 

in  which  I  is  the  time  in  eecoads  and  v  is  the  velocity  in  feet 
per  second.     If  t  is  measured  in  seconds  and  v  is  in  centimeters  per 
■   second,  the  equation  becomes'    v  =  981(.      In    either  ease  the 
graph  is  a  straight  line,  but  the  lines  have  different  slopes. 

(c)  The  space  traversed  by  a  falling  body  is  given  by 

s  =  igt^  (3) 

or,  in  English  units  (s  in  feet  and  I  in  seconds): 

a  =  16.It'  (4} 

(d)  The  vdocity  of  the  falling  body,  from  the  height  k  is: 

V  =  \/2gh  -  \/GiAh  (5) 

llie  resistance  of  the  air  is  not  taken  into  account  in  formulas 
C2)  to  (5). 
The  formula  equivalent  to  (5) : 

imv*  =  mgk  (6) 

where  m  is  the  mass  of  the  body,  expresses  the  equivalence  of 
imv\  the  kinetic  energy  of  the  body,  and  mgh,  the  work  done 
by  the  force  of  gravity  mg,  working  through  the  distance  k. 

'  A  lull  discuBsion  of  ibe  proceiH  o[  chsaiiiic  formulss  Hk«  tb«  ones  in  the  pres- 
eot  eectioii  into  n  new  set  of  uniu  should  be  souBht  ia  text-books  od  physics  and 

~ ~  elementary  purpose.     Fir«t. 
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(e)  Tlie  intensity  of  the  attraction  exerted  on  a  unit  nukss  by  the 
BUD  or  by  any  planet  varies  inversely  as  the  square  of  the  distance 
from  the  center  of  mass  of  the  attracting  body.  If  r  stand  for 
that  distance  and  if  /  be  the  force  exerted  on  unit  mass  of  ^he 
attracted  body,  then 

■^  "  r'  (7) 

The  constant  m  is  the  value  of  the  force  when  r  is  unity. 

(/)  The  formula  for  the  horse  power  transmlsBible  by  cold-rolled 
shafting  is: 

H=    5Q-  (8) 

where  H  is  the  horse  power  transmitted,  d  the  diameter  of  the 

shaft  in  inches,  and  N  the  number  of  revolutions  per  minute. 

The  rapid  variation  of  this  function  (aa  the  cube  of  the  diameter) 
accounts  for  some  interesting  facta.  Thus  doubling  the  size  of  the 
shaft  operatii^  at  a  given  speed  increases  8-fold  the  amount  of 
power  that  can  be  transmitted,  while  the  weight  of  the  shaft  is 
increased  but  4-fold. 

If  H  be  constant,  JV  varies  inversely  as  d'.  Thus  an  old-fash- 
ioned 50-h.p.  overshot  water-wheel  making  three  revolutions  per 
minute  requires  about  a  9-inch  shaft,  while  a  DoLaval  50-h.p. 
steam  turbine  making  16,000  revolutions  per  minute  requires  a 
turbine  shaft  but  little  over  1  /2  inch  in  diameter. 

(g)  The  period  of  the  simple  pendulum  is 

T  =.  irV7/7  (9) 

where  T  is  the  time  of  one  swing  in  seconds,  I  the  lei^th  of  the 
pendulum  in  feet  and  g  =  32,2  ft./ sec.,*  approximately. 

(A)  The  centripetal  force  on  a  particle  of  weight  W  pounds, 
rotating  in  a  circle  of  radius  R  feet,  at  the  rate  of  N  revolutions 
per  second  is 

F-*'"P''-  (10) 

or,  if  ff  =  32.16  ft./sec.', 

F  =  1.2276H'BA''  (U) 
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where  F  is  measured  in  pounds.  If  N  be  the  number  of  revolutions 
per  minute,  then 

_  4sr'ff'flJV' 

^  -  ^eobff  ^^^> 

=  0.000341  ITfliV'  (13) 

(i)  An  approximate  formula  for  the  indicated  horse  power 
required  for  a  steamboat  is: 

where  S  is  speed  in  knots,  D  is  displacement  in  tons,  and  C  is  a  con- 
stant appropriate  to  the  size  and  model  of  the  ship  to  which  it  is 
applied.  The  constant  ranges  in  value  from  about  240,  for  finely 
shaped  boats,  to  200,  for  fairly  shaped  boats. 

(j)  Boyle's  law  for  the  expansion  of  a  gas  maintained  at 
constant  temperature  is 

Vv  =  C  (15) 

where  p  is  the  pressure  and  v  the  volume  of  the  gaa,  and  C  is  a  con- 
stant. Since  the  density  of  a  gas  is  inversely  proportional  to  its 
volume,  the  above  equation  may  be  written  in  the  form 

V  =  cp  (16) 

in  which  p  is  the  density  of  the  gas, 

(t)  The  flow  of  water  over  a  trapezoidal  weir  is  given  by 
q  =  3.371,^''  (17) 

where  q  is  the  quantity  in  cubic  feet  per  second,  L  is  the  length  of 
the  weir'  in  feet  and  ft  is  the  head  of  water  on  the  weu-,  in  feet. 

(Q  The  physical  law  holding  for  the  adiabatic  expansion  of 
air,  that  is,  the  law  of  expansion  holding  when  the  change  of 
volume  is  not  accompanied  by  a  gain  or  loss  of  heat,^  is 
expressed  by 

p  =  cp'-*"^  (18) 

1  The  instructor  ia  expected  fully  to  eiplsin  tte  meHniiic  of  the  tochnical  tarmi 
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This  is  &  good  illustration  of  a  power  function  with  fractional  expo- 
nent. The  graph  is  not  greatly  different  from  the  semi-cubicaJ 
parabola 

(m)  The  pressure  or  resistance  of  the  air  upon  a  flat  surface  per- 
pendicular to  the  current  is  given  by  the  formula 

R  =  0.0037*  (19) 

in  which  V  is  the  velocity  of  the  air  in  mUes  per  hour  and  R  is  the 
resulting  pressure  upon  the  surface  in  pounds  per  square  foot. 
According  to  this  \aw,  a  20-niile  wind  would  cause  a  pressure  of 
about  1 .2  pounds  per  square  foot  upon  the  fiat  surface  of  a  buildii^. 
One  foot  per  second  is  equivalent  to  about  2/3  mile  per  hour,  so 
that  the  formula  when  the  velocity  is  given  in  feet  per  second 


R  =  0.0013K'  (20) 

(n)  The  power  used  to  drive  an  aeroplane  may  be  divided  into 
two  portions.  One  portion  is  utilized  in  overcomii^  the  resistance 
of  the  air  to  the  onward  motion.  The  other  part  is  used  to  sustain 
the  aeroplane  against  the  force  of  gravity.  The  first  portion  does 
"useless"  work — work  that  should  be  made  as  small  as  possible  by 
the  shapes  and  sizes  of  the  various  parts  of  the  machine.  The 
second  part  of  the  power  is  used  to  form  continuously  anew  the 
wave  of  compressed  air  upon  which  the  aeroplane  rides.  Calling 
the  total  power'P,  the  power  required  to  overcome  the  resistance 
P,,  and  that  used  to  sustain  the  aeroplane  P„  we  have 

P=Pr+P.  (21) 

We  learn  from  the  theory  of  the  aeroplane  that  P,  varies  as  the 
cube  of  the  velocity,  while  P,  varies  inversely  as  V,  so  that 

Pr  =  cV  (22) 

and 

P.  =   y  (23) 

Thus  at  high  velocity  less  and  less  power  is  required  to  sustain  the 
Mroplane  but  more  and  more  is  required  to  meet  the  frictional 

lit  time)  u  meaaured  by  the  unit  har—  pmitr,  nbicli  Is 
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resiBtanee  of  the  medium.  The  law  expressed  by  (23)  that  less 
and  less  power  is  required  to  sustain  the  aeroplane  as  the  speed  is 
increased  is  known  an  Langley's  Law.  From  this  law  Langley  was 
convinced  that  artificial  flight  v/as  possible,  for  the  whole  matter 
seemed  to  depend  primarily  upon  getting  up  sufficient  speed.  It 
is  really  this  law  that  makes  the  aeroplane  possible.  An  analogous 
case  is  the  well-known  fact  that  the  faster  a  person  skates,  the 
thinner  the  ice  necessary  to  sustain  the  skater.    In  this  case 


Fio.  39. — Capacity  of  RectaQgular  and  Circular  Tanks  per  Foot  of  Depth. 

part  of  the  energy  of  the  skater  is  continually  formii^  anew  on 
the  thin  ice  the  wave  of  depression  which  sustains  the  skater, 
while  the  other  part  overcomes  the  frictional  resistance  of  the 
skates  on  the  ice  and  the  resistance  of  the  air. 

(o)  The  capacity  of  cast-iron  pipe  to  transmit  water  is  often 
given  by  the  formula: 

5>"  =  1.68fttii-»  (24) 
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in  which  q  ie  the  quantity  of  water  discharged  in  cubic  feet  per 
second,  d  is  the  diameter  of  the  pipe  in  feet  and  k  is  the  loss  of 
head  measured  in  feet  of  water  per  1000  linear  feet  of  pipe. 
This  is  a  good  illustration  of  the  equation  of  a  parabolic  curve 
with  complicated  fractional  exponents.  The  curve  is  very 
roughly  approximate  to  the  locus  of  the  equation 

y=cVhx^  (25) 

(■p)  The  contents  in  gallons  of  a  rectangular  tank  per  foot  of 
depth,  b  feet  wide  and  t  feet  long,  is 

q  =  7MI  (26) 

The  contents  in  gallonB  per  foot  of  depth  of  a  cylindrical  tank  d 
feot  in  diameter  is 

q  =  7.5  irdV4  (27) 

Fig.  39  shows  the  graph  of  (26)  for  various  values  of  b  and  also 
shows  to  the  same  scale  the  graph  of  (27). 

32.  Rational  and  Empirical  Formulas.  A  number  of  the 
formulas  given  above  are  capable  of  demonstration  by  means  of 
theoretical  considerations  only.  Such  for  example  are  equations 
(1),  (2),  (3),  (4),  (5),  (7),  (8),  (9),  (10),  etc.,  although  the  constant 
coefficients  in  many  of  these  cases  were  experimentally  deter- 
mined. Formulas  of  this  kind  are  known  in  mathematics  as 
ratiomd  fonnulas.  On  the  other  hand  certain  of  the  above  for- 
mulas, especially  equatione  (14),  (17),  (19),  (22),  (23),  (24), 
including  not  only  the  constant  coefficients  but  also  the  law  of 
variation  of  the  function  itself,  are  known  to  be  true  only  as  the 
result  of  experiment.  Such  equations  are  caUed  empirical 
fonnulas.  Such  formulas  arise  in  the  attempt  to  express  by  an 
equation  the  results  of  a  series  of  laboratory  measurements. 

For  example,  the  density  of  water  (that  is,  the  mass  per  cubic 
centimeter  or  the  weight  per  cubic  foot)  varies  with  the  tem- 
perature of  the  water.  A  large  number  of  experimenters  have 
prepared  accurate  tables  of  the  density  of  water  for  wide  ranges 
of  temperature  centigrade,  and  a  number  of  very  accurate  empirical 
formulas  have  been  ingeniously  devised  to  express  the  results,  of 
which  the  following  four  equations  are  samples: 
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Empirical  fomiulftS  jar  the  d^aity,  d,  of  uxUer  in  terms  of  tem- 
perature centigrade,  0. 


-  81.3fl'  +  6029  -  1118 


1.  Among  the  power  fuaotions  named  in  the  above  illuatrationa,  pick 

out  examples  of  increasing  functions  and  of  decreasing  functions. 

y    2.  Under  the  same  difference  of  head  or  pressure,  show  by  formula 

/   (24)  that  an,  8-in.ch  pipe  will  transmit  much  more  than  double  the 

quantity  of  water  per  second  that  can  be  transmitted  by  a,  4-inch  pipe. 

3.  Wind  velocities  during  exceptionally  heavy  hurricanea  on  the 
Atlantic  coast  are  BomettmeB  over  140  miles  per  hour.  Show  that  the 
wind  pressure  on  a  flat  surface  during  such  a  storm  is  about  fifty 

/      times  the  amount  experienced  during  a  20-mile  wind. 

4.  Show  that  for  wind  velocities  of  10,  20,  40,  SO,  160  miles  per  hour 
(varying  in  geometrical  progression  with  ratio  2),  the  pressure 
exerted  on  a  flat  surface  is  0.3,  1.2,  4.8,  19.2,  78.8  pounds  per 
square  foot  respectively  (varying  in  geometrical  progression 
with  ratio  4). 

6.  A  300-h.p.  DeLaval  turbine  makes  10,000  revolutions  per  min- 
/  ute.    Find  the  necessary  diameter  of  the  propeller  shaft. 

6.  A  railroad  switch  target  bent  over  by  the  wind  during  a  tornado 
in  Minnesota  indicated  an  air  pressure  due  to  a  wind  of  600  miles  per 
hour.  Show  that  the  equivalent  pressure  on  a  flat  surface  would 
be  7.5  pounds  per  square  inch. 

7.  Show  that  a  parachute  60  feet  in  diameter  and  weighing  50 
pounds  will  sustain  a  man  weighing  205  pounds  when  falling  at  the 
rate  of  10  feet  per  second. 

SnGQESTioN:  Use  approximate  value  x  =  22/7  in  finding  area  of 
parachute  from  formula  for  circle,  «■'■  and  use  formula  (20)  above. 

8.  Show  that  empirical  formulas  (a)  and  (b)  for  the  density  of 
waterreducetoapowerfunctionif theoriginbetakenat fi  =  4,d  ■■  1. 
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33.  Practical  Graphs  of  Power  Functions.  The  graphs  of 
the  power  function 

y  =  X*,    y  =  x',    y  ^  \/x,    y  "  x%    etc.,  (1) 

can,  of  course,  be  made  the  basia  of  the  laws  concretely  expressed 
by  equations  (l)  to  (27)  of  {31.  If,  however,  the  graph  of  a 
scientific  formula  is  to  serve  as  a  numerical  table  of  the  function 
for  actual  use  in  practical  work,  then  there  is  much  more  labor 
in  the  proper  couBtruction  of  the  graph  than  the  mere  plotting 
of  the  abstract  mathematical  function.  The  size  of  the  unit 
to  be  selected,  the  range  over  which  the  graph  should  extend, 
the  permissible  course  of  the  curve,  become  matters  of  practice 
importance. 

If  the  apparent  slope'  of  a  graph  departs  too  widely  from 
+  I  or  —  1,  it  is  desirable  to  make  an  abrupt  change  of  unit  in 
the  vertical  or  the  horizontal  scale,  so  as  to  bring  the  curve  back 
to  a  desirable  course,for  it  is  obvious  that  numerical  readings  can 
best  be  taken  from  a  curve  when  it  crosses  the  rulings  of  the  co- 
ordinate paper  at  apparent  slopes  differing  but  little  from  ±  1. 

The  above  suggestions  in  practical  graphing  are  illustrated  by 
the  following  examples: 

Graph  the  formula  (equation  (8),  £31),  for  the  horse  power 
transmissible  by  cold^oUed  shafting 


H 


dW  (2) 

''    50 


in  which  d  is  the  diameter  in  inches  and  N  is  the  number  of 
revolutions  per  minute.  The  formula  is  of  interest  only  for  the 
range  of  d  between  0  and  24  inches,  as  the  dimensions  of  ordinary 
shaftii^  lie  well  within  these  limits.  Likewise  one  would  not 
ordinarily  be  interested  in  values  of  N  except  those  lying  between 
10  and  3000  revolutions  per  minute.  Fig.  40  shows  a  suitable 
graph  of  this  formula  for  the  range  1  <  d  <  10  for  the  fixed 
value  of  JV  =  100,  In  order  properiy  to  graph  this  function,  three 
different  scales  have  been  used  for  the  ordinate  H,  so  that  the 
slope  of  the  curve  may  not  depart  too  widely  from  unity. 

■  Ol  courae  the  rtal  oLopa  of  a  curve  ifl  independutt  of  tho  aoalfls  used.  By 
apforml  alope  •  1  ia  masnt  that  the  f nph  sppaan  to  out  ths  rulini  ot  the 
■quued  paper  at  about  45°. 
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If  similar  graphs  be  drawn  tor  JV  =  200,  N  =  300,  N  =  400, 
etc.,  a  Bet  of  parabolas  is  obtained  from  which  the  horse  power 
of  shafting  for  various  speeds  of  rotation  as  well  as  for  various 
diameters  may  be  obtained  at  once.    A  set  of  curves  systematically 
constructed  in  a  manner  similar  to  that  just  described,  is  often 
called  a  family  of  curves.    Fig.  39  shows  a  family  of  straight  linea 
expressing  the  capacity  of  rectangular  tanks  corresponding  to 
the  various  widths  of  the  tanks. 
Inasmuch  as  many  of  the  formulas  of  science  are  used  only  for 
positive  values  of  the  vari- 
ables, it  is  only  necessary  in 
^  these  caaea  to  graph  the 

^  function  in  the  first  of  the 

I  four  quadrants.    For  such 

I  problems  the  origin  may  be 

I  taken  at  the  lower  left  cor- 

S  ner  of  the  coordinate  paper 

I  so  that  the  entire  sheet  be- 

S  comes     available    for   the 

I  curve  in  the  first  quadrant. 

*  The  above  illustrations 

are  sufficient  to  make  clear 
i«3isBJ8»ii)     theimportaneeinscienceof 
*""'       '   °  the   functions    now  being 

Fio.   40.— Capacity   at    100    R.P.M.  of    di^uaaed      The    followinir 
CoId-roUed  Shafting  to  Transmit  Power.     «'8CU8Sea.       ine    lOUOWmg 

exercises  give  further  prac- 
tice in  the  useful  application  of  the  properties  of  the  functions. 

Exercises 

The  graphs  tor  the  following  problems  are  to  be  constructed  upon 
rectangular  codrdinate  paper.  The  instructions  are  for  centimeter 
paper  (form  Afl)  ruled  into  20  X  25  cm.  aquarea.  In  each  case 
the  units  for  abscissa  and  for  ordinates  are  to  be  so  selected  as  best 
to  exhibit  the  functions,  considering  both  the  workable  range  of 
values  of  the  variables  and  the  suitable  slope  of  the  curves. 

The  student  should  read  |12  a  second  time  before  proceeding 
with  the  followii^  exercises,  giving  especial  care  to  instructions 
(4),  (S)  and  (6)  given  in  that  section. 
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1.  Classify  the  gr&phs  of  formulas  (1)  to  (27),  S31,  as  to 
parabolic  or  hyperbolic  type. 

3.  Graph  the  formula  e^  =  2gh,  or  ti  =  -\/2ffA  =  8.02A'=,  if  h  range 
between  1  and  100,  the  second  and  foot  being  the  units  of  measure. 
See  formula  (5),  |31. 

The  following  table  of  values  is  readily  obtained: 
A  1  5  10  20  30  _40  ^  _  60_  70^  80  00  100 
V  a02~17.9  25.3  35.8  43.^  50.7  56.7  62.1  67.1  71.7  76.0  80.2 
Uae  2  cm.  ~  10  feet  as  the  horizontal  unit  for  h,  and  2  cm.  ^  10 
feet  per  second  as  the  vertical  unit  for  u.  The  graph  is  then  readily 
constructed  without  change  of  unit  or  other  special  expedient. 

3.  Graph  the  formula  q  -  3.37LA'*  for  t=  1,  for  h=  0,    0.1,  0.2, 
0.4,  0.5.     See  formula  (17),  531.    Use  4  era.  =  0.1  for  hori- 
sontal  unit  for  k  and  2  cm.  =  0.1  for  vertical  unit  for  q. 

Draw  a  curve  showing  the  indicated  horse  power  of  a  ship 
I.H.P.  =  S'D'VCforC  =  200  if  the  displacement  D  =  8000  tons,  and 
for  the  range  of  speeds  S  ■=  10  to  S  "  20  knots.  See  formula  (14), 
§31. 

For  the  vertical  unit  use  1  cm.  =  1000  h.p.  and  for  the  horizontal 
unit  use  2  cm.  =  1  knot.  Call  the  lower  left-hand  comer  of  the  paper 
the  point  (S  =  10,  l.H.P.  -  0). 

6.  From  the  formula  expreaaing  the  centripetal  force  in  pounds  of  a 
rotating  body, 

F  =  0.000341  ffJiAT' 

draw  a  curve  showii^  the  total  centripetal  force  sustained  by  a  36-inch 
automobile  tire  weighing  25  pounds,  for  all  speeds  from  10  to  40  miles 
per  hour.     See  formula  (13),  $31. 

Miles  per  hour  must  first  be  converted  into  revolutions  per  minute 
by  dividLig  5280  by  the  circumference  of  the  tire  and  then  dividing 
the  result  by  60.    This  gives 

1  mile  an  hour  —  9}  revolutions  a  minute 
If  V  be  the  speed  in  miles  per  hour  the  formula  for  F  becomes 
F  =0.000341(1.5)25(9i)'V>  =  1.11F> 

For  horizontal  scale  let  4  cm.  =  10  miles  an  hour  and  for  the  vertical 
scale  let  1  cm.  =  100  pounds. 

6.  Draw  a  curve  from  the  formula/  =  m/r'  showing  the  accelera- 
tion of  gravity  due  to  the  earth  at  all  points  between  the  surface  of 
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the  earth  and  a  puiut  240,000  miles  {the  distance  to  the  moon)  from 
the  center,  if  /  =  32.2  when  radius  of  the  earth  =  4000  miles. 

It  is  convenient  in  constructing  this  graph  to  take  the  radius  of 
the  earth  as  unity,  bo  that  the  graph  will  then  be  required  of 
/  =  32.2/r'  from  r  =  1  to  r  =  60.  In  order  to  construct  a  suitable 
curve  several  changes  of  units  are  desirable.  See  Fig.  41.  One 
centimeter  represents  one  radius  (4000  miles)  from  r  =  p  to  r  =  10, 
after  which  the  scale  is  reduced  to  1  cm.  =  lOr.  In  the  vertical  direc- 
tion the  scale  is  4  cm.  =  10  feet  per  seeond  for  0  <  r  <  5,  4  cm.  = 
1  foot  a  second  f or  5  <  r  <  10,  and  4  cm.  =  0.1  foot  a  second  for 


M                                                       **" 

■ 

■"  5 

*    t 

is     \ 

1  ..   -        S         V.- 

1  '"            ^i,       ^'^* 

1        ^       ^-=     s 

\           ~-  \ 

.              ~-                          •~-- 

DUtuwfrom  Ibnb's.  OenUr.  EaRh'i  Badlu-l 
Fia.  41. — Gravitational  Acceleration  at  Various  Distances    from   tbe 
Earth's  Center.     The  moon  is  distant  approximately  60  earth's  radii  from 
the  center  of  the  earth. 

10  <  r  <  60.  Even  with  these  four  changes  of  units  just  used  the 
first  and  third  curves  are  somewhat  steep.  The  student  can  readily 
improve  on  the  scheme  of  F^.  41  by  a  better  selection  of  units. 

34.  The  Law  of  Oie  Power  Functions.  Sufficient  illustratioos 
have  been  given  to  show  the  fundamental  character  of  the  power 
function  as  an  expression  of  numerous  laws  of  natural  phenomena. 
How  may  a  functional  dependence  of  this  sort  be  expressed  in 
words?  If  a  series  of  measurements  are  made  in  the  laboratory, 
BO  as  to  produce  a  numerical  table  of  data  covering  certain  pho- 
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nomena,  how  can  it  be  determined  whether  or  not  a  power  function 
can  be  written  down  which  wiU  express  the  law  (that  is,  the 
function)  defined  by  the  numerical  table  of  laboratory  results? 
The  answers  to  these  questions  are  readily  given.  Consider  first 
the  law  of  the  falling  body 

a  =  le.lC  (1) 

Make  a  table  of  values  for  values  of  f  =  1,  2,  4,  8,  16  seconds,  as 
followB: 

T|~16Ti~64.4    "257.6    1030.4"  4121.6 

The  values  of  t  have  been  so  selected  that  I  increases  by  a  fixed 
multiple;  that  is,  each  value  of  I  in  the  sequence  is  twice  the  pre- 
ceding value.  From  the  corresponding  values  of  s  it  is  observed 
that  s  also  increases  by  a  fixed  multiple,  namely  4. 

Similar  conclusions  obviously  hold  for  any  power  function. 
Take  the  general  case 

y  =  a^~  (2) 

where  n  is  any  exponent,  positive,  negative,  integral  or  fractional. 
Let  X  change  from  any  value  xi  to  a  multiple  value  mx,  and  call 
the  corresponding  values  of  y,  Vi  and  ^i.    Then  we  have 


Vi  =  aimxi)'  -  am-Xi'  (4) 

Divide  the  members  of  (4)  by  the  members  of  (3)  and  we  have 

l\.^-  (5) 

That  is,  if  a;  in  any  power  function  change  by  the  fixed  multiple 
m,  then  the  value  of  y  will  change  by  a  fixed  multiple  m*.  Thus 
the  law  of  the  power  function  may  be  stated  in  words  in  either  of 
the  two  following  forms  i 

In  any  power  fujtcHon,  if  x  change  iry  a  fixed  muUipU,  y  will 
change  by  a  fixed  mvlHple  also. 

In  any  power  function,  if  the  variable  increase  by  a  fixed  percent, 
the  function  will  increase  by  a  fixed  percent  aleo. 
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This  test  may  readily  be  applied  to  laboratory  data  to  determine 
whether  or  not  a  power  function  can  be  set  up  to  represent  as  a 
formula  the  data  in  hand.  To  apply  this  test,  select  at  several 
places  in  one  column  of  the  laboratory  data,  pairs  of  numbers 
which  change  by  a  selected  fixed  percent,  say  10  percent,  or  20 
percent,  or  any  convenient  percent.  Then  the  corresponding  pairs 
of  numbers  in  the  other  column  of  the  table  must  also  be  related  by 
a  fixed  percent  (of  course,  not  in  general  the  same  03  the  first- 
named  percent),  provided  the  functional  relation  is  expressible  by 
means  of  a  power  function.  If  this  test  does  not  succeed,  then 
the  function  in  hand  is  not  a  power  function. 

Since  the  fixed  percent  for  the  function  is  m"  if  the  fixed  percent 
for  the  variable  be  m,  the  possibility  of  determining  n  exists, 
since  the  table  of  laboratory  data  must  yield  the  numerical  values 
of  both  m  and  m". 

36.  Simple  Modifications  of  Oie  Parabolic  and  of  the  Hyperbolic 
Types  of  Curves.  In  the  study  of  the  motion  of  objects  it  is 
convenient  to  divide  bodies  into  two  classes:  first,  bodies  which 
retain  their  size  and  shape  unaltered  during  the  motion;  second, 
bodies  which  suffer  change  of  size  or  shape  or  both  during  the 
motion.  The  first  class  of  bodies  are  called  rigid  bodies;  a  mov- 
ing stone,  the  reciprocating  or  rotating  parts  of  a  machine,  are 
illustrations.  The  second  class  of  bodies  are  called  elastic  bodies ; 
a  piece  of  rubber  during  stretching,  a  spring  during  elongation  or 
contraction,  a  rope  or  wire  while  being  coiled,  the  water  flowing  in 
a  set  of  pipes,  are  all  illustrations  of  this  class  of  bodies. 

When  a  body  changes  size  or  shape  the  motion  is  called  a 
strain. 

Bodies  that  preserve  their  size  and  shape  unchanged  may  possess 
motion  of  two  simple  types:  (1)  Rotation,  in  which  all  particles 
of  the  body  move  in  circles  whose  centers  lie  in  a  straight  line 
called  the  axis  of  rotation,  which  line  is  perpendicular  to  the  plane 
of  the  circles,  and  (2)  translation,  in  which  each  straight  line  of 
the  body  remains  fixed  in  direction. 

We  have  already  noted  that  the  curve 

!'^=.~  (1) 
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can  be  made  from  the  curve 

V  =x'  (2) 

by  multiplying  all  the  ordinates  of  (2)  by  a.  The  effect  is  either  to 
elongate  or  to  contract  all  of  the  ordinates,  depending  upon  whether 
a  >  I  or  o  <  1  respectively.  The  substitution  of  (j/i  /a)  for  y 
hasthereforeproducedamotionorstrain  inthecurvei/  =  x",  which 
in  this  case  is  the  object  whose  motion  is  being  studied.    Likewise 

y  =  ixja)'  (3) 

can  be  made  from 

y^x'  (4) 

by  multiplying  all  of  the  abscissaH  of  (4)  by  a.    The  effect  is 
either  to  stretch  or  to  contract  all  of  the  abscissaa,  depending 
upon  whether  a  >  1,  or  a  <  1  respectively. 
In  general,  if  a  curve  have  the  equation 

y=m  (5) 

■  then 

!/=/(Xi/a)  (6) 

i  made  from  curve  (5)  by  lengthening  or  stretching  the  XY- 
plane  uniformly  in  the  x  direction  in  the  ratio  1 :  a. 

The  statement  just  given  is  made  on  the  assumption  that 
a>  1-  If  a<  1  then  the  above  statements  must  be  changed 
by  substituting  shorten  or  conlract  for  elongate  or  stretch. 

The  reasons  for  the  above  conclusions  have  been  previously 
stated:  substituting  (— )  everywhere  as  the  equal  of  x  multiplies 
allof  theabscisaaabya.  That  is,  if  (—)  =  1,  thena:i  =  (w:,  so  that 
xi  is  o-fold  the  old  x. 

We  shall  now  explain  bow  certain  other  of  the  motions  men- 
tioned above  may  be  given  to  a  locus  by  suitable  substitution  for 
X  and  y. 

36.  Translation  of  Any  Locus.  If  a  table  of  values  be  prepared 
for  each  of  the  loci 

y  =  x^  (1) 

!/  =  (a;.  -  3)'  (2) 
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and  then  if  the  graph  of  each  be  drawn,  it  will  be  seen  that  the 
curves  differ  only  in  their  location  and  not  at  all  in  shape  or  size. 
The  reason  for  this  is  obvious;  if  (xi  —  3)  be  substituted  for  x 
in  any  equation,  then  since  {xj  —  3)  has  been  put  equal  to  x,  it 
follows  that  xi  =  X  +  S,  or  the  new  x,  namely  Xi,  is  greater 
than  the  original  x  by  the  amount  3.  This  means  that  the  new 
longitude  of  each  point  of  the  locus  after  the  substitution  is  greater 
than  the  old  longitude  by  the  fixed  amount  3.  Therefore  the 
new  locus  is  the  same  as  the  original  locus  Iranslated  to  the  right 
the  distance  3. 

The  same  reasoning  applies  if  {xi  —  a)  be  substituted  for  x, 
and  the  amount  of  translation  in  this  case  is  a.  The  same  reason- 
ing apphes  also  to  the  general  case  y  =  f{x)  and  y  =  f{xi—  a), 
the  latter  curve  being  the  same  as  the  former,  translated  the  dis- 
tance a  in  the  x  direction. 

As  it  is  always  easy  to  distinguish  from  the  context  the  new  x 
from  the  old  x,  it  is  not  necessary  to  use  the  symbol  x,,  since  the 
old  and  new  abscissas  may  both  be  represented  by  x.  The 
following  theorems  may  then  be  stated : 

Theoreus  on  Loci 

VI.  If  (x  ~  a)  be  substituted  for  x  tkrough<mt  any  equation,  the 
locus  is  translated  a  distance  a  in  the  x  direction. 

VII.  If  (y  —  b)  be  substituted  for  y  in  any  equation,  the  locus  is 
translated  the  distance  b  in  the  y  direction. 

These  statements  are  perfectly  general:  if  the  signs  of  a  and 
b  are  negative,  so  that  the  substitutions  for  x  and  y  are  of  the  form 
X  +  a'  and  y  +  6',  respectively,  then  the  translations  are  to 
the  left  and  down  instead  of  to  the  risht  and  up. 

Sometimes  the  motion  of  translation  may  seem  to  be  disguised 
by  the  position  of  the  terms  a  or  b.    Thus  the  locus  v  =  3x  +  5 
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is  the  same  as  the  locus  y  =  3x  translated  upward  the  distance  5, 
for  the  first  equation  is  really  y  —  5  =  3i,  from  which  the  conclu- 
sion is  obvious. 

Exercises 

1.  Compare  the  curves:  (1)  y  =  2x  and  y  =  2{a:  -  1);  (2)  y  =  x' 
and  !/  =  (ai  -  4)';  (SlCSV  =  x*  and  y  -  3  -  x';  (4)  v  =  i«  and 
y  =  (.X  -  5)M;  (5)  y  ~&x'  and  y  -  5{x  +  3)';  (6)  3/  =  2a:»  and 
y  =  2(s  -  k)';  (7)  y  =  2a;'  and  y  =  2x'  +  k;  (8)  y  +  7  =  i'  and 
y  =  I'  and  y  -  7  =-'  x';  (9)  3y'  =  SiJ^d  3(y  -  b)'  =  5(1  -  a)'. 

a.  Compare  the   ourves:  (1)   y  ~  ^ aa^  y  =  (j;/2)';   (2)   y  -  *■         (^*., 
and  y  =aV8;  (3)  y  =  x'  and  y/2  =  *•;   (4)  y  =  x*  and  y  =  2a;>;  (5>  " 

y'  =  Zx'  and  (y/5)'  =  3W7)*;  (6)  y'  =  a*  and  y'  =  {3a:)';  (7) 
y  =  X*  and  y  =  4j*  {note:  explain  in  two  ways);  (8)  y  =  x*  and 
2y  =  x>  and  y  =  27t'.  I     ' 

3.  Translate  the  locus  y  =  2x';  (1)  3  units  to  the  right;  (2)  4  units         > ' 
down;  (3)  5  unitB  to  the  left.  '- 

4.  Elongate  three-fold  in  the  x  direction  the  loci:   (1)  y'  —  x;  (2)  )    i  ' 
3y  =  X';  (3)  y"  -  2x';  (4)  y  =  2*  +  7.  -^ 

6.  Multiply  by  1/2  the  ordinates  of  the  loci  named  In  exercise  4.  "f 

6,  Show  that  y  =    ■-.  ,  and  y  —  — ^^  are  hyperbolas,  ^ 


7.  Show  that  y  =  — 7^  is  a  hyperbola.  t 

Note:    Divide  the  numerator  by  the  denominator,  obtaining  the  1 

h  ' 

equation  y  = 


8.  Show  that  y  =  — ^tjt  is  a  hyperbola,  namely,  the  curve  xy  =  a—b    , 
translated  to  a  new  position. 
37.  Shearing  Motion.    An  important  strain  of  the  XF-plane 

occurs  if  we  derive 

y^fix)  +  mz  (1) 

from 

y'=Kx)  (2) 

Grapiiically,  the  curve  (1)  is  seen  to  be  formed  by  the  addition 
of  the  ordinates  of  the  straight  line  y"  ■■  nu;  to  the  corresponding 
ordinates  of  y'  *  fix).    Thus,  in  Fig.  42,  the  graph  of  the  func- 
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tiOD  x'  +  X  is  made  by  adding  the  corresponding  ordinates  of 
y'  =  X*  and  y"  =  x.  Mechanically,  this  might  be  done  by  drawing 
the  curve  on  the  edge  of  a  pack  of  cards,  and  then  slipping  the 
cards  over  each  other  uniform  amounts.  The  change  of  the 
shape  of  a  body,  or  the  strain  of  a  body,  here  illustrated,  is 
called  lamellar  motion  or  shearing  motion.  It  is  a  form  of 
motion  of  very  great  importance. 


—  -^T 


We  shall  speak  of  the  locus  y  =  fix)  +  mx  t^  the  shear  of  the 
curve  y  =  f(x)  in  the  line  y  ~  mx. 

Theorems  on  Loci 

VIII.  The  addition  of  the  term  mx  to  the  right  side  of  y  =   f(x) 
shears  the  locus  !/=/(t)  in  the  line  y=mx. 
The  locus 
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is  made  from  y  =  z*hya  combination  of  (1)  a  uniform  elongation 
a],  (2)  a  ehearing  motion  [m],  and  (3)  a  translation  [b].  Either 
motion  may  be  changed  in  sense  by  changing  the  sign  of  a,  m, 
or  6,  respectively. 

The  student  may  easily  show  that  the  effect  of  a  shearing  motion 
upon  the  straight  line  y  =  mx  +  b  is  merely  a  rotation  about 
the  fixed  point  (0,  b).    The  line  is  really  slTetched  in  the  direction 


of  its  own  length,  but  this  does  not  change  the  shape  of  the  hne 
nor  does  it  change  the  line  geometrically.  A  line  segment  (that 
is,  a  line  of  finite  length)  would  be  modified,  however. 

The  parabola  y  =  x^  ia  transformed  under  a  shearing  motion 
in  a  mo't  interesting  way.     For,  after  shear,  i/  =  i'  beoomes: 


h  2mx 


m 
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where,  for  convenience,  the  amount  of  the  shearing  motion  is 
represented  by  2m  instead  of  by  m.    Writing  this  in  the  form 


y  =  (x  +  m)'~  m' 


(4) 

b  that  (4)  can  be  made  from  the  parabola  y  =  a;'  by  trans- 
lating the  curve  to  the  left 


-4 


1  and  doum 
(See  Fig. 


Fro.  44,— The  Shear  of  a  =  i 


=  O.&x. 


the  amount  i 
the  amount  v 
44.) 

Shearing  motion,  there- 
fore, rotates  the  straight 
line  and  translates  the  pa- 
rabola. The  effect  on  other 
curves  is  much  more  com- 
plicated, as  is  seen  from 
Figs.  42  and  43. 

The  parabola  y  =  x*  is 
identical  in  size  and  shape 
with  y  =  X*  +  mx  +  b. 
Likewise,  y  =  az'  +  bx  +  c 
is  a  parabola  differing  only 
in  position  from  y  =  ax\ 

Exercises 

1  Explain  how  the  curve 
V  =  i'  +  3i  may  be  made 
curve  y  =  2x'  +  3x  be  made 


from  the  curvi 

from  the  curve  y  =  2i'1 

2.  Find   the    eoCrdinateB   of   the   lowest   point   of    y  =  x^  —  Ax; 
that  is,  put  this  equation  in  the  form  y  —  b  =  [x  —  a)'. 

3.  Compare  the  curves  y  =  x'  +  2x  and  y  =  x'  —  2x.     {Do  not 
draw  the  curves.) 

4.  Explain  the  curve  y  =  1/x  +  2x  from  a  knowledge  oi  y  =  1/x 
and  of  ^  =  2x. 
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38.  Rotation  of  a  Locus.  The  only  simple  type  of  displace- 
ment of  &  locus  not  yet  considered  is  the  rotation  of  the  locus 
about  the  origin  0.  This  will  be  taken  up  in  the  next  chapter 
in  the  discussion  of  a  new  system  of  co6rdinates  known  as  polar 

coordinates.  The  rotation  of  any  locus  about  the  X-axis  or  about 
the  F-axis  is  readily  accomplished,  however,  as  previously  ex- 
plained. For  substituting  (—  x)  for  x  changes  every  point  that  is 
to  the  right  of  the  F-axis  to  a  point  to  the  left  thereof,  and  vice 
versa.  It  is  equivalent,  therefore,  to  a  rotation  of  the  locus  about 
the  F-axis.  Likewise,  substituting  (~  y)  for  y  rotates  any  locus 
180°  about  the  X-axis.  It  is  preferable,  however,  to  speak  of  the 
locus  formed  in  this  way  as  the  reflection  of  the  original  curve  in 
the  v-axis  or  in  the  i-axts,  as  the  case  may  be. 

39.  Roots  of  Functions. '  The  roots  or  zeros  of  a  function  are 
the  values  of  the  argument  for  which  the  corresponding  vf^ue  of 
the  function  is  zero.  Thus,  2  and  3  are  roots  of  the  function 
X*  —  5x  +  6,  for  substitutii^  either  number  for  x  causes  the 
function  to  be  zero.  The  roots  of  x'  —  x  —  6  are  +  3  and  —  2. 
The  roots  of  x*  -  6x*  -J-  lli  -  6  are  1,  2,  3. 

The  word  root,  used  in  this  sense,  has,  of  course,  an  entirely 
different  significance  from  the  same  word  in  "square  root,"  "cube 
root,"  etc.  But  the  roots  of  the  function  i'  —  5a;  —  6  are  also  the 
roots  of  the  equation  x*  —  5x  ~  Q  =  0. 

In  the  graph  of  the  cubic  function  y  ■■  i'  —  a:  in  Fig.  42,  the 
curve  crosses  the  X-axis  at  a;  =  —  1,  i  =0,  and  x  —  1.  These  are 
the  values  of  x  that  make  the  function  x*  —  x  zero,  and  are,  of 
course,  the  roots  of  the  function  x'  —  x.  No  matter  what  the  func- 
tion may  be,  it  is  obvious  that  the  intercepts  on  the  X-axis,  as  OA, 
OB,  Fig.  42,  must  represent  the  roots  of  the  function. 


Exercises 

1.  From  the  curve  y  =  x^  sketch  the  t 
~~4y  -  x';h  =■  (I  -  4)'.^ 


rve^  -  4  =  x^iy  =  4a;''| 


S.  Sketch  the  curves  y  =  ^x;  y  -  Vx;  y=  2Vx;  y  -  Vi  -  2; 
-  2  -=  Vx  —  2,  and  y  =  Vx  ~  3. 
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4.  Sketch  the  aurves  y^ 
■  {X  -  3)'. 

B.  Graph  ^i  =  j;  uiiJ  y,  ■ 
6.  Find    the    roots    of 

'  X'  -ax  +  s. 


(«  -  3)';  (y  -  2)>  =  I',  and  (y  -  2)' 

:'  iiiid  Ihvucc  y  =  X  +  j:'. 

—  6x  +  8  =0,    from    the    graph    of 

7.  Find  the  roots  of  the  functions  a*  —  a'  and  x'  —  o.*. 

8.  Compare  the  curves  a  -  z'andjf  =  —  i»;if  -  I'and  —  y  =t'; 
S/  =  2i  +  3  and  !/  -  -  2i  +  3. 

9.  Graph  y\  "  X  and  i/i  =  \jx  and  thence  j/  —  ^  +  l/i- 

10.  Compare  y  -  l/i,  y  =  l/(i  -  2),  ;,  -  1/(1  +  3). 

11.  Compare  y  -  1/x,  y  =  l/(2r),  y  =  2/x. 

40.  ^Graphical  Construction  of  Power  FunctionB  and  of  other 
Functions.'    The  graphical  computation  of  products  and  quo- 
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tients,  etc.,  explained  in  §7)  may  be  applied  to  the  conetruction  of 
the  power  functions.  For  this  purpose  it  is  desirable  to  elaborate 
sightly  the  previous  method  so  as  to  provide  for  finding  prod- 
uctB,  etc.,  of  lines  that  arc  parall^  to  each  other,  instead  of  at  right 
angles  as  QA  and  \B,  Fig.  9. 

■TheiamundeTof  this  chnpt«r  (except  the  review  eiercisei)  may  be  omitted  with- 


luity. 
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The  conBlructioDS  can  be  carried  out  on  plain  paper  by  first 
drawing  the  axes,  the  unit  lines  and  the  line  y  =  x,  without  the 
use  of  scales  or  measuring  device  of  any  sort.  The  work  is  more 
rapidly  done,  however,  on  squared  paper,  as  then  the  use  of  a 
T-equare  and  triangle  may  be  dispensed  with .  A  unit  of  measure 
equal  to  2  inches  or  4  cm.  will  be  found  convenient  for  work 
on  standard  letter  paper  8i  X  11  inches. 

Note  that  the  following  constructions  give  both  the  mt^^tude 
and  the  proper  algebraic  sense  of  the  results. 

(1)  To  conalrud  an  ordinate 
equal  to  the  product  of  two  oTdi- 
naU8:  LetXX',  rr'.  Fig.  45,  be 
the  axes,  [/,,  Ui  the  unit  tines, 
and  OS  the  line  y  =  x,  which 
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Fra.  46. — Construction  of  an  Or-  Fio.  47. — ConBtruction  of  an  Or- 

dinate Equal  to  the  Quotient  of  dinate  Equal  to  the  Square  of  a 
Two  Given  OrdinateB.  Given  Ordinate. 

we  shall  call  the  reflector.  Let  a  and  b  be  two  ordinates  whose 
product  is  required.  Move  one  of  the  two  given  ordinates  &a  b 
until,  in  the  position  ND,  its  end  touches  the  reflector  OR. 
Move  the  second  of  the  two  ordinates  to  the  position  lilf  on  the 
unit  line  t^i.  Draw  OMP.  The  point  P  at  which  DN  is  cut  by 
OM  (produced  if  necessary)  determines  DP',  which  is  the  prod- 
uct a  X  6.  This  result  follows  by  simitar  triangles  from  the  pro- 
portion 

DP  AM  =  0D:01 
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SubBtituting  a  for  IJIf  and  6  for  OD  (=  DN  =  b)  and  unity  for 
Ol,  we  obtain 

DP:a  =  bA 


DP  = 


iXb 


The  same  diagram  shows  the  construction  of  the  products  e  X  d 
and  a  X  c  for  cases  in  which  one  or  both  of  the  factors  are  n^ative. 

Note  that  by  the  above  construction  the  ordinate  representii^ 
the  product  is  idways  located  at  a  particular  place,  D,  at  which  the 
abscissa  of  the  product  a  X  6  is  either  equal  to  a  or  to  b,  depending 
upon  which  of  the  ordinatea  was  moved  to  the  reflector  OR. 


r 

Pi 

A       U, 

,,- 

--fex 

Fio.  48. — Conatruction  ot  the  Heciprocal  of  z. 

(2)  To  construct  an  ordinaie  equal  to  the  quotient  of  tivo  ordi- 
ntOes:  This  is  done  by  use  of  the  second  unit  line  Vt  as  shown  in 
Fig.  46.  The  ordinate  representing  the  quotient  is  located  at  D 
where  OD  equals  the  dividend  b. 

(3)  The  special  ease  of  (1)  when  a  =  b  leads  to  the  construction 
of  x'  as  shown  in  Fig.  47.  The  figure  shows  the  conatruetion  of 
a;'  at  D  where  OD  =  x  and  of  ii'  at  Z)|  where  ODi  =  xi. 

(4)  The  special  case  of  (2)  where  6=1  leads  to  the  construc- 
tion of  \/x  as  shown  in  Fig.  48. 

(5)  To  construct  the  graph  of  y  =  x^,  it  is  merely  necessary  to 
make  repeated  appUcations  of  (3)  to  the  successive  ordinates  of 
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the  line  y  —  x,  us  shown  iii  Fig.  4^.  Thus  from  any  point  A  of 
y  =  X  move  horizontally  to  the  unit  line  Ui  locating  B,  then  if 
OB  meets  DA  at  P,  P  is  a  point  of  the  curve  y  —  i'.  The  figure 
shows  the  construction  for  a  number  of  points,  lettered  A\,  At, 
^1,  .     .    . 

(6)  To  contlmct  the  grapk  (^  y  =  x*,  first  cut  out  a  pattern  of 
y  —  X*  ai  heavy  paper,  marking  upon  it  the  lines  OY  and  Ui 


: :        f     :? : 

S,  "                          i   '    „ 

-     4;     --       ^J'^-'  - 

^                      '-t     C 

^\            /  /-  / " 

;..      s^    1  ^it  ._.; 

S5      35Ki  B    — 5 

j|s         Jp'p 

:"  Hi":  l^is.i^  f 

:        :;^-:  ^l>i.        : 

2i ss; 

._     r 

Fig.  49. — ConBtruotion   at   the   Curve  y  ^  x'   from   the   t 


By  means  of  this  pattern  draw  the  curve  y  =  x*  upon  a  fresh  sheet 
of  paper  as  shown  in  Fig.  50.  Then  multiply  each  ordmate  of 
y  -^  t'  by  I  by  moving  it  horizontally  from  any  point  Aoty  =  x* 
to  the  unit  line  Ui  at  B,  then  locating  P  on  DA  by  drawing  OB 
until  it  cuts  DA  at  P.  The  result  is  the  cubical  parabola 
PiPJ^J^'J",. 

(7)  To  draw  the  hyperbola  y  =  l/x,  make  repeated  application 
of  (4)  above  to  successive  values  of  x.  To  draw  y  =  l/x',  repeat 
division  hy  x  to  the  ordinates  of  y  =  l/x,  etc. 
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(8)  To  amstrud  the  graph  of  y  =  x^:  First,  from  the  pattern 
of  1/  ■•  a;'  draw  the  curve  y  =  \/  x-  From  a  pattern  draw  the 
curve  y  =  x^  upon  the  same  axes.  Then  from  any  point  Ai 
of  y  =•  x^^  proceed  horizontally  to  fii  on  the  reflector;  then  ver- 
tically to  Ci  on  the  curve  y  =  x\  then  horizontally  to  Pi  on  the 
ordinate  DAi  first  taken.  Then  P]  is  on  the  curve  y  =  a;'*. 
For,  cfdl  DAi  =  yi;  HCx  =  y^;  DP^  =y;  OD  =  x;  OH  =  x,. 
Then  by  construction  (Fig.  51) 


11 


M 


m 


i 


la.  50. — ConBtniotJon  of  the  Curve  i/  =  i"  from   the   c 


DPi 

Hut, 

Hence,  by  (3)  and  (2): 
and  by  (1) 


OH  =  DA=yi  =  z 

HC,  =  j/i  = 


(1) 
(2) 
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(9)  Function  of  a  Junction:  The  construction  and  reasoning 
just  given  applies  to  a  much  more  general  case.  Thus  if  the  curve 
OAi,  Fig.  51,  has  the  equation 

y  =  m 

and  if  the  curve  OCi  has  the  equation 

y  =  Fix) 


f-     „ 

f 

+  1-7-^ 

W.--"' 

:: ;* 3 

''^''^W- 

j.......j.|^gt,-  ::? 

;:::::n::Si:::::: 

2 ^^,--- 

:::/:?::::::::$:::: 

/    - 

-  -  f---    i 

then  the  curve  0P\  has  the  equation 

y  =  F\Six)\ 
Thus,  if  0A\  be  the  curve 

and  OCi  the  curve 


then  OPi  is  the  curve 


y  =  (I  -  I'l'* 
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For  conBtnictionB  of  the  function 

y  =  a  +  a,x  +  a^'  +  .   .   .  +  a^" 
see  "Graphical  Methods"  by  Carl  Ruoge,  Columbia  University 
Press,  1912. 

Hiscellaneous  Exercises 
1.  Define  a  function.    Explain  what  is  meant  by  a  discontinuous 
function.     Give  practical  illustrations. 

3.  Define  an  algebraic  function;  rational  function;  fractional 
function.     Give  practical  illustrations  in  each  case. 

3.  Give  an  illustration  of  a  rational  integral  function;  of  a 
rational  fractional  function. 

4.  Write  a  short  discussion  of  the  Cartesian  method  of  locating  a 
point.  Explain  what  is  meant  by  such  terms  as  "axis,"  "x  of  a 
point,"  "quadrant,"  etc. 

6.  What  is  meant  by  the  locus  of  an  equation? 

6.  Write  the  equations  of  the  lines  determined  by  the  following 

(o)     slope      2  y-int«rcept     5 

(6)     slope  —2  y-interoept      5 

(c)  slope      2  y-interoept  — fi 

(d)  slope  —2  .  y-interoept  —5 

(e)  slope  —2  X-intercept      4 

7.  Make  two  suitable  graphs  upon  a  single  sheet  of  squared  paper 
from  the  following  data  giving  the  highest  and  lowest  average  clos- 
ing price  of  twenty-five  leading  stocks  listed  on  the  New  York  Stock 
Exchange  for  the  years  given  in  the  table : 

Year  Hi(hest  Lowest 

1913  94.56  79.58 

1912  101.40  91.41 

1911  101.76  86.29 

1910  111.12  86.32 

1909  112.76  93.24 

1908  99.04  67.87 

1907  109.88  65. 01 

1906  113.82  93.36 

1905  100.06  90.87 

1904  97.73  70.66 

1903  98.16  68.41 

1902  101.88  87.30 
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Should  smooth  curves  be  drawn  through  the  points  plotted  from  this 
table? 

8.  Define  a  parabolic  curve.  Whatis  the  equation  of  the  parabola  7 
Of  the  cubical  parabola?    Of  the  aemi-oubical  parabola? 

9.  What  ie  the  definition  of  an  hyperbolic  curve?  Of  the  rectangu- 
lar hyperbola? 

10.  Draw  on  a  sheet  of  oSordinate  paper  the  Unes  x  —  0,  x  —  1, 
X  =  —1,  y  =  0,  y  =  1,  y  =  —1.  Shade  the  regions  in  which  the 
hyperboUo  curves  lie  with  vertical  strokes;  and  those  in  which  the 
parabolic  curves  lie  with  horizontal  strokes.  WriU  dovm  all  that  the 
resulting  figure  tells  you. 

11.  Consider  the  following :     y  —  i',  y  —  ir',  y  =  ^i',  xy  =   —1, 

y X',  y*  -  X*,  y*  =  i»,  it/  -  1,  i'  =  -  y*,  x*  =  ~  y'.     Which 

are  increasing  functions  of  x  in  the  first  quadrant?  For  which 
does  the  slope  of  the  curve  increase  in  the  first  quadrant?  For 
which  does  the  slope  of  the  curve  decrease  in  the  first  quadrant? 

13.  Which  of  the  curves  of  exercise  II  pass  through  (0,  0}? 
Through  (1,  1)7    Through  (-1,  -I)? 

13.  Find  the  vertex  of  the  curve  y  =  x'  -  2ix  +  150. 

Note;  The  lowest  point  of  the  parabola  y  =  x*  may  be  called 
the  vertex. 

Suggestion  L  It  is  necessary  to  put  the  equation  in  the  form  y  —  b 
=  {x  —  a)'.  This  can  be  done  as  follows:  Add  and  subtract  144  on 
the  right  side  of  the  equation,  obtaining 

J,  _  ji  _  24i  +  144  -  144  +  150 


y-&  =  ix-  12)' 

llien  this  is  the  curve  y  —  x'  translated  12  units  to  the  right  and  6 
units  up.  Since  the  vertex  of  ^  =  x'  is  at  the  origin,  the  vertex  of  the 
given  curve  must  be  at  the  point  (13,  6). 

U.  Find  the  vertex  of  the  parabola  y  =  x'  —  6x  +11. 

16.  Find  the  vertex  of  y  =  i>  +  81  +  1. 

16.  Fmd  the  vertex  ot  i  +  y  =  x'  -  Ix. 

17.  Find  the  vertex  of  y=  9a;"  +  18*  -[-  I. 

18.  IVanslate  y  =  4z*  —  12x  -]-  2  so  that  the  equation  may  have 
the  form  y  —  4x*. 
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41.  Equation  of  the  Circle.  In  rectangular  coSrdJnates  the 
abscissa  x,  and  the  ordinate  y,  of  any  point  P  (as  OD  and  DP, 
Fig.  52)  form  two  aides  of  a  right  triangle  whose  hypotenuse 
squared  is  x=  +  y^.  If  the  point  P  move  in  such  manner  that  the 
length  of  this  hypotenuse  remains  fixed,  the  point  P  describes  a 
circle  whose  center  is  the  origin  (see  Fig.  52).  The  equation  of 
this  circle  is,  therefore: 

x*+y»-a'  (1) 

if  a  stand  for  OP,  Fig.  52,  namely 
the  fixed  length  of  the  hypote- 
nuse, or  the  radius  of  the  circle. 
It  is  sometimes  convenient  to 
write  the  equation  of  the  circle 
solved  for  y  in  the  form 

y=    +Vi'"^^'         (2) 

This  gives,  for  each  value  of  x, 
the  two  corresponding  equal  and 
opposite  ordinatcs. 
To  translate  the  circle  of  radius  a  so  that  its  center  shall  be  the 
point  (ft,  k),  it  is  merely  necessary  to  write 


(X  -  h)=  +  (y  -  k)' 


(3) 


This  is  the  general  equation  of  any  circle  in  the  plane  xy,  for  it 
locates  the  center  at  any  desired  point  and  provides  for  any 
desired  radius  a. 


1.  Write  the  equations  of  the  circles  v 
having  radii  3,  4,  11,  V3  reapeetivuly. 


ith  center  at   the   origin 
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2.  Write  the  equation  of  each  circle  described   in  exercise  I  in 

the  form  y  =  ±  y/a}  —  x'- 

S.  Which  of  the  following  point*  lie  on  the  circle  i'  +  y'  — 169 
(5,  12),  {0,  13),  {  -  12,  5),  (10,  8),  (9,  9),  (9,  10)'? 

i.  Which  of  the  followiog  pointa  lie  inside  and  which  lie  outside 
of  the  circle  x' +  y^  =  100:  (7,  7)^  {10,  0),  (7,  8),  (6,  8),  {  -  5,  9), 
(  -  7,  -  8),  (2,  3),  (10,  5),  {V40.  Vso),  (^19,  9)? 

42.  The  Equation,  x'  +  y*+2gx  +  2fr +  c  =o  (1) 
may  be  put  in  the  form  (3).    For  it  may  be  written 

x^  +  2gx  +  g^  +  y^  +  2fy+P  =  g^+p-  c, 

(x   4- ff}' +  (!/+/)'=  (\/ff'-H/'-c)'  (2) 

which  represents  a  circle  of  radius  %/(!'  +/'  —  c  whose  center  is  at 
the  point  {— g,  —  f).  In  eaee  g' +  p  —  c  <  0,  the  radical 
becomes  imaginary,  and  the  locus  is  not  a  real  circle;  that  is, 
coordinates  of  no  points  Jn  the  plane  xy  satisfy  the  equation.  If 
the  radical  be  zero,  the  locus  is  a  single  point. 

43.  Any  equation  of  the  second  degree,  in  two  variables,  lacking 
the  termxy  and  having  like  coeffidenls  in  the  terms  x'  and y^,  repre- 
sents a  circle,  real,  null  or  imaginany.  The  general  equation  of 
the  second  degree  in  two  variables  may  be  written: 

ax'  +  by^  +  2hxy  +2gx+2fy+c  =  0  (3) 

for,  when  only  two  variables  are  pre8ent,there  can  be  present  three 
terms  of  the  second  degree,  two  terms  of  the  first  degree,  and  one 
term  of  the  zeroth  degree.  When  a  =  b  and  k  =  0  this  reduces 
to  (1)  above  on  dividii^  throi^h  by  a. 

Exerciaea 

Find  the  centers  and  the  radii  of  the  circles  given  by  the  following 
equations: 

1.  x'  -t-  i/'  =  25.  Also  determine  which  of  the  following  points 
are  on  this  circle:  (3,  4),  (5,  5),  (4,  3),  (-3,  -4),  (-3,  4),  (5,  0), 
(2,  ^21). 

2.  x^  +  y'  =  10. 

3.  s'  +  3/'  -  4  =  0. 
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*.  I'  +  y'  -  36  -  0. 

6.  X'  +  y^  +  2x~  0. 

6-  y  —  ±  v'169  —  I*.  Also  find  the  Blope  of  the  diameter  through 
the  point  (5,  12).    Find  the  slope  of  the  tangent  at  (5,  12). 

7.  9  -  i>  ~  V'  =  0. 

-  8.  x'  +  y'  -e.y  =  16. 
'  9.  X*  —  2x  +  y'  -  6y  -  15. 
-10.  (I  +  a)'  +  (y-  (.)'  -  50. 
11.  !■  +  V'  +  Qi  -  2y  -  10. 
-    12.  je'  +  3/'  -  fe  +  6j/  -  12. 
.  la.  X'  +  y'  -4x  -»y  +  i  ^0. 
14.  3*'  +  3y'  +  6i  +  121/  -  60  -  0. 
^^  16.  Is  I'  +  2j/>  +  3i  —  4^  —  12  —  0  the  equation  of  a  circle? 
WTiy? 

16.  Is  2i'  +  2y'  -  3i  +  4tf  -  8  -  0  the  equation  of  a  cnde? 
Why? 

41.  Angular  Magnitude.  By  the  magnitude  of  an  angle  is 
meant  the  amount  of  rotation  of  a  line  about  a  fixed  point.  If 
a  line  0A  rotate  in  the  plane  XY  about  the  fixed  point  0  to  the 
position  0P,  the  line  0A  ia  called  the  initial  side  and  the  line  OP  is 
called  the  terminal  side  of  the  angle  A0P.  The  notion  of  angular 
m^nitude  as  introduced  in  this  definition  is  more  general  than 
that  used  in  elementary  geometry.  There  are  two  new  and  very 
important  consequenceB  that  follow  therefrom: 

(1)  Angular  magnitude  is  unlimited  in  respect  to  size — that  is, 
it  may  be  of  any  amount  whatsoever.  An  angular  magnitude  of 
100  right  angles,  or  twenty-five  complete  rotations  is  quite  as 
possible,  under  the  present  definition,  as  an  angle  of  smaller 
amount. 

(2)  Angular  magnitude  exists,  under  the  definition,  in  two 
opposite  senses — for  rotation  may  be  clockwise  or  anti-clockwise. 
As  is  usual  in  mathematics,  the  two  opposite  Benses  are  distin- 
guished by  the  terms  positive  and  negative.  In  Fig.  53,  AOP:, 
AOPi,  AOPi,  AOPt  are  positive  angles.  In  designating  an 
angle  its  initial  side  is  always  named  first.  Thus,  in  Fig.  53, 
AOPi  designates  a  positive  angle  of  initial  side  OA.  PiOA 
designates  a  negative  angle  of  initial  side  OPi. 
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In  Cartesian  coordinates,  OX  is  usually  taken  as  the  initial 
line  for  the  generation  of  angles.  If  the  tenninal  side  of  any  angle 
falls  within  the  second  quadrant,  it  is  said  to  be  an  "angle  of  the 
second  quadrant,"  etc. 

Two  angles  which  differ  by  y 

any  multiple  of  360°  are  called 
congruent  an^es.  We  shall 
find  that  in  certain  coses  con- 
gruent angles  may  be  substi- 
tuted for  each  other  without 
modifying  results. 

The  theorem  in  elementary 
geometry,  that  angles  at  the 
center  of  a  circle  are  propor- 
tional to  the  intercepted  area, 
holds  obviously  for  the  more 
general  notion  of  angular  mag- 
nitude here  introduced. 


lO.P',         A^^'   i   I  \   I- 


FiQ.  53.— TriBngles  of  Reference 
(ODiPi,  ODiPi,  etc)  [or  AngleH  9 
of  Various  Magnitude. 


45.  Units  of  Measure.  Angular  magnitude,  like  all  other 
magnitudes,  must  be  measured  by  the  application  of  a  suitable 
unit  of  measure.    Four  systems  are  in  common  use: 

(1)  Right  Angle  System.  Here  the  unit  of  measure  is  the  right 
angle,  and  all  angles  are  given  by  the  number  of  right  angles  and 
fraction  of  a  right  angle  therein  contained.  This  unit  is  familiar 
to  the  student  from  elementary  geometry,  A  practical  iUus- 
tration  is  the  scale  of  a  mariner's  compaas,  in  which  the  right  angles 
are  divided  into  halves,  quarters  and  eighths. 

(2)  The  Degree  System.  Here  the  unit  is  the  angle  corre- 
sponding to  jsy  of  a  complete  rotation.  This  system,  with  the 
sexagesimal  sub-divisions  (division  by  60ths)  into  minutes 
and  seconds,  is  famiUar  to  the  student.  This  system  dates  back 
to  remote  antiquity.  It  was  used  by,  if  it  did  not  originate  among, 
the  Babylonians. 

(3)  The  Hour  System.  In  astronomy,  the  angular  magnitude 
about  a  point  is  divided  into  24  hours,  and  these  into  minutes 
and  seconds.  This  system  is  familiar  to  the  student  from  its 
analogous  use  in  measuring  time. 

(4)  The  Radian  or  Circular  System.    Here  the  unit  of  measure 
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is  an  ai^e  such  that  the  length  of  the  arc  of  a  circle  described  about 
the  vertex  as  center  is  equal  to  the  lei^th  of  the  radius  of  the 
circle.  This  system  of  angular  measure  ia  fundamental  in  me- 
chanics, mathematical  physics  and  pure  mathematics.  It  must 
be  thoroughly  mastered  by  the  student.  The  unit  of  measure  in 
this  system  is  called  the  radian.    Its  size  is  shown  in  Fig.  54. 


Fro.  54.— Definition   of   the   Radian.     The   Anfde   AOP 


Inasmuch  as  the  radius  is  contained  2w  times  in  a  circumference, 
we  have  the  equivalents: 

2Tr  radians  =  360°. 
or,  1  radian  =  57°  17'44".8  =  57=  17'.7  =  57°  .3. 

1  degree  =  0.01745  radians. 

The  following  equivalents  are  of  special  importance: 

a  straight  angle  =  ir  radians. 

a  right  angle  =  ^  radians. 
60°  =  3  radians. 
45°  =  .  radians. 
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There  ie  no  generally  adopted  acbeme  for  writing  angular  magni- 
tude in  radian  measure.  We  shall  use  the  superior  Roman  letter 
" ' "  to  indicate  the  measure,  aa  for  example,  18°  =  0.31416'. 

Since  the  circumference  of  a  circle  is  incommensurable  with  its 
diameter,  it  foUowa  that  the  uumber  of  radians  in  an  angle  is 
always  incommensurable  with  the  number  of  degrees  in  the  angle. 

The  speed  of  rotating  parts,  or  angular  velocities,  are  usually 
given  either  in  revolutions  per  minute  (abbreviated  "r.p.m.") 
or  in  radians  per  second. 

46.  Uniform  Circular  Motion.  Suppose  the  line  OP,  Fig.  52, 
ia  revolving  counter-clockwise  k'  per  second,  the  angle  AOP 
in  radians  is  then  hi,  I  being  the  time  required  for  OP  to  turn  from 
the  initial  position  OA.  If  we  call  tf  the  angle  AOP,  we  have  9  ■•  fct 
as  the  equation  defining  the  motion.  The  following  terms  are 
in  common  use: 

1.  The  angular  velocity  of  the  uniform  circular  motion  is  k 
(radians  per  second). 

2.  The  amplitude  of  the  uniform  circular  motion  is  a . 

3.  The  period  of  the  uniform  circular  motion  is  the  number  of 
seconds  required  for  one  revolution. 

4.  The  frequency  of  the  uniform  circular  motion  is  the  number 
of  revolutions  per  second. 

Sometimes  the  unit  of  time  is  taken  as  one  minute.  Also  the 
motion  is  sometimes  clockwise  or  negative. 


Ezercises 

1.  Express  each  of  the  followii^  in  radians:  135*,  330°,  225°,  15°,  :; 
150°,  75°,  120°.     (Do  not  work  out  in  decimals;  use  »).  /■ 

2.  Express  each  of  the  following  in  degrees  and  minutes:  0.2'',  ',' 
tV5,  h'-  ^''■-  /.'^ 

3.  How  many  revolutions  per  minute  ia  20  radians  per  second?  <  ' 

4.  The  angular  velocity,  in  radians  per  second,  of  a  36-inch  '<  I 
automobile  tire  is  required,  when  the  car  is  making  20  miles  per  hour.  : ' 

6.  What  ia  the  angular  velocity  in  radians  per  second  of  a  6-foot  \  \ 
drive-wheel,  when  the  speed  of  the  locomotive  is  50  miles  per  hour?  ) 

$.  The  frequency  of  a  cream  separator  ia  6800  r.p.m.  What  ia  1; 
its  period,  and  velocity  in  radians?  ^^ 
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7.  A  wheel  ia  revolving  uniformly  3(f  p«r  second.  What  ia  its 
period,  and  frequency? 

8.  The  speed  of  the  turbine  wheel  of  a  6-h.p.  DeLaval  steam  turbine 
is  30,000  r.p.m.  What  is  the  angular  velocity  in  radians  per 
second? 

-  47,  The  Circular  or  Trigoatanetric  Functions.  To  each  point 
on  the  circle  i'  +  y'  =  a*  there  corresponds  not  only  an  abscissa  and 
an  ordinate,  but  also  an  angle  S<360°,  as  shown  in  Figs.  52  and  53, 
Thia  angle  is  called  the  direction  angle  or  vectorial  angle  of  the 
point  P.  When  9  is  given,  x,  y  and  a  are  not  determined,  but  the 
ratios  y/a,  xja,  yjx,  and  their  reciprocals,  ajy,  afx,  x/y  are  de- 
termined. Hence  these  ratios  are,  by  definition,  functions  of  d. 
They  are  known  as  the  circular  or  trigonometric  functions  of  0, 
and  are  named  and  written  aa  foDows: 


Function  of  6. 

Name. 

Written 

y/a. 

sine  of  9. 

Bind. 

x/a. 

cosine  of  6. 

cosd. 

y/x. 

tangent  of  9. 

tan  0. 

x/y. 

cotangent  of  0. 

cot  fl. 

a/I. 

secant  of  B. 

sec  e. 

•/y. 

cosecant  of  0. 

cscfl. 

The  circular  functions  are  usually  thought  of  in  the  above  order: 
that  is,  in  such  order  that  the  first  and  last,  the  middle  two,  and 
those  intermediate  to  these,  are  reciprocals  of  each  other. 

The  names  of  the  six  ratios  must  be  carefully  committed  to 
memory.  They  should  be  committed,  using  the  names  of  x,  y, 
and  a  as  follows: 

Ratio, 
ordinate  /radius, 
abscissa /radius, 
ordinate  /abscissa, 
abscissa  /ordinate, 
radius  /abscissa, 
radius  /ordinate. 

The  right  triangle  POD  of  sides  x,  y  and  a,  whose  ratios  give  the 
functions  of  the  angle  XOP,  is  often  called  the  triangle  of  reference 


Written. 

Bind. 

cose. 

tmB. 

cot  e. 

secfl. 

cscfl. 
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for  thia  angle.  It  is  obvious  that  the  size  of  the  triangle  of  refer- 
ence has  no  effect  of  itself  upon  the  value  of  the  functions  of  the 
angle.  Thus  in  Fig.  53  either  PiODi  or  Pi'OD,'  may  be  taken  as 
the  triangle  of  reference  for  the  angle  6i.  Since  the  triai^les  are 
similar  we  have. 

P,D,^P,'D,'  PtDi^P.'D,' 

ODi        0D7  OPi       OPi' 

etc.,  which  shows  that  identical  ratios  or  trigonometric  functions  of 
9  are  derived  from  the  two  trianglea  of  reference. 

48.  Elaborate  means  of  computing  the  six  functions  have  been 
devised  and  the  values  of  the  functions  have  been  placed  in 
convenient  tables  for  use.  The  functions  are  usually  printed 
to  3,  4,  5  or  6  decimal  places,  but  tables  of  8,  10  and  even  14  places 
exist.  The  functions  of  only  a  few  angles  can  be  computed  by 
elementary  meanB;'these  angles,  however,  are  especially  important. 

(1)  The  Functions  of  30°.  In  Fig.  56a,  if  ai^le  AOB  be  30°, 
angle  ABO  must  be  60°.  Therefore,  conBtnicting  the  equilateral 
triangle  BOB',  each  angle  of  triangle  BOB'  is  60°,  and 


y.AB-  IBS'  -  Ja 

Also: 

OA  . 

Bin  30°  -  ^  -  i'°  -  1/2 
.  VdB-  -  A»  -  Vo-  -  So-  . 

=  ^i  Vs 

Therefore, 

sin  30°  -  1/2. 

..n30«-,*°°---^J> 
1  a  V3          3 

„,  m-  .    '  _ .  2y3_ 
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(2)  Functions  of  16°.  In  the  digram,  Fig.  55b,  the  triangle 
OAB  is  isoBceles,  bo  that  y  =  x,  and  a'  =  x'  +  y^  =  2x'.  It 
follows  that  o  =  x-\/2  =  y\/2. 


FiQ.  56.— Triangles  nt  Referfince  for  Angles  of  30° 

450  and  60 

Therefore: 

-«-%-^  =  f 

-«-  =  ^=f 

tan  45°=  ^  =1' 

«»'«°-t.-nVr-' 

-«--c»'45--^ 

CSC  45" 


a.T5'-V2 


(3)  Functions  of  W.  In  the  diagram,  Fig.  55c,  construct  the 
equiangular  triangle  OBB';  then  it  is  seen  that,  as  la  case  (1) 
above, 

•  OA  =  iOB'  =  la 
and 

y  =  Va'-i-a^  =  ia\/S 
Therefore:  «n60°=  ^-"^  ^^  =.    ^^- 
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«„60..««7. 

=  V3 

"•"•■»•-..„'«,• 

_  V3 
3 

""^  -  CO.V 

=  2 

»"»"  -  .inW 

3 

40.  Graphical  Computation  of  Circular  Functions.  Approximate 
determination  of  the  numerical  values  of  the  circular  functions  of 
any  given  angle  may  be  made  graphically  on  ordinary  codrdin&te 
paper.  Locate  the  vertex  of  the  angle  at  the  intersection  of  any 
two  lines  of  the  squared  paper,  form  Ml.  Let  the  initial  side  of 
the  ai^le  coincide  with  one  of  the  rulings  of  the  squared  paper 
and  lay  off  the  terminal  side  of  the  angle  by  means  of  a  protractor. 
If  the  sine  or  cosine  is  desired,  describe  a  circle  about  the  vertex 
of  the  angle  as  center  using  a  radius  appropriate  to  the  scale  of 
the  squared  paper — for  example,  a  radius  of  5  cm.  on  coordi- 
nate paper  ruled  in  centimeters  and  fifths  (form  Ml)  permits 
direct  reading  to  l/2d  of  the  radius  a  and,  by  interpolation,  to 
1  /lOO  of  the  radius  a.  The  abscissa  and  ordinate  of  the  point 
of  intersection  of  the  terminal  side  of  the  angle  and  the  circle  may 
then  be  read  and  the  numerical  value  of  une  and  cosine  computed 
by  dividing  by  the  length  of  the  radius. 

If  the  numerical  value  of  the  tangent  or  cotangent  be  required, 
the  construction  of  a  circle  is  not  necessary.  The  angle  should 
^  be  laid  off  ae  above  described,  and  a  triangle  of  reference  con- 
structed. To  avoid  long  division,  the  abscissa  of  the  triangle  of 
reference  may  be  taken  equal  to  50  or  100  mm.  for  the  determina- 
tion of  the  tangent  and  the  ordinate  may  be  taken  equal  to  50 
or  100  mm.  for  the  determination  of  the  cotangent. 

The  following  table  (Table  III)  contains  the  trigonometric 
functions  of  acute  angles  for  each  10°  of  the  ailment. 
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Natural  Trigonometrie  Fvnelions  to  Two  Decimal  Places 

e- 

0 

*- 

aind 

COS  e  1  Un  e     cot  e 

Bec«   1 

08CB 

0.00 

0.00 

1.00  '     0.00  1       » 

1.00  1 

a. 

10 

0.17 

0.17 

0,98 

0.18  !     5.67 

1,02  1 

5,78 

20 

0.35 

0.34 

0.94 

0.36  !     2.75 

1,06  1 

2,92 

30 

0.52 

0.50 

0.87 

0,58  (   a. 73 

1,15 

2,00 

40 

0.70 

0,64 

0.77 

0.81'     1.19 

1.31  i 

1,56 

50 

0.87 

0.77 

0.64 

1.19  j'  0,84 

1.66  ] 

1.31 

60 

1.05 

0.87 

0.50 

1.73    ■  0.58 

2.00  1 

1.15 

70 

1.22 

0.94 

0.34 

2,75     ft.m 

2.92  1 

1.06 

80 

1.40 

0.98 

0.17 

5,67       0.18 

5,76 

1-03 

90 

1.57 

1.00 

0.00 

«      '    0-00 

» 

1.00 

The  most  important  of  these  results  are  placed  in  the  following 
table: 

i       0°       1      30°      1      46'      1      60°      1      90°      1 

2               2       '         ' 
^-         1/2 
1             V3      1        . 

Cosine                            1       ■     ^ 

Tangent 1        0      j     y^ 

v'2  =  1.4142                             ^3  -  1.7321                   | 

Exercises 

1.  Find  by  graphical  construction  all  the  functions  of  15°. 
Note, — A  protractor  is  not  needed  as  angles  of  45°  and  30°  may  be 

constructed. 

2.  Find  tan  60°.    Compare  with  the  value  found  above  in  §48. 

3.  Lay  off  angles  of  10°,  20°,  30°,  40°,  with  a  protractor  and  deter- 
mine graphically  the  sine  of  each  angle,  and  record  the  results  in  a 
suitable  table. 

4.  Find  the  aine,  cosine,  and  tangent  of  75°. 

6.  Which  ia  greater,  sec  40°  or  cse  50°? 

6;  Determine  the  angle  whose  tangent  is  1/2. 

7.  Find  the  angle  whose  sine  is  0.6. 
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8.  Which  U  greater,  Din  40°  or  2-8in  20°? 

9.  Doea  an  angle  exist  whose  tangent  is  1,000,000?    What  ia  its 
approximate  value? 

60.  SigoB  of  the  Functioiis.  The  circular  functions  have,  of 
course,  the  algebraic  signs  of  the  ratios  that  define  them.  Of 
the  three  numbers  entering  these  ratios,  the  distance  or  radius 
a  may  always  be  taken  as  positive.  It  enters  the  ratios,  there- 
fore as  an  always  signless,  or  positive  number.  The  abscissa 
and  the  ordinate,  x  and  y,  have  the  algebraic  signs  appropriate 
to  the  quadrants  in  which  P  falls.  The  student  should  deter- 
mine the  signs  of  the  functions  in  each  quadrant,  as  follows: 
■''(See  Fig.  53.) 


.•^.^ 

,^^t 

,S3int 

FouTlh 
quvlrant 

+ 
+ 

+ 

+ 

+ 

Of  course  the  reciprocals  have  the  same  signs  as  the  ordinal 
functions. 
The  signs  are  readily  remembered  by  the  following  scheme: 

Cosine  Tangent 


Cosecant 


-     1     + 
Secant 


Cotangent 


The  following  scheme  is  of  value  in  remembering  the  circular 
functions  and  their  signs  in  the  different  quadrants:  Place  on  the 
same  line  the  variables  and  functions  of  the  same  algebraic  signs, 
thus  : 

Ordinate  .  .  y  .  .  sin  ff  .  .  cse  fl 
Abscissa  ,  .  x  .  .  cos  fl  .  ,  sec  ff 
Slope    .   .   ,  m  .   .  tan  e  .   ,  cot  ff 
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I  SSI 


The  above  scheme  aseociates  the  signs  of  the  functions  with  the 
coordinates  (x,  y)  of  the  point  P  and  the  slope  of  the  line  OP 
for  each  of  its  four  positions  in  Fig.  53. 

61.  Triangles  of  reference,  geometrically  similar  to  thoBe  in 
Fig.  66  for  angles  of  30°,  45°,  and  60°  exist  in  each  of  the  four 
quadrants,  namely,  when  the  hypotenuse  and  a  leg  of  the  triangle 
of  reference  in  these  quadrants  are  both  either  parallel  or  perpen- 
dicular to  a  hypotenuse  and  leg  of  the  triangle  in  the  first  quad- 
rant— then  an  acute  angle  of  one  must  equal  an  acute  angle  of 
the  other  and  the  triangles  must  be  similar.  The  numerical 
values  of  the  functions  in  the  two  quadrants  are  therefore  the 
same.  The  algebraic  signs  are  determined  by  properly  taking 
account  of  the  signs  of  the  abscissa  and  the  ordinate  in  that 
quadrant.    Thus  the  triangle  of  reference  for  120°  i: 

_V3 


cally  similar    to    that  for    60°.     Hence, 
cos  120°  =  -  1/2  and  tan  120°  =  -  \/3. 


120° 


=  ^,    but 


1.  The  student  is  to  fill  in  the  blanks  in 
the  correct  numerical  value  and  the  correct 

the  following  table  with 
sign  of  each  function : 

Function  |  120°    135°    150°    210°  j  225° 

240° 

300°    315°  1  330° 

^'^  laj  1  i 

c-  ■    1  y,j      I      :      '      1      !      :      1      1 

Tan          '    .    ^ 

'          .                   1          :          .          i          1 

Cot          [  \.  -'j^ 

i 

1          i          \- 

Sec         1^; 

; 

\          1 

'^    i'M    :    : 

1 

3.  Write  down  the  functions  of  390°  and  405°. 

5.  The  tangent  of  an  angle  is  1.     What  angle  <  360°  may  it  be? 

4.  Cos  e  =  -  1/2.    What  two  angles  <  360°  satisfy  the  equation? 
B.  Sec  e  =  2.     Solve  for  all  angles  <  360°. 

6.  Csc  fl  =  -  ■>/%     Solve  for  e  <  360°. 
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62.  Functions  of  0°  and  W.  In  Fig.  52  lei  the  angle  AOP 
decrease  toward  zero,  the  point  P  remaining  on  the  circumference 
of  radius  a.  Then  y  or  PD  decreases  toward  zero.  Therefore, 
ain  0°  =  0.  Aleo,  x  or  OD  increases  to  the  value  a,  so  that  the 
ratio  x/a  becomes  unity,  or  cos  0°  =  1.  Likewise  the  ratio 
y/x  becomes  zero,  or  tan  0°  =  0. 

The  reciprocals  of  these  functions  change  as  follows:  As  the  angle 
AOP  becomes  zero,  the  ratio  a  jy  increaBeB  in  value  without  limit, 
or  tbe  cosecant  becomes  infinite.  In  symbols  (see  §23) 
CSC  0°  =  " .    Likewise,  cot  0°  —  oo ,  but  sec  0°  =  1. 

In  a  similar  way  the  functions  of  90°  may  be  investigated.  The 
results  are  given  in  the  following  table: 


Angle 

Sin 

From 

From       !       From 

From 

0"  to  90° 

;90°  to  ISO"  180°  to  270° 

270"  to  360° 

Oto+1 

1+   1  to      Oj 

Cos 

+  lto    0 

1       0  to-  I 

Tan 

Oto+a> 

;-a>to+  1; 

Cot 

+  "  to     0 

0  to  -  "  1 

Sec 

+  1  to+  = 

-  =>  to  -  1 

Oac 

+  "to  +  1 

+  1  to+  » 

The  student  is  to  supply  the  results  for  the  last  two  columns. 

63.  Fundamental  Relations.  The  trigonometric  fimctions  are 
not  independent  of  each  other.  Because  of  the  relation  x*  +  y* 
>°  a'  it  is  possible  to  compute  the  numerical  or  absolute  vslue  of 
five  of  the  functions  when  the  value  of  one  of  them  is  given.  This 
may  be  accomplished  by  means  of  the  fundamental  formulas  de- 
rived below: 

Divide  the  members  of  the  equation: 


by  a'.    Then 


(1) 


in*  tf  +  cos'  S  = 
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Likewise  divide  (1)  through  by  x':  then 


sec'  e  =  I  +  tan'  $ 

Also  divide  (1)  through  by  j/':  then 


or, 

Also,  since 


CSC*  d  =  1  +  cot*  6 


(3) 


we  obtaii^: 
and  likewise 

tand 

_  sin  9 

COS0 

(5) 

cot  d 

-Wri 

Btn  = 

1A.C 

CO! 

I/»c 

tan 

-l/iot 

c                  « 

■ 

" 

<= 

t             » 

r 

, 

M>"-1 

+  tan' 

ln>i^"-l 

Fio.  66. — Diagram  of  the  RetatU 


s  between  the  Six  Circular  Functions. 


Formulas  (2)  to  (6)  are  the  fundamental  relations  between  the  six 
trigonometric  functions.    The  formulas  must  be  committed  to 
memory  by  the  student. 
The  above  relations  between  the  expressions  may  be  illustrated 
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by  a  diagram  as  in  Fig.  56.     The  simpler  or  reciprocal  relations  are 
shown  by  the  connecting  lines  drawn  above  the  functions. 

The  reciprocal  equations  and  the  formulas  (2),  (3)  and  (4)  are 
sufficient  to  express  the  absolute  or  numerical  value  of  any  function 
of  any  angle  in  terms  of  any  other  function  of  that  ai^le.  The 
algebraic  sign  to  be  given  the  result  must  be  properly  selected  in 
each  case  according  to  the  quadrant  in  which  the  angle  lies. 

Exercises 

All  angles  in  the  following  exercises  are  supposed  to  be  less  than 
ninety  degrees. 

1.  Sin  9  =  1/5.     Find  cos  9  and  tan  9. 

Draw  a  right  triangle  whose  hypotenuse  is  6  and  whose  altitude  is 
1  so  that  the  base  coincides  with  OX.  In  other  words,  make  a  =  5 
and^  =  1  in  Fig.  57.  Calculate  x  =  VSS^— T  —  2%/^  and  write 
down  all  of  the  functions  from  their  definitiona. 


Fid.  57. — Triangle  of  Reference  for  9  and  Complement  of  fl. 

^  Coea  =  1/3.     Find  esc  8. 

Take  a  =  3  and  x  =  1  in  Fig.  S7.     Find  y  and  then  write  down  the 
functions  from  their  definitions. 
-♦■Tan  9-2.     Find  sin  9. 
Take  x  =  I  and  y  ^^  2  in  Fig.  57,  and  calculate  a  and  then  write 
'  down  the  functions  from  their  definitions. 
4.  Seo  #  =  10.    Find  cac  B. 
Take  o  »^10  and  x  =  1  and  compute  y. 
i  ■^•r  Find  the  values  of  all  functions  of  S  if  cot  8  =  1.5. 

6.  Find  the  functions  of  fl  if  cos  9  =  0,1, 

7.  Find  the  values  of  each  of  the  remaining  circular  fiinntions  In 
each  of  the  following  cases: 
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(a)  ain  e  =  5/13. 

(6)    COB  8  -  4/5. 


(d)  tan  e  =  3/4. 

(e)  Bee  #  =  2. 


(p)  t 
(A) 


'  Va'  +  ft* 
(c)  sec  fl  =  1,25.  to  tan  9  =  1/3.  ■ 

Show  that  the  following  equalities  are  correct: 
-  8.  Tan  a-ooa  e  =  sin  8. 
»  9.  Sin  e-oot  fl-aec  8  =  1.  _ - 

^  10.  (Sin  e  +  coH  9)'  =  2-sin  fl^cos  fl  +  1.     *;>- 
11.  Tan  9  +  cot  9  =  sec  «C8C  9. 

13.  Express  each  trigonometric  function  in  temis  of  each  of  the 
others;  i.e.,  mi  in  all  blank  spaces  in  the  following  table: 


I     sin     1     cos     1     tan          cot     1     sec 

1 

cao 

cos                   ; 

■                             1       1 
cos                                 1     sec 

1 
tan                     1 

""i-:-^ 

cot      /             1 

ii-i^'^, 

sec 

1                          ! 

CSC                     I     2- 

i          !          1 

The  following  exercises  refer  to  angles  <360°  of  any  quadrant: 

13.  If  Bin  9  =  —3/4  and  tan  9  is  positive,  find  the  remaining  five 
functions. 

14.  If  cos  0  -  12/13  and  sin  B  is  negative,  find  the  remaining 
five  functions. 

16.  If  tan  9  ■  —  Vs  and  cos  9  is  negative,  find  the  remaining  func- 
tions of  9. 

18.  If  cos  9  =  —  1/3  and  sin  6  is  positive,  find  the  remaining 
functions. 
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17.  U  Un  8  -  S/12  and 
functioiu  of  S. 

18.  If  Bin  e  ^  3/5  and  Un 
tione  of  9. 

64.  FunctioDS  of  Comple- 
mentary Angles.  Complementaiy 
angles  are  defined  ae  two  angles 
wbo8esumi890°.  Supplementary 
angles  are  two  angles  whose  sum 
is  180°. 

Let  tf  be  an  ai^le  of  the  first 
quadrant,  and  draw  the  angle 
(90°-  fl)  of  terminal  side  OPi,  as 
shown  in  Fig.  58.  Let  P  and  fr 
lie  on  a  circle  of  radius  a.  Let 
the  coordinates  of  the  point  F  be 
(A,  k),  then  Pi  is  the  point  {k.  A). 
Hence  P,DilOPi  =  hja  = 
sin  (90°  -  fl).  But  from  the  tri- 
angle PDO,  h  la  '^  COB  6.    Hence 


sec  8   is  negative,    find  the  remaining 
8  is  negative,  find  the  remaining  fuiit- 


Y 

P.t*.*) 

f 

\ 

4i: 

/ 

'\ 

Di          D 

tk.-h) 

/ 
p. 

fft.-*J 

Fia.  58. — Triangles  of  Referenco 
for  S ,  and  8  oombioed  with  an 
Odd  Number  of  Right  Angles. 


Likewise, 


sin  (90°  ' 
tan  (90°  ■ 
sftc  (90°  ■ 


tf)  =  cos  fl 
&)  =  cot  9 
%)  =  CSC  fl 


These  relatione  explain  the  meaning  of  the  words  cosine,  coUmgeni, 
cosecant,  which  are  merely  abbreviations  for  complement's  sine, 
compkment's  tangent,  etc.  Collectively,  cosine,  cotangent,  cosecant 
are  called  the  co-functions.    Likewise  from  Fig.  58: 

cos  (90°  -  0)  =  sin  9 
cot  (90'  —  ff)  =  tan  8 
CSC  (90°  -  tf)  =  sec  0 

Later  it  wil!  be  shown  that  the  above  relations  hold  tor  all 
values  of  9,  positive,  or  negative. 

65.  Graph  of  the  Sine  and  Cosine.  In  rectangular  coordinates 
we  can  think  of  tlie  ordinate  y  of  a  point  as  depending  for  its  value 
upon  the  abscissa  or  x  of  that  point  by  means  of  the  equation  y  = 
sin  X,  provided  we  think  of  each  value  of  the  abscissa  laid  off  on 
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the  X-axis  as  standing  for  some  amount  of  angular  magnitude. 
Therefore  the  equation  !/  =  Bin  x  must  possess  a  graph'in  rectangu- 
lar co6rdinat«s.  In  order  to  produce  the  graph  of  1/  ='  ain  a:,  it  is 
best  to  lay  (^  theangular  measures  on  the  X-axisinsuch  a  manner 
that  it  may  conveniently  be  thought  of  in  either  radian  or  degree 
measure.  If  we  euppoBe  that  a  scale  of  inches  and  tenths  is  in  the 
hands  of  the  reader  and  that  a  graph  is  required  upon  an  ordinary 
sheet  of  unruled  paper  of  letter  size  (8i  X  11  inchee),  then  it  will 
be  convenient  to  let  1  /5  inch  of  the  horizontal  scale  of  the  X-axis 
correspond  to  10°  or  toir/lS  radians  of   angular   measure.     To 


Fio.  59. — Construction  ot  the  Sinusoid. 

accomplish  this,  the  length  of  one  radian  must  be  1.15  inches  {i.e., 
18/5)r  inch),  which  length  must  be  used  for  the  radius  of  the  circle 
on  which  the  arcs  ot  the  angles  are  laid  off.  Hence,  to  graph 
y  =  sin  X,  draw  at  the  left  of  a  sheet  of  (unruled)  drawing  paper  a 
circle  of  radius  1.15  inches,  as  the  circle  OPB,  Fig.  59.  Take  0  as 
the  origin  and  prolong  the  radius  BO  for  the  positive  portion  OX  of 
the  X-axis.  Subdivide  this  into  1  /5-inch  intervals,  each  corre- 
sponding to  10°  of  angle;  eighteen  of  these  correspond  to  the 
length  IT,  if  the  radius  BO  (1.15  inches)  be  the  unit  of  measure. 
Next  divide  the  r-axis  proportionately  to  sin  x  in  the  following 
manner:  Divide  the  semicircle  into  eighteen  equal  divisions  as 
shown  in  the  figure,  thus  making  the  length  of  each  small  arc 
exactly  1/5  inch.  The  perpendiculars,  or  ordinates,  dropped 
upon  OX  from  each  point  of  division,  divided  by  the  radius  a, 
are  the  sines  of  the  respective  angles.  Draw  lines  parallel  to 
OX  through  each  point  of  division  of  this  circle.  These  cut  the 
y-axis  at  points  Ai,  A^,  .    .    .  ,  such  that  OA^,  OAi,  ...  are 
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proportional  to  sin  OBPi,  ain  OBPt,  sin  OBP^,  .  .  .  or  in  the 
general  case,  proportional  to  sin  x  (for  lack  of  room  only  a  few 
of  the  successive  points  Pi,  P),  P%,  .  ■  . ,  of  division  of  the 
quadrant  OPJ'i,  are  actually  lettered  in  Fig.  59).  These  are  the 
successive  ordi nates  corresponding  to  the  abscissas  already 
laid  ofl  on  OL.  The  curve  is  then  constructed  as  follows: 
First  draw  vertical  lines  through  the  points  of  division  of  OX; 
these,  with  the  horizontal  lines  already  drawn,  divide  the 
plane  into  a  large  number  of  rectangles.  Starting  at  0  and 
sketching  the  diagonals  (curved  to  fit  the  alignment  of  the  points) 
of  successive  "cornering"  rectangles,  the  curve  OCNTL  is  approxi- 
mated, which  is  the  graph  of  ^  =  sin  x.  This  curve  is  called  the 
sinusoid  or  sine  curve.  The  curve  isof  verygreatimportance  for 
it  is  found  to  be  the  type  form  of  the  fundamental  waves  of  science, 
such  as  sound  waves,  vibrations  of  wires,  rods,  plates  and  bridge 
members,  tidal  waves  in  the  ocean,  and  ripples  on  a  water  surface. 
The  ordinary  progressive  waves  of  the  sea  are,  however,  not  of 
this  shape.  Using  terms  borrowed  from  the  language  of  waves,  we 
may  call  Cthe  crest, ^  the  node,  and  Tthe  trough  of  the  sinusoid. 

It  is  obvious  that  as  x  increases  beyond  2t',  the  curve  is  re- 
peated, and  that  the  pattern  OCNTL  is  repeated  again  and  again 
both  to  the  left  and  the  right  of  the  diagram  as  drawn.  Thus  it  is 
seen  that  the  sine  is  a  periodic  function  of  period  2x'',  or  360°. 

The  small  rectangles  lying  along  the  X-axis  are  nearly  squares. 
They  would  be  exactly  equilateral  if  the  straight  line  OA  i  was  equal 
to  the  arc  OPj.  This  equality  is  approached  as  nearaswe  please 
as  the  number  of  corresponding  divisions  of  the  circle  and  of  OX  is 
indefinitely  increased.  In  this  way  we  arrive  at  the  notion  of  the 
slope  of  a  curve  in  mathematics.  In  this  case  we  say  that  the 
slope  of  the  sinusoid  at  0  is  -I-  1  and  at  ^  is  —  1,  and  at  L  is  -|-  1. 
We  say  that  the  curve  cuts  the  axis  at  an  angle  of  45°  at  0  and 
at  an  angle  of  315°  (or,  —  45°  if  we  prefer)  at^.  The  slope  at  C 
and  at  T  is  zero. 

The  curve  y  =  a  sin  x  is  made  from  y  =  sin  x  by  multiplying 
all  of  the  ordinates  of  the  latter  by  a.  The  number  a  is  called 
the  amplitude  of  the  S'nusoid. 

66.  Cosine  Curve.  If  0' be  taken  as  the  origin,  the  curve  Ci^TZ, 
is  the  graph  o!  y  =  cos  x.    Let  the  student  demonstrate  this  by 
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showii^  that  the  distances  BDi,  BDi,  .  .  .  ,  BDt  ...  in  the 
semicircle  at  the  left  of  Fig.  59  go  through  in  reverse  order  the 
same  sequence  of  values  as  PiDi,  PtDi,  .  .  .  ,  and  that  if  the 
origin  be  taken  at  0 ',  the  successive  ordinates  of  the  sinusoid  to  the 
rightof  O'CareequaltoBDi,  BDj,  .  .  .  respectively,  and  hence 
are  proportional  to  cos  x. 

It  is  best  to  carry  out  the  construction  of  the  sinusoid  upon 
unruled  drawing  paper  as  described  above.  The  curve  can  readily 
be  drawn,  however,  upon  form  Af 2,  which  is  already  ruled  in 
1  /5-inch  intervals,  or  upon  form  Ml  if  the  radius  of  the  circle  be 
taken  as  2.3  cm.  and  if  2/5  cm.  be  used  on  OX  to  represent 
an  angle  of  10°.  A  much  neater  result  is  obtained  when 
unruled  paper  is  used  for  the  drawing. 

57.  Complementaiy  Angles.  The  graph  yj  «■  sin  (  —  x)  is 
made  from  ^i  =  sin  x  by  substituting  (—  x)  for  x  in  the  function 


^n  x;  that  is,  by  changing  the  signs  or  reversing  the  direction  of 
all  of  the  abscissas  of  the  sinusoid  y  =  sin  x;  or,  in  other  words, 
yi  =  sin(—  x)  is  the  reflection  of  yi  =  sinx  in  the  K-aids. 
This  is  merely  a  special  case  of  the  general  Theorem  I  on  Loci, 
§24.  The  former  curve  has  a  crest  where  the  latter  has 
a  trough  and  vice  versa,  as  is  shown  by  the  dotted  and  full 
curves  in  Fig.  60.  Now,  if  the  curve  j/j  =  sin  (—  x)  (the  dotted 
curve  in  Fig.  60)  be  translated  to  the  right  the  distance  *'/2, 
the  reeulting  locus  is  the  cosine  curve  y  =  cos  x.  To  translate 
yi  =  sin  {—  x)  to  the  right  the  distance  t/2,  the  constant  «'/2 
must  be  subtracted  from  the  variable  x  in  the  equation  of  the 
curve,  as  already  learned  in  the  last  chapter.  Performing  this 
oj)erati<jn  wc  have,  for  the  translulcd  curve, 


■ ""  (-  ['  -  2]) 
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(Note  that  »/2  ia  subtracted  from  x  and  not  from  —  x.)    Or, 
removing  the  brackete, 


■(i- 


But,  as  stated  above,  the  curve  in  ite  new  position  is  the  same  as 
the  cosine  curve 

V  =  oosx 
Hence,  /or  ail  values  of  x: 

8to(^j-x)  -oosx  •(!) 

In  the  same  manner  it  can  be  proved  that  cos  in  ~  ■']''  ^^^  ^> 
and  the  other  results  of  SH  follow  for  all  values  of  x. 

68.  Trigonometric  Functions  of  Negative  A^uments.  First 
compare  the  curves  i/i  =  sin  x  and  yi  =  an  {—  x)  as  has  been 
done  in  the  preceding  section,  and  as  is  illustrated  by  Fig.  60. 
The  curve  yi  =  sin  (—  x)  was  described  as  the  reflection  of  the 
sinusoid  ^i  =  sin  %  in  the  y-axis.  It  is  obvious  from  the  figure, 
however,  that  the  dotted  curve  may  also  be  regarded  as  the 
reflection  of\  the  original  curve  in  the  X-axis;  for  the  one  has  a 
crest  where  the  other  has  a  trough  and  the  ordinates  of  the  two 
curves  are  everywhere  of  exactly  equal  length  but  opposite  in 
direction.    This  means  that  i/i  =  —  j/i,  or, 

sin  (—  x)  =  -  siai  (1) 

for  all  values  of  x. 

If  the  origin  be  taken  at  the  point  0',  Fig.  60,  the  full  curve 
is  the  graph  of  y  =  cos  x.  In  this  case  the  crest  of  the  curve  lies 
above  the  origin  and  the  curve  is  symmetrical  with  respect  to  the 
y-axis.  This  means  that  changing  i  to(—  a:)  in  the  equation 
y  =  COB  X  does  not  modify  the  locus.    Hence  we  conclude  that 

cos  ( -  x)  "■  cos  X  (2) 

for  all  values  of  x.    Hence  by  division 

tan  (-x)  =  -tanx  (3) 

69.  Odd  and  Even  Functions.  A  function  that  changes  sign 
but  retains  the  same  numerical  value  when  the  sign  of  the  variable 
ia  changed  Is  called  an  odd  function.  Thus  sin  x  is  an  odd  function 
of  X,  since  sin  (—  x)  =  —  sin  x.     Likewise  x'  is  an  odd  function 


>o^lc 
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of  fa,  as  are  all  odd  powers  of  x.  Geometrically,  the  graph  of  an 
odd  function  of  z  is  symmetrical  with  respect  to  the  origin  0; 
that  is,  if  F  is  a  point  on  the  curve,  then  if  the  line  OF  be  pro- 
duced backward  through  0  a  distance  equal  to  OP  to  a  point 
,  P',  then  P'  lies  also  on  the  curve.  The  branches  of  j/  =  i'  in 
the  first  and  third  quadrants  are  good  illustrations  of  this 
property. 

A  function  of  x  that  remains  unaltered  (both  in  sign  and 
numerical  value)  when  the  variable  is  changed  in  sign,  is  called 
an  even  function  of  i.    Examples  are  cos  x,  x',  x^  —  Sx*,  .    .    .    . 

Most  functions  are  neither  odd  nor  even,  but  mixed,  like 
x'  +  sin  X,  x'  -\-  x',x  +  cos  x,  .    .    . 

Exercises 

1.  Show  from  (1)  and  (2)  §68  and  the  relations  oac  x  =  -■ — i 
—  T-^  =  tan  X,  etc.,  that 

(O)   CSC  (—  l)    =    —  CHC    X 

(6)8eo(-«)-  Becx 
(c)  tan  (—  x)  =  —  tan  a; 
{d)cot  (-1)  =  -  cot  X. 

2.  Is  sin'  X  an  odd  or  an  even  function  of  x?  Is  tan'  x  an  odd  or  an 
even  function  of  i7 

3.  Is  the  function  sin  i  +  2  tan  x  an  odd  or  an  even  function?  Is 
ain  I  +  cos  X  an  odd  pr  an  even  function  of  i7 

60.  The  Defining  Equations  cleared  of  Fractions.    The  student 

should  commit  to  memory  the  equations  defining  the  trigonometric 

functions  when  cleared  of  fraclions.    In  this  form  the  equations 

are  quite  as  useful  as.  the  original  ratios.    They  are  written ; 

y  =  asinf  z  =  ycotd 

z  =  a  cos  0  ft  =  z  sec  0 

y  =  z  tan  0  K  =  y  esc  d 

As  applied  to  the  right  angled  triangle,  they  may  be  stated  in 

words  as  follows: 

Either  leg  of  a  right  triangle  is  equal  to  the  hypotenuse  multiplied 
by  the  sine  of  the  opposite,  or  by  the  cosine  of  the  adjacent,  angle. 
•    Either  leg  of  a  right  triangle  is  e^al  to  the  other  leg  multiplied  by  the 
tangent  of  the  opposite,  or  by  the  cotangent  of  the  adjacent,  angle. 
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The  hypolemae  0}  a  right  IriangU  is  eqwU  to  either  leg  multiplied 
by  the  secant  of  the  angle  adjacent,  or  by  the  cosecant  of  the  angle 
opposite  that  leg. 

These  statements  should  be  committed  to  memory. 
61.  Projections.    In  Fig.  52  the  projection  of  OP  in  any  of  its 
positions,  such  as  OPi,  OP,,  OP,,  .   .  ,  ,  is  ODi,  OZ>i,  OD,,     .  -   .  , 
or  is  the  abscissa  of  the  point  P.    Thus  for  all  positions: 

X  =  acos  6 
The  sign  of  x  gives  the  sign,  or  seoBe,  of  the  projection.    In  each 
case  9  is  said  to  be  the  angle  of  projection. 

The  above  definition  of  projection  is  more  general  in  one 
respect  than  that  discussed  in  £28.  By  the  present  definition 
the  projection  of  a  line  is  negative  if  90°  <  6  <  270°  (read, 
"if  e  is  greater  than  90°  but  is  less  than  270°").  This  con- 
cept is  important  and  essential  in  expressing  a  component  of  a 
displacement,  of  a  velocity,  of  an  acceleration,  or  of  a  force. 

The  cosine  of  0  might  have  been  defined  as  that  proper  fraction 
by  which  it  is  necessary  to  multiply  the  length  of  a  line  in  order  to 
produce  the  projection  of  the  Une  on  a  line  making  an  angle  0 
with  it. 

Ezerclaea 
1.  A  stretched  guy  rope  makes  an  angle  of  60°  with  the  horiEontal. 
[/    What  is  the  projection  of  the  rope  on  a  horizontal  plane?     What  is 
the  projection  of  the  rope  on  a  vertical  plane? 

3.  Find  the  lengths  ot  the  projectioaa  of  the  line  through  the  origin 
^  and  the  point  (1,  Vi)  upon  the  OX  and  OY  axes,  if  the  line  ia  12 
inches  long. 

3.  A  force  equals  200  dynes,     What  is  its  component  (projection) 
ly    on  a  line  making  an  angle  of  135°  with  the  force?    On  a  line  making 

an  angle  of  120°  with  the  force? 

4.  A  velocity  of  20  feet  per  second  is  represented  as  the  diagonal 
\,    of  a  rectangle  the  longer  side  of  which  makes  an  angle  of  30°  with  the 

diagonal.     Find  the  components  of  the  velocity  along  each  side  of  the 

6.  Show  that  the  projections  of  a  fixed  line  OA  upon  all  other 
lines  drawn  through  the  point  0  are  chords  of  a  circle  of  diameter  OA. 
Bee  Fig.  63, 

6.  Find  the  projection  of  the  side  of  a  regular  hexagon  upon  the 
three  diagonals  passing  through  one  end  of  the  given  aide,  if  the 
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numerical  value  of  cos  30°  =  0.87,  and  if  each  side  of  the  hexagon 
is  20  feet. 

62.  Polar  CoBrdinateB.  In  Fig.  61,  the  position  of  the  point 
P  may  be  assigned  either  by  giving  the  x  and  y  of  the  rectangular 
coordinate  system,  or  by  giving  the  vectorial  angle  8  and  the 
distance  OP  measured  along  the  terminal  aide  of  S.  Unlike 
the  distance  a  used  in  the  preceding  work,  it  is  found  conven- 
ient to  give  the  line  OP  a  sense  or  direction  as  well  as  length; 
such  a  line  is  called  a  vector.     In  the  present  case,  it  is  known  as 

the  radius  vector  of  the  point  P, 
and  it  is  usually  symbolized  by 
the  letter  p.  The  vectorial  or 
direction  angle  6  and  the  radius 
__P  vector  p  are  together  called  the 
polar  coittdinateB  of  the  point  P, 
—  and  the  method,  as  a  whole,  is 
known  as  the  system  of  polar 
coBrdinates.  In  Fig.  61  the 
point  P'  is  located  by  turning 
from  the  fundamental  direction 
OX,  called  the  polar  axis,  through 
an  angle  9  and  then  stepping 
backward  the  distance  p  to  the 
point  P';  this  is,  then,  the  point  (— p,  8).  P'  has  also  the  coordi- 
nates (p,  e,).  in  which  5,  =  fl  +180°;  likewise Piis  (+p',0,)  and 
P'l  is  (—  p',  $i).  Thus  each  point  may  be  located  in  the  polar 
system  of  coordinates  in  two  ways,  i.e.,  with  either  a  positive  or  a 
negative  radius  vector.  If  negative  values  of  6  be  used,  there 
are /our  ways  of  locating  a  point  without  using  values  of  0  > 
360°.  In  giving  a  point  in  polar  co6rdinates,  it  is  usual  to  name 
the  radius  vector  first  and  then  the  vectorial  angle;  thus  (5,  40°) 
means  the  point  of  radius  vector  5  and  vectorial  angle  40°. 

63,  Polar  Cofirdinate  Paper.  Polar  coftrdinate  paper  {form  M3) 
is  prepared  for  the  construction  of  loci  in  the  polar  system.  A  re- 
duced copy  of  a  sheet  of  such  paper  is  shown  in  Fig.  62.  This 
plate  is  graduated  in  d^rees,  butascaleofradian  measure  is  given 
in  the  nmrgin.  The  radii  proceeding  from  the  pole  0  meet  all  of 
the  circles  at  right  angles,  just  as  the  two  systems  of  straight  lines 


Fra.  61.— Polar  Coordinates. 
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meet  each  other  at  right  angles  in  rectangular  coordinate  paper. 
For  this  reason,  both  the  rectangular  and  the  polar  sj-atems  are 
called  orthogonal  Bystems  of  cootdinates. 

We  have  learned  that  the  fundamental  notion  of  a  function 
implies  a  table  of  corresponding  values  for  two  variables,  one  called 
the  argument  and  the  other  the  function.    The  notion  of  a  graph 


Fro.  62.— PoUr  CoSradinate  Squared  Paper.     (From  M3.) 

implies  any  sort  of  a  scheme  for  a  pictorial  representation  of  this 
table  of  values.  There  are  three  common  methods  in  use :  the  double 
scale,  the  rectangular  coSrdinate  paper,  and  the  polar  paper.  The 
polar  paper  is  most  convenient  in  case  the  argument  is  an  angle 
measured  in  degrees  or  in  radians.  Since  in  a  table  of  values  for  a 
functional  relation  we  need  to  consider  both  positive  and  negative 
values  for  both  the  argument  and  the  function,  it  is  necessary  to 
uae  on  the  polar  paper  the  convention  already  explained.  The 
argument,  which  is  the  angle,  is  measured  counter-clockwise  if 
positive  and  clockwise  if  negative  from  the  line  numbered  0°, 
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Fig.  62.  The  function  is  measured  outward  from  the  center  along 
the  terminal  side  of  the  angle  for  positive  functional  values  and 
outward  from  the  center  along  the  terminal  side  of  the  angle 
produced  backward  through  the  center  for  negative  functional  vaJues. 
In  this  scheme  it  appears  that  four  different  pairs  of  values  are 
represented  by  the  same  point.  This  is  made  clear  by  the  points 
plotted  in  the  figure.      The  points  Pi,  Pi,  Pj,  P<  are  as  follows: 

Pi  :  (6.0,40°);  (6.0,  -  320°);  (-  6.0,220°);  (-  6.0,  -  140°). 

P,  i(10,  135°);  (10,    -  225°);  (-  10,  315°);  (-  10,~  45°). 

P,  :  (5,  230°);  (5,  -  130°);  (-  5,  50°);  (-  5,  -  310°). 

P.:  (6.0,330°);  (6.0,-30°);  (- 6.0,  150°);  (- 6.0,  -  210°). 

The  angular  scale  cannot  be  changed,  but  the  functional  scale 
can  be  changed  to  suit  the  table  of  values  by  multiplying  or 
dividing  it  by  integral  powers  of  ten. 

In  case  the  vectorial  angle  is  given  in  radians,  the  point  may  be 
located  on  the  polar  paper  by  means  of  a  straight  edge  and  the 
marginal  scale  on  form  Md. 

Exercises 

1.  Locate  the  following  points  on  polar  coordinate  paper;  (l,ir/2); 
(2,  x);  (3,  60°);  (4,  250°);  (2i,  l.Sir). 

2.  Locate  the  following  points:  (0,  0°);  (1,  10°);  (2,  20°);  (3,  30°); 
(4,40°);  (5,50°);  (6,60°);(7,  70°);  .   .   .  (36,360°).     Uselcm.-lO 

3.  The  equation  of  a  curve  in  polar  oodrdinates  is  0  =  2.  Draw 
the  curve.    The  equation  of  a  second  curve  is  p  =  3.     Draw  the 

Notice  that  p  "  a  constant  is  a  circle  with  center  at  0,  while 
0=0,  constant  is  a  straight  line  through  0. 

4.  Draw  the  curve  p  '-  B  using  2  cm.  as  unit  for  p.  Note  that  the 
curve  p  =  8  is  a.  spiral  while  the  curve  y  =  x  ia  &  straight  line. 

61.  Graphs  of  p  —  a  cos  6  and  p  =  a  sin  B.  These  are  two 
fundamental  graphs  in  polar  coordinates.  The  equation 
pad  cos  0  states  that  p  is  the  projection  of  the  fixed  length  a 
upon  a  radial  line  proceeding  from  0  making  a  direction  angle  0 
with  a,  or,  in  other  words,  p  in  all  of  its  positions  must  be  the  side 
adjacent  to  the  direction  angle  0  in  a  right  triangle  whose  hypote- 
nuse is  the  finite  length  a.     (See  §61.)     It  must  be  remem- 
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bered  tbat  the  directioD  angle  9  is  always  measured  from  the  fixed 
directioa  OA.  Hence,  to  construct  the  locus  p  =  a  cos  fl,  draw 
as  many  radii  vectores  as  desired,  asin  Tig.  63.  Project  on  each 
of  these  the  fixed  distance  OA  or  a.  This  gives  OP,  or  p,  in  numer- 
ous positions  as  shown  in  the  diagram.  Since  P  is  by  construction 
thefoot  of  the  perpendicular  dropped  from  A  upon  OP,  itisalways 
at  the  vertex  of  a  right  triangle  standing  on  the  fixed  hypotenuse  a, 
and  therefore  the  pointPis  on  the  semicircle  j40P;  tor,  from  plane 
geometry  a  right  triangle  is  always  inscribable  iu  a  semicircle. 


■The  Graph  of  p  —  o 


When  f  is  in  the  second  quadrant,  as  6z,  Fig.  63,  the  cosine  is 
negative  and  consequently  p  is  also  n^ative.  Therefore  the  point 
Pi  is  located  by  measuring  backward  through  O.  Since,  however, 
Pi  13  the  projection  of  a  through  the  ai^le  fli  (see  §61),  the 
angle  at  Pj  must  be  a  right  angle.  Thus  the  semicircle 
OPiA  is  described  as  fl  sweeps  the  second  quadrant.  When 
fl  is  in  the  third  quadrant,  as  ffj,  the  cosine  is  BtiU  negative  and 
p  is  measured  backward  to  describe  ike  semicircle  AP\0  a  second 
time.  As  0  sweeps  the  fourth  quadrant,  the  semicircle  OPiA  is 
described  the  second  time.  Thus  the  graph  in  polar  coordinatei 
of  p  =  a  cos  fl  is  a  circle  twice  drawn  oa  6  varies  from  0°  to  SM". 
Once  around  the  circle  corresponds  to  the  distance  from  crest  to 
trough  of  the  "wave"  y  =  a  cos  x,  in  Fig.  59  (0'  is  origin). 
The  second  time  around  the  circle  corresponds  to  the  distance 
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ine  curve.    Trough  and  crest  of  all 
fall  at  the  point  A .    The  nodes  are 


from  trough  to  crest  of  the  c 
the  successive  "wave  lengthf 
all  at  O. 

The  polar  representation  of  the  cosine  of  a  variable  by  means 
of  the  circle  is  more  useful  and  important  in  science  than  the 
Cartesian  representation  by  means  of  the  sinusoid.  The  ideas 
here  presented  must  be  thoroughly  mastered  by  the  student. 

The  graph  of  p  =  a  sin  d  is  also  a  circle,  but  the  diameter  is 
the  line  OB  making  an  angle  of  00°  with  OA,  as  shown  in  Fig.  64. 
Since  p  =  asinG,  the  radius  vector, 
as  0  increases  to  90°,  must  equal 
the  side  tying  opposite  the  ai^e  6 
in  a  right  triangle  of  hypotenuse  a. 
Since  angle  AOPi  =  angle  OBPi, 
the  point  P  may  be  the  vertex  of 
any  right  triangle  erected  on  OB  or 
a  as  a  hypotenuse.  The  semicircle 
BP^  is  described  as  6  increases 
from  90°  to  180°.  Beyond  180°  the 
sine  is  negative,  so  that  the  radius 
vector  p  must  be  laid  off  backward 
for  such  angles.  Thus  Pt  is  the 
point  corresponding  to  the  angle  P,,  of  the  third  quadrant.  As  6 
sweeps  the  third  and  fourth  quadrants  the  circle  OP,BPfi  is 
described  a  second  time.  Therefore,  the  graph  of  p  =  a  sin  0 
is  the  circle  twice  drawn  of  diameter  o,  and  tangent  to  OX  at  0. 
The  first  time  around  the  circle  corresponds  to  the  crest,  the 
second  time  around  corresponds  to  the  trough  of  the  wave  or 
sinusoid  drawn  in  rectangular  coordinates.  The  points  corro- 
sponding  to  the  nodes  of  the  sinusoid  are  at  0  and  the  points 
corresponding  to  the  maximum  and  minimum  points  are  at  B. 

We  have  seen  that  the  graph  of  a  function  in  polar  cofirdinates 
is  a  very  different  curve  from  its  graph  in  rectangular  coordi- 
nates. Thus  the  cosine  of  a  variable  if  graphed  in  rectangular 
coArdinates  is  a  sinusoid;  but  if  graphed  in  polar  co5rdi- 
nates  the  graph  is  a  circle  (twice  drawn).  There  is  in  this  case 
a  very  great  difference  in  the  ease  with  which  these  curves  can  be 
constructed;  the  sinusoid  requires  an  elaborate  method,  while  the 
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circle  may  be  drawn  at  once  with  compasses.  This  is  one  reason 
why  the  periodic  or  sinusoidal  relation  is  preferably  represented 
in  the  natural  sciences  by  polar  codrdinates. 

65.  GrKphical  Table  of  Sines  and  CoBines.  The  polar  graphs 
of  p  =  a  sin  0  and  p  =  a  coa  0  furnish  the  best  means  of  construct- 
ing graphical  tables  of  sines  and  co^es.  The  two  circles  passing 
through  0  shown  on  the  polar  coordinate  paper,  form  Af  3,  Fig.  62, 
are  drawn  for  this  purpose.  A  quantity  of  this  coordinate  paper 
should  be  in  the  hands  of  the  student.  If  the  diameter  of  the 
sine  and  cosine  circles  be  called  1,  then  the  radius  vector  of  any 
point  on  the  lower  circle  is  the  cosine  of  the  vectorial  angle,  and 
the  radius  vector  of  the  corresponding  point  on  the  upper  circle 
is  the  sine  of  the  vectorial  angle.  As  there  are  50  concentric  cir- 
cles in  Form  Af3,  it  is  easy  to  read  the  radius  vector  of  a  point 
to  1  /lOO  of  the  unit.  Thus,  from  the  diagram,  we  read  cos 
45°  =  0.70 ;  COS  60°  =  0.50 ;  cos  30°  =  0.866.  These  resulte  are 
nearly  correct  to  the  third  place. 

66.  Graphical  Table  of  Tangents  and  Secants.  Referring  to 
Fig.  62,  it  is  obvious  that  the  numerical  values  of  the  tangents  of 
angles  can  be  read  off  by  use  of  the  uniform  scale  of  centimeters 
borderii^  the  polar  paper  (form  M3).  The  scale  referred  to 
lies  j-ust  inside  of  the  scale  of  radian  measure,  and  is  numbered 
0,  2,  4,  .  .  - ,  at  the  right  of  Fig.  62.  Thus  to  get  the  numerical 
value  of  tan  40°  it  is  merely  necessary  to  call  unity  the  side  OA 
of  the  triangle  of  reference  O^P,  and  then  read  the  side  AP  =  0.84; 
hence  tan  40°  =•  0.84,  To  the  same  scale  (i.e.,  OA  =  1)  the  dis- 
tance OP  »  1.31,  but  this  is  the  secant  of  the  angle  AOP,  whence 
sec  40°  =  1.31.  By  use  of  the  circles  we  find  sin  40°  =  0.64  and 
COS  40°  =  0.76. 

In  case  we  are  given  an  angle  greater  than  45°  (but  less  than 
135°)  use  the  horizontal  scale  through  B.  Starting  from  B  as 
zero  the  distance  measured  on  the  horizontal  scale  is  the  cotangent 
of  the  given  angle.  The  tangent  is  found  by  taking  the  reciprocal 
of  the  cotangent. 

Exercises 

Find  the  unknown  sides  and  angles  in  the  following  right  triangles. 
The  numerical  values  of  the  tr^onometric  functions  are  to  be  taken 
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from  the  polar  paper.  The  vertices  of  the  triangles  are  supposed 
to  be  lettered  A,  B,  C  with  C  at  the  vertex  of  the  right  angle.  The 
small  letters  a,  b,  c  represent  the  sides  opposite  the  angles  of  the  same 

By  angle  of  elevation  is  meant  the  angle  between  a  horizontal  line 
and  a  line  to  the  object,  both  drawn  from  the  point  of  observation, 
when  the  object  lies  above  the  horizontal  line.  The  similar  angle 
when  the  object  ties  below  the  observer  is  called  the  angle  of  depression 
of  the  object. 

The  solution  of  each  of  the  following  problems  must  be  checked. 
The  easiest  check  is  to  draw  the  triangles  accurately  to  scale  on  form 
Ml  and  use  a  protractor. 

1.  Wlon  the  altitude  of  the  sun  is  40°,  the  length  of  the  shadow  cast 
by  a  flag  pole  on  a  horizontal  plane  is  90  feet.  Find  the  height  of  the 
pole. 

Outline  of  Solution.  Call  height  of  pole  a,  and  length  of  shadow  6. 
Then  A  =  40°  and  B  -  50°.     Hence: 

a  =  6  tan  40° 
Determining  the  numerical  value  of  the  tangent  from  the  polar  papw, 
we  find: 

a  =  90  X  0.84  =  75.6  ft. 
which  result,  if  checked,  is  the  height  of  the  pole.    To  check,  either 
draw  a  figure  to  scale,  or  compute  the  hypotenuse  c,  thus: 

c  =  90  sec  40° 
From  the  polar  paper  find  sec  40°.     Then: 

c  =  90  X  1.31  =  117.9 
Since  a>  +  b'  =  c\  we  have  c»  -  fc'  -  o',  or  (c  -  b)  (c  +  6)  -  a>. 
Hence  if  the  result  found  be  correct, 

(117-9  -  90)(117.9  +  90)  =  75.6' 
5800  =  5715 
These  results  show  that  the  work  is  correct  to  about  three  figures,  tor 
the  sides  of  the  triangle  are  proportional  to  the  square  roots  of  the 
numbers  last  given. 

2.  At  a  point  200  feet  from,  and  on  a  levelwith,thebaseof  a  tower 
the  angle  of  elevation  of  the  top  of  the  tower  is  observed  to  be  60°. 
What  is  the  height  of  the  tower? 

S.  Aladder  40  feet  long  stands  against  abuilding  with  the  foot  of 
the  ladder  15  feet  from  the  base  of  the  wall.  How  high  does  the 
ladder  reach  on  the  wall? 
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4.  FVom  the  top  of  a  vwtical  cliff  the  angle  of  depression  of  apoint 
oa  the  shore  150  feet  from  the  base  of  the  cliff  is  observed  to  be  30°. 
Find  the  height  of  the  cliff. 

6.  In  walking  half  a  mile  up  a  hill,  a  man  rises  300  feet.  Find  the 
angle  at  which  the  hill  slopes. 

It  the  hill  does  not  slope  uniformly  the  result  is  the  average  tlope 
of  the  hill. 

6.  A  line  3.5  inches  long  makes  an  angle  of  35°  with  OX.  Find  the 
lengths  of  its  projections  upon  both  OX  and  OY. 

7.  A  vertical  cliff  is  425  feet  high.  I^Vom  the  top  of  the  cliff  the 
angle  of  depression  of  a  boat  at  sea  is  16°.  How  far  is  the  boat 
from  the  foot  of  the  cliff? 

8.  The  projection  of  a  line  on  OX  is  7.5  inches,  and  its  projection 
on  OY  is  1.25  inches.  Find  the  length  of  the  line,  and  the  angle 
it  makes  with  OX. 

9.  Abattery  is  placed  on  a  cUff  510  feet  high.  The  angle  of  depres- 
sion of  a  floating  target  at  sea  is  9°.  Find  the  range,  or  the  distance 
of  the  target  from  the  battery. 

10.  P^om  a  point  A  the  angle  of  elevation  of  the  top  of  a  monument 
is  25°.  From  the  point  S,  110  feet  farther  away  from  the  base  of  the 
monument  and  in  the  same  horizontal  straight  line,  the  angle  of  eleva- 
tion is  15°.     Find  the  height  of  the  monument. 

11.  find  the  length  of  a  side  of  a.  regular  pentagon  inscribed  in  a 
circle  whose  radius  is  12  feet, 

12.  Proceeding  south  on  a  north  and  south  road,  the  direction  of  a 
church  tower,  as  seen  from  a  milestone,  is  41°  west  of  south.  From 
the  next  milestone  the  tower  is  seen  at  an  angle  of  65°  W.  of  S. 
Find  the  shortest  distanpe  of  the  tower  from  the  road. 

13.  A  traveler's  rule  for  determining  the  distance  one  can  see  from 
a  given  height  above  a  level  surface  (such  as  a  plain  or  the  aea)  is  as 
follows.'  "To  the  height  in  feet  add  half  the  height  and  take  the  square 
root.  The  result  is  the  distance  you  can  see  in  miles."  Show  that 
this  rule  is  approximately  correct,  assuming  the  earth  a  sphere  of 
radius  3960  miles.  Show  that  the  drop  in  1  mile  is  8  inches,  and 
that  the  water  in  the  middle  of  a  lake  8  miles  in  width  stands  10}  feet 
higher  than  the  water  at  the  shores. 

14:.  Observations  of  the  height  of  a  mountain  were  taken  at  A  and 
S  on  the  same  horizontal  line  and  in  the  same  vertical  plane  with  the 
top  of  the  mountain.  The  elevation  of  the  top  at  A  is  52°  and  at  B  is 
36°.     The  distance  AB  is  3500  feet.     Find  the  height  of  the  mountain. 

IS.  The  diagonals  of  a  rhombus  are  16  and  20  feet,  respectively. 
Find  the  lengths  of  the  sides  and  the  angles  of  the  rhombus. 
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16.  The  equation  of  a  line  ia  y  —  |i  +  10.  Compute  the  short- 
est distance  of  this  line  from  the  origin. 

17.  Find  the  perimeter  and  area  of  ABCD,  Fig.  65. 

67.  Th«  Law  of  the  Circular  Functions.  It  wiU  be  emphasized 
in  this  book  that  the  fundamental  laws  of  exact  science  are  three  in 
"number,  namely:  (1)  The  power  function 
expressed  by  y  =  ax"  where  n  may  be 
either  positive  or  negative;  (2)  the  har- 
monic or  periodic  law  j/  =»  a  sin  nx,  which 
is  fundamental  to  all  periodically  occurring 
phenomena;  and  a  third  law  to  be  dis- 
cussed in  a  subsequent  chapter.  While 
other  important  laws  and  functions  arise 
in  the  exact  sciences,  they  are  secondary 
to  those  expressed  by  the  three  funda- 
mental relations. 

function  in  the  following  words  {see  §34); 

In  any  power  function,  if  x  change  by  a  fixed  multiple,  y  is 
changed  by  a  fixed  multiple  also.  In  other  words,  if  x  change  by 
a  constant  factor,  y  will  change  by  a  constant  factor  also. 

Confining  our  attention  to  the  fundamental  functions,  sine 
and  cosine,  in  terms  of  which  the  other  circular  functions  can 
be  expressed,  we  may  state  their  law  as  follows:' 

The  circjtlar  functions,  sin  6  and  cos  B,  change  periodically  in 
value  proportionally  to  the  periodic  change  in  the  ordinate  and 
abscissa,  respectively,  of  a  point  moring  uniformly  on  the  circle 
x'^  +  y^  =  a\ 

The  use  of  the  periodic  law  in  natural  science  is,  of  course, 
very  different  from  that  of  the  power  function.  The  student  will 
find  that  circular  functions  similar  to  y  =  a  sin  ni  will  be  required 
in  order  to  express  properly  any  phenomena  which  are  recurrent 
or  periodic  in  character,  such  as  the  motion  of  vibrating  bodies, 
all  forms  of  wave  motion,  such  as  sound  waves,  light  waves,  electric 
waves,  alternating  currents  and  waves  on  water  surfaces,  etc. 
Almost  every  part  of  a  machine,  no  matter  how  complicated  its 
motions,  repeats  the  original  positions  of  all  of  the  parts  at 
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stated  iatervals  and  these  recurrent  positions  are  expressible  in 
terms  of  the  circular  functions  and  not  otberwise.  The  student 
will  obtain  a  most  limited  and  unprofitable  idea  of  the  use  of  the 
circular  functions  if  he  deems  that  their  principal  use  is  in  numer- 
ical work  in  staving  triangles,  etc.  The  importance  of  the 
circular  functions  lies  in  the  power  they  possess  of  expressing 
natural  laws  of  a  periodic  character. 

68.  Rotation  of  Any  Locus.  In  £36  we  have  ^own  that 
any  locus  y  =  /(x)  is  translated  a  distance  a  in  the  x  direction  by 
substituting  (x  —  a)  for  x  in  the  equation  of  the  locus.  Likewise 
the  substitution  of  (y  —  b)  for  y  was  found  to  translate  the  locus 
the  distance  b  in  the  y  direction.  A  discussion  of  the  rotation  of 
a  locus  was  not  considered  at  that  place,  because  a  displaeement 
of  this  type  is  best  brought  about  when  the  equations  are  expressed 
in  polar  coordinates. 

It  a  table  of  values  be  prepared  for  each  of  the  loci 

P  =  cos  fl  (1) 

p  =  COB  (fli  -  30°)  (2) 


p\   1        WS      1/2        0       -1/2     -  i\/3"        -1 

■     p"!      1    ""    "iv^S"      1/2        "O        -1/2     -WS      ". 

and  then  if  the  graph  of  each  be  drawn,  it  will  be  seen  that  the 
curves  differ  only  in  their  location  and  not  at  all  in  shape  or  size. 
The  reason  for  this  is  obvious:  The  same  value  of  p  is  ^ven  by 
$1  =■  90°  in  the  second  case  as  Is  given  by  fl  =  60°  in  the  first 
case,  and  the  same  value  of  p  is  given  by  9,  =  60°  in  the  second 
case  as  is  given  by  ff  =  30°  in  the  first  case,  etc.  The  sets 
of  values  of  p  in  the  two  cases  are  identical,  but  like  values  corre- 
spond to  vectorial  aiiglei^  6  differing  by  30°.  In  more  general 
terms  the  reasoning  is  that  if  {d,  —  30^)  be  substituted  for  6  in  any 
polar  equation,  then  since  (fl,  —  30°)  lias  been  put  equal  to  9,  it 
follows  that  e,  =  (9  +  30°),  orthenew  vectorial  angle  fli  is  greater 
than  the  original  6  by  the  amount  30°,    Since  all  values  of  9 
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in  the  aew  locus  are  increased  by  30°,  the  new  locus  is  the 
same  as  the  original  locus  rotated  about  0  (positive  rotation) 
by  the  amount  30°. 

The  above  reasoning  doea  not  depend  upon  the  particular  con- 
stant angle  30°  that  happened  to  be  used,  but  holds  just  as  well 
if  any  other  constant  angle,  say  a,  be  used  instead.  That  is, 
substituting  (ffi  —  a)  for  6  does  not  change  the  size  or  shape  of 
erely  rotates  it  through  an  angle  a  in  the  positive 
sense.  The  same  reasoning 
applies  also  to  the  general 
case :  If  p  =  f{B)  be  the  polar 
equation  of  any  locus,  then  p 
=  /(fli  —  a)  is  the  equation 
of  the  same  locus  turned 
about  the  fixed  point  0 
through  the  angle  a;  for  if 
(ffi  —  a)  be  every  where  substi- 
tuted for  the  vectorial  angle 
S,  ffi  must  be  a  greater  than 
the  old  9.  That  is,  each 
point  is  advanced  the  angular 
amount  a,  or  turned  that 
amount  about  the  point  0. 
The  rotation  is  positive,  or 
anti-clockwise,  if  a  be  posi- 
tive—thus, substituting  (9  —  30°)  for  fl  in  /j  =  a  cos  9  turns  the 
circle  p  =  a  cos  ff  through  30°  in  the  anti-clockwise  sense,  as  is 
shown  in  Fig.  66,  but  substituting  {6  ■\-  30°)  for  S  in  p  =  a  cos  tf 
turns  the  circle  p  =  a  cos  9  through  30°  in  the  clockwise  direc- 
tion of  rotation,  as  shown  in  the  same  figure. 
The  four  circle 

p  =  acos{e-l-a)  (3) 

p  =  o  cos  (ff  -  a)  (4) 

p  =  a  sin  (9  -I-  a)  (5) 

p  =  a  sin  {9  -  a)  (6) 

are  shown  in  Fig.  66.  Each  has  diameter  a.  The  student  must 
carefully  distinguish  between  the  constant  angle  a  and  the  variable 
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an^e  $,  just  as  he  must  distinguish  between  the  constant  distance 
o  and  the  variable  vector  p. 
The  above  result  constitutes  another  of  the 

Theoreus  on  Loci 

IX.  //  {B  —  a)  he  substituted  for  8  throughovt  the  polar  equation 
of  any  locus,  the  curve  is  rotated  through  the  angle  a  in  the  positive 
sense. 

Note  that  the  substitution  is  (S  —  a}  for  0  when  the  required 
rotation  is  through  the  positive  angle  a,  and  that  the  substitution 
is  (0  +  a)  for  0  when  the  required  rotation  is  through  the  negative 
angle  a. 

The  rotation  of  any  locus  through  any  angle  is  readily  accom- 
plished when  its  equation  is  given  in  polar  coordinates.  Rota- 
tions of  180°  and  90°  are  very  simple  in  rectangular  coordinates. 
Let  the  student  select  any  point  P  in  rectangular  coordinates  and 
draw  the  radius  vector  OP  and  the  abscissa  and  ordinate  OD  and 
DP;  then  show  that  the  substitutions  x  =  — ii,  y  =  —y,  will  turn 
OF  through  180°  about  0  in  the  planex^,  and  that  the  substitulJonB 
^  =  yi. !/  =  —  ^1  will  turn  OP  through  90°  about  0  in  the  plane  xy. 


Draw  the  following  circles: 
-  "V.  1.  p  -  3  cos  (S  -  30)°.         '^.  p  -  2 


]  (e  +  135"). 


2.  P 

=  3co 

(9  +  120°). 

8.  p  = 

4  oo 

.(.+ 

!)• 

■■^.,«-  " 

=  2sii 

(6- 

-45°). 

».  P  = 

5    Bt 

4- 

«)■ 

J.  Show 

that  p 

=  0 

in  9  is 

the 

locus 

o=a 

cos  e 

rotated 

counter  clockwise. 

Solution:    Write  p=  a  cos  (9-90°),  then 

p=a  COB  (90°-fl)  by  (2)  §68,  then  p=  a  ain  $  by  §67. 

69.  Polar  Equation  of  the  Straight  Lme.  In  Fig.  67  let  MN  be 
any  straight  line  in  the  plane  and  OT  be  the  perpendicular  dropped 
upon  MN  from  the  origin  0.  Let  the  length  of  OT  be  a  and  let 
the  direction  angle  of  OT  be  a,  where,  for  a  given  straight  line, 
a  and  a  are  constants.     Let  p  be  the  radius  vector  of  any  point 
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P  on  the  line  ASN  and  let  its  direction  angle  be  0.    Then,  by 
definition, 

^  -  cos  (0  -  a) 
Therefore  the  equation  of  the  straight  line  MN  is 

a  =  p  cos  (e  -  «)  (1) 

for  it  is  the  equation  satisfied  by  the  (p,  6)  of  every  point  of  the 
line.  This  is  the  equation  of  any  straight  line,  for  its  location  is 
perfectly  general.  The 
constants  defining  the  line 
are  the  perpendicular  dis- 
tance a  upon  the  given  bne 
from  0  and  the  direction 
angle  a  of  this  perpendic- 
ular. The  perpendicular 
or  or  a  ia  called  the  nor- 
mal to  the  line  MN  and 
the  equation  (1)  is  called 
the  nonnal  equation  of  the 
straight  line. 

The  equation  of  the  cir- 
cle shown  in  the  figure  is 

Pi  =  a  cos  {8  -  a)     (2) 
in  which  pi  represents  the 
radius  vector  of  a  point  Pi 
oa  the  circle.     From  plane  geometry  OT  or  a  is  a  mean  propor- 
tional between  the  secant  OP  and  the  chord  OPi,  or. 


pp,  =■  a'  (3) 

This  ^ves  the  relation  between  the  radius  vector  of  a  point  on  the 
line  and  the  corresponding  radius  vector  of  a  point  on  the  circle. 
Now  if  on  the  radius  vector  p  =  OP,  drawn  from  the  fixed  origin 
0  to  any  curve,  we  lay  off  a  length  OPi  =  pi  =  —  (where  a  is  a 
constant),  then  Pi  is  said  to  describe  the  inverse  of  the  given  curve 
with  respect  to  0,    In  this  special  case  the  circle  is  thejnverte  of 
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the  straight  line  and  vice  versa.    If  a  =  I  we  note  that  OPi  and 
OP  are  reciprocals  of  each  other. 

It  is  important  in  mathematics  to  associate  the  equation  of  the 
circle  and  the  equation  of  its  inverse  with  respect  to  0,  or  the  line 
tai^ent  to  it.    Thus 

/>  =  10  COS  (e  -  T) 


10  =  p  cofl  {e  -  l^ 


is  a  straight  line  tangent  to  it. 

70.  Relation  between  Rectangular  and  Polar  Co^dinates. 
Think  of  the  point  P  whose  rectangular  cofirdinates  are  (x,  y). 
If  the  radius  vector  OP  be  called  p  and  the  direction  angle  be 
called  8,  then  the  polar  coordinates  of  P  are  {p,  8).  Then  x  and 
y  for  any  position  of  P  are  the  projections  of  p  through  the 
angle  0,  and  the  angle  (90"  — 9),  respectively,  or, 

X  =  pcos  0  (1) 

J  =  pane  (2) 

These  are  the  equations  of  transformation  that  permit  us  to  express 
the  equation  of  a  curve  in  polar  coordinates  when  its  equation  in 
rectangular  coordinates  is  known,  and  vice  versa.  Thus  the 
straight  line  x  =  3  has  the  equation 

p  cos  9^3 

in  polar  coSrdinates.     The  line  x  +  y  =  3  has  the  polar  equation 

p  cos  9  +  p  sin  ff  =  3. 

The  circle  i*  +  j/*  =  a'  has  the  equation 
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To  solve  equations  (I)  and  (2)  for  0,  we  write 

6  =  the  angle  vhose  cosine  is 
P 

6  =  the  angle  whose  sine  is   - 

The  verbal  expression  "the  angle  whose  cosine  ia,"  etc.,  are 
abbreviated  in  mathematics  by  the  notations  "coa~',"  read 
"anti-cosine,"  and  "ein-*,"  read  "anti-sine,"  as  follows: 

9  =  cos-'  (x/p)  (3) 

0  =  sin-(y/p)  (4) 

Dividing  the  members  of  (2)  by  the  members  of  (1)  we  obtain 
tan  0  =  -„'  which,  solved  for  0,  we  write 

0  =  the  angle  whose  tangent  is  — 
which  may  be  abbreviated 

e  =  tan-'  (y/x)  (5) 

and  read  "d  =  the  anti-tangent  of  yjx." 
The  value  of  p  in  terms  of  x  and  y  is  readily  written 

P  =  Vx'  +  y>  (6) 

Exercises 

/■  L  Write  in  polar  coordinates  the  equation  i'  +  y'  +  8i  -  0. 
The  result  ia  p'  +  8p  cos  9  =  0,  or  p  ==  -8  cos  fl. 
^    2.  Write  in  polar  coordinates  the  equations  (a)  x*  -\-  y'  —  ^y  =  0; 
^ib)x*  +  y*  -M-iy  =  0;  (c)  t>  +  ji'  -  6)/  =  4. 

3.  Write  in  polar  coordinates  the  equations  (a)  x  +y  —  \;  (6)  I+2y 
^=  l;(c)  x  +  Viy  "2. 

4.  Write  in  rectangular  coordinates  (a)  p  cos  ff  +  p  sin  #  =  4;  (6) 
f>  COS  9  -r  3p  sin  9  =>  6. 

■  ■"    0.  Write  in  polar  coSrdinates  i'  +  2y'  —  4*  -■  0.         ^ 

71.  Identities  and  Conditional  Equations.    It  is  useful  to  make 
a  distinction  between  equalities  like  ' 

(a  -  x){a  +  X)  -  a'  -  a:'       ,  '     (I) 

which  are  true  for  all  values  of  the  variable  x  and  equalities  like 

x'  -  2x  =  3  '  (2) 
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which  are  true  only  for  certain  particular  values  of  the  unknown 
number.  When  two  expresaiona  are  equal  for  all  values  of  the 
variable  for  which  the  expressions  are  defined,  the  equality  is 
known  as  an  identity.  When  two  expressions  are  equal  only  for 
certain  particular  values  of  the  unknown  number  the  equality  is 
spoken  of  as  a  conditional  equation.  The  fundamental 
formula 

sin'  *  +  cos'  0  -  1 
is  an  identity. 

2  sin  4  +  3  cos  ^  =  3.55 
is  a  conditional  equation.    Sometimes  the  symbol  =  is  used  to 
distii^uish  an  identity;  thus 

a»  -  i>  s  (a  -  i)(a'  +  ax  +  x') 
Exercises 

The  following  exercisos  contain  problems  both  in  the  establishment 
of  trigonometria  identities  and  in  the  finding  of  the  values  of  the  un- 
known number  from  trigonometric  conditional  equations. 

The  truth  of  a  trigonometric  identity  is  established  by  reducing 
each  side  to  the  same  expression.  This  usually  requires  the  applica- 
tion of  some  of  the  fundamental  identities,  equations  (I)  to  (5), 
}63.  Facility  in  the  establishment  of  trigonometric  identities  is 
largely  a  matter  of  skill  in  recognizing  the  fundamental  forms  and  of 
ingenuity  in  performing  transformations.  In  verifying  the  identity 
of  two  trigonometic  expressions  it  is  best  to  reduce  each  expression 
separately  to  its  simplest  form.  Unless  the  student  writes  the 
work  in  two  separate  columns,  transforming  the  left  member  alone 
in  one  column,  and  the  right  member  alone  in  the  other  column, 
he  ifl  very  liable  to  get  erroneous  results.  All  results  should  be 
cheeked.    The  following  worked  exercises  will  aid  the  student. 

(a,)  Prove  that 

CI  -sinwcosuXsinu  +  cosu)  ^sm'u  +  oos'w 
The  sum  of  two  cubes  is  divisible  by  the  sum  of  the  numbers  them- 
selves so  that  after  division  we  have: 


Since  sin'  u  +  cos'  u  =  1,  this  equation  is  true  and  the  original  iden- 
tity is  established, 
(b)  Show  that 
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Substituting  sec'  x  =  — —  on  the  right  side 

or  sec'i  =  l+tan'a; 

which  is  a  fundamental  identity. 

Solutions  to  exercises  in  trigonotnetrio  conditional  equations  similar 
to  exercises  1,  4,  5,  9  below  must  be  checked.    The  necessity  for  a 
check  is  made  apparent  by  the  following  illustration : 
(c)  Solve  for  all  angles  less  than  360° 

2sina;  +  cosa;  =  2  (1) 

IVansposing  and  squaring  we  get: 

cos'  3:  =  4  -  8  sin  :e  +  4  sin'  x  (2) 

since  sin' J  +  cos' J  =  1. 

1  -  sin' »  =  4  -  8  sin  I  +  4  sin'  i  (3) 

5  sin'  a;  -  8  sin  K  +  3  -  0  (4) 

sin  ^  =  1,  or  0.8  (6) 

X  =  90",  37°,  or  143"  (6) 

Check:  2  sin  90°  +  cos  90°  =  2  +  0  =  2  (7) 

Check:  2  sin  37°  +  cos  37°  =  1.2  +  0.8  =  2  ■  (8) 

Does  2  sin  143°  +  cos  143°  =  1.2  -  0.8  =  0.4  =  2?  (9) 

The  last  value  does  not  check.  The  reasons  for  this  wUI  be  dis- 
cussed later  Jn  SS98  and  94.  Therefore  the  correct  solutions  are 
90°  and  37°. 

1.  Solve  for  all  values  of  fl  <  90°  :6  cos'  9  +  5  sin  ff  =  7. 
Soggbstion:    Write   6(1  —  sin'  0)  +  5  sin  9  —  7  and  solve   the 
quadratic  in  sin  6. 

6  sin'  fl-5sinfl+  1  =  0 

(3sinfl  -  1  )(2sin8  -  1)  -0 
sinS  =  1/3  or  1/2 
e  =  19°  or  30°. 
The  results  should  be  checked. 

2.  Prove  that  for  all  values  of  9  (except  ir/2  and  3ir/2,  for  which 
are  not  defined) 
see'  9  —  tan'  8  m  tan'  $  +  sec'  *. 
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V      3.  Show  that 

8ec*t»  —  ein'u  ■  tan'u  +  cob'u, 
for  all  values  of  the  variable  u  except  90°  and  270",  for  which  the 
expressions  are  not  defined. 
4.  Fmd  u,  if 

taa  u  +  cot  u  —  2. 
6.  Find  seo  e,  if 

2ao8»  +  Bine  =  2. 

6.  Find  the  distaace  of  the  end  of  the  diameter  of 

>,  -  8  ooB  (e  -  60") 
from  the  line  OX. 

7.  \i  PI  "  a  aoB  B,  and  p-,  =■  a  an.  8,  find  pi  —  px  when  9  —  60" 

8.  Find  the  polar  equation  of  the  circle  a;'  +  y'  +  6i  =  0. 

9.  For  what  value  of  8  does  p  =  3.55,  ifp=-2Hin»  +  3cos0? 
Result;    6  =  23°  30'  and  43°  30'. 

r  y    10.  Prove  that 

sin^  1  +C06  A 

l-oosA""siad 
\>     11.  Prove  that  2ooa't*  —  1  »  cos'  u  —  Bin'  u. 

12.  Prove  that 

\-^  . 

13.  Prove  that  aeo'  u  +  oac'  u  m  esc*  u  sec*  u. 

t  \  14.  Show  that    (tan  a  +  cot  a)*  m  sec*  a  cbc<  a. 

\/d>  +  6' 

15.  Findaintfif  osc  S ■ — — — ■ 

16.  A  circular  arc  is  4.81  inches  long.  The  radius  is  12  inches. 
What  angle  is  subtended  by  the  arc  at  the  center?  Give  result  in 
radians  and  in  degrees. 

17.  Certain  lake  shore  lots  are  bounded  by  north  and  south  lines 
66  feet  apart.  How  many  feet  of  lake  shore  to  each  lot  if  the  shore- 
line is  straight  and  runs  77°  30'  E.  of  N.? 

I    18.  If  J/  =  2  sin  A  +  3  cos  .A  -  3.55,  take  d  aa  20°;  aa  23°;  as  26*. 
■  Find  in  each  case  the  value  of  y.     ¥tom  the  values  of  y  just  found 
^  approximate  the  value  of  A  for  which  y  is  just  zero.    This  process  is 
known  as  "cut  and  try." 
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to  coincide  with  the  diameter  of  the 


18.  The  line  y  =  (3/2): 
mrole: 


p=lQc 


Rndo. 

30.  The  line  j/  ■>  2:i;  ie 


i(«- 


incide  with  the  diameter  of  the  circle: 

.0  sin  (e  +  «) 
Find  a. 

21.  To  measure  the  width  of  the  slide  dovetail  shown  in  Fig.  68, 
two  carefully  ground  cylindrioal  gauges  of  standard  dimensions  are 
placed  in  the  V'a  at  A  and  B,  as  shown,  and  the  distance  X  carefully 


It 


Fio.  68.— Diagram  to  Exercise  21. 

taken  with  amiarometer.     The  angle  of  the  dovetail  is  60°.     Find 
the  reading  of  the  micrometer  when  the  piece  ia  planed  to  the  required 
dimension  MA''  ^^  4   inches.     Also  find   the   diataaoe  Y.     (Adapted 
from  "Machinery,"  N.  Y.) 
22.  Show  that: 

p=sine  +  cob9 
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72.  The  Ellipse.  If  all  ordlnatea  of  a  circle  be  shortened  by 
the  same  fractional  amount  of  their  length,  the  resulting  curve 
is  called  an  ellipse.  For  example,  in  Fig.  69,  the  middle  points 
of  the  positive  and  negative  ordinates  of  the  circle  were  marked 
and  a  curve  drawn  through  the  points  so  selected.  The  result 
is  the  ellipse  ABA'B'A. 


If 


t  +  y 


a  the  equation  of  a  circle,  then 

j:'  +  (my)' 


(1) 


(2) 


a  the  equation  of  an  ellipse;  for 


in  which  m  is  any  constant  >  1, 
substituting  my  for  y  divides  all 
of  the  ordinates  by  m,  by  Theo- 
rem V  on  Loci,  §27.  TheelKpse 
may  also  be  looked  upon  as  the 
orthographic  projection  of  the 
circle.    See  §28. 

It  is  easy  to  show,  as  a  con- 
sequence of  the  above,  that  the 
shadow  cast  on  the  floor  by  a 
circular  disk  held  at  any  angle 
in  the  path  of  vertical  rays  of 
light  is  an  ellipse. 

The  curve  made  by  elongating    pia.  69.— Definition  of  the  Ellipse, 
by  the  same  fractional  amount 

of  their  length  all  of  the  abscissas  or  ordinates  of  a.  circle  is  also 
an  ellipse,  as  the  following  considerations  will  show. 

First  let  the  ordinates  of  the  circle  (1)  be  shortened 
The  result  is 

x"  +  (myy  =  o" 


A 

K 
K 

^At 

^^\ 

A^ 

H 

f 

3  before. 
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(2) 
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If  the  abscissas  of  the  same  given  circle  be  multiplied  by  m 
to  make  another  curve,  the  result  is 

{iY  +  y'-''  W 

where  m  is  supposed  to  be  >  1  in  both  cases.  If  equation  (3) 
be  multiplied  through  by  m'  we  get: 

a;'  +  (m3/)=  =  a^m^  (4) 

This  shows  that  the  second  curve  can  be  made  by  dividing  by  m 
all  of  the  ordinates  of  a  circle  of  radius  ma.  That  ia,  (3)  is  an 
ellipse  made  from  a  circle  of  radius  ma  in  the  same  manner 
that  the  ellipse  (2)  is  made  from  a  circle  of  radius  a.  Hence  (3) 
is  an  eUipse  whose  dimensions  are  m-fold  those  of  (2). 

Thus  an  elbpse  results  if  all  of  the  ordinates  or  if  all  of  the  ab- 
scisaasof  a  circle  be  multiplied  or  divided  by  any  given  constant  m. 

It  is  usual  to  write  the  multiplier  m  in  the  form  a/b,  so  that 
equation  (I)  may  be  written: 

x^  +  {ayjbY  =  a' 
or: 

x'/a'  +  y=/b'  =  1     .  (5) 

which  is  the  equation  of  the  ellipse  in  a  symmetricBl  form.  Apply- 
ing the  principles  of  §27,  the  locus  (5)  may  be  thought  of  as 
made  from  the  unit  circle  i'  +  y'  ■»  1  by  multiplying  its  abscissas 
by  o  and  its  ordinates  by  h. 

When  written: 

y  =  ±  jbla)  Vq^-~j'"  (6) 

y=  ±    ^a'-x-  (7) 

the  ellipse  and  circle  are  placed  in  a  form  most  useful  for  many 

purposes.     It  is  easy  to  see  that  (6)  states  that  its  ordinates  are 

the  fractional  amount  bja  of  those  of  the  circle  (7). 

In  rig.  69  the  points  A  and  A'  are  called  the  vertices  and  the 
point  0  is  called  the  center  of  the  ellipse.  The  tine  AA'  is  called 
the  major  axis  and  the  line  BB'  is  called  the  minor  axis.  It  is 
obvious  that  A  A'  =  2a,  and  from  equation  (5)  or  (6)  it  follows 
BB'  =  2b. 

The  definition  of  the  term  funUion  permits  us  to  speak  of  ^  as  a 
function  of  x,  or  of  x  as  a  function  of  y,  in  cases  like  equation  (5) 
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above;  for  when  x  is  given,  y  is  determined.  To  distinguish  this 
from  the  case  in  which  the  equation  is  solved  for  y,  as  in  (6),  y,  in 
the  former  case,  is  said  to  be  an  implicit  functicni  of  x,  and  in  the 
latter  case  y  is  said  to  be  an  explicit  function  of  x. 

If  a  circular  cylinder  be  cut  by  a  plane,  the  section  of  the 
cylinder    is   an    ellipse.    For    select  any   diameter   of   a    cir- 
cular section  of  the  cylinder  aa  the  a;-axi8.    Let  a  plane  be  passed 
through  this  diameter  making  an  angle  «  with  the  circular  section. 
Then  if  ordinatea  (or  chords  perpendicular  to  the  common  i-axis) 
be  drawn  in  each  of  the  two  planes,  all  ordinates  of  the  section 
made  by  the  cutting  plane  can 
be  made  from  the  ordinates  of 
the  circular  section  by  multiply- 
ii^  them  by  sec  a.     Hence  any 
plane  section  of  a  cylinder  is  an 
ellipse. 

73.  To  Draw  the  Ellipse.  A 
method  of  drawit^  the  ellipse  is 
shown  in  Fig.  70.  Draw  con- 
centric circles  of  radii  a  and  b 
rrapectively,  a  >  b.  Draw  any 
number  of  radii  and  from  their 
intersections  with  the  larger 
circle  draw  vertical  lines,  and 
from  their  intersections  with  the  smaller  circles  draw  horizontal 
lines.  The  points  of  intersection  of  the  corresponding  horizontal 
and  vertical  lines  are  points  of  the  elhpse. 

Proof.    In  the  figure,  let  P  be  one  of  the  points  just  described. 
Then: 

PsDs :  P,D  =  PiO  :  PiO 
or,  substituting  PD  for  the  equal  PtDi 

PD:PiD=  P/}.P,0 
Now  0P\  =  a  and  OPj  =  6  and  PiD  is  the  ordinate  of  the  circle 
of  radius  o  or  is  equal  to  V  a^  —  i*.    Substituting  these  in  the 
last  proportion  and  solving  for  PD  we  obtain: 

PD  =  y=  ±  ^V^^^^' 
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This  is  the  equation  of  an  elhpse.    Hence  the  curve  APB  ie  an 
etlipee. 

The  two  circles  are  called  the  major  and  minor  auziliai?  circles. 
The  vectorial  angle  6  of  Pi  is  called  the  eccentric  ai^e  or  the 
eccentric  anomaly  of  the  point  P.  ,     . 

Exercises 
1.  Draw  an  ellipse  whose  semi-axes  are  5  and  3,   and  write  its 

3.  From  what  circle  can  the  ellipse  y  —  ±  iV9  —  x'  be  made  by 
shoTtening  of  its  ordinates? 

3  Write  the  equation  of  the  ellipse  whose  major  axis  is  7  and  minor 
axis  is  5. 

4.  Find  the  major  and  minor  axes  of  the  ellipse  x'/7  +  y^/11  =  1. 

5.  What  curve  is  represented  by  the  equation  z'/9  +  y'/46  —  1? 
74.  Parametric   Equations    of    the   Ellipse.    From    Fig.    70, 

OD  and  PD,  the  abscissa  and  ordinate  of  any  point  P  of  the 
ellipse,  may  be  written  as  follows: 

1  =  a  cos  e  (1) 

y  =  b  sin  e 
for  OD  is  the  projection  o(  OPi  =  a  through  the  angle  $  and  DP 
is  the  projection  of  0P%  =  b  through  the  angle  vj2  —  0.  The 
pair  of  equations  (1)  is  known  as  the  parametric  equations  of  the 
ellipse.  The  angle  9,  in  this  use,  is  called  the  parameter.  Writ- 
ing (1)  in  the  form: 

X 

-  =  cos  a 
r  =  sin  fl 
squaring,  and  adding,  we  eliminate  0  and  obtain: 

the  symmetrical  equation  of  the  elhpse. 

If  the  abscissa  and  ordinate  of  any  point  of  a  curve  are  ex- 
pressed in  terms  of  a  third  variable,  the  pair  of  equations  are 
called  the  parametric  equations  of  the  curve.    Thus: 


/  =  (  +  ! 
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are  the  parametric  equatione  of  a  certain  straight  line.  Its 
ordinary  equation  can  be  found  by  eUminating  the  parameter  ( 
between  these  equations. 

From  equations  (I)  we  see  that  the  ellipse  might  be  defined  as 
follows:  Lay  off  distances  on  the  X-aida  proportional  to  cos  $, 
and  distances  on  the  F-axis  proportional  to  sin  0.  Draw 
horizontal  and  vertical  lines  through  the  points  of  division,  thus 
dividing  the  rectangle  2a,  2b  into  a  large  number  of  small  rec- 
tangles. Starting  at  the  point  (a,  0)  and  drawing  the  diagonals 
of  successive  cornering  rectangles,  a  line  is  obtained  which  ap- 
proaches the  eUipse  as  near  as  we  please  as  the  number  of  small 
rectangles  is  indefinitely  increased.  The  student  should  draw 
this  diagram.     See  Fig.  129. 

Exercises 
1.  Draw  the  curve  whose  parametric  equations  are: 


2.  Write  the  equation  of  the  ellipse  whose  major  and  t 
ire  10  and  6,  respectively. 
3  Find  the  axes  of  the  ellipse  whose  equation  ia: 

V  =  ±i  V36  -  X'. 
i.  Write  the  parametric  equations  of  the  ellipHe: 

y  =  ±  iVsi  -X'. 

5.  Discuss  the  curve: 

I  -  ±  iV4~3/r 

6.  Discuee  the  curves : 

i»  +4y'  =  1 
4i>  +    y>  =  1 


(1/4):.'  +    v'  =  l. 

7.  Write  the  Cartesian  equation  of  the  c 

urves  whose  parametric 

equations  are: 

'"[rJz:    <»'E:^r: 

^  '    Iv  =  V2  sin  &. 

8.  What  locufl  is  represented  by  the  parametric  equations 

x=2l  +  l 

!/  -  3(  +  57 
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e.  Show  that 

X  =  at 
y  =bl 
is  a  line  of  elope  b/a. 

10.  Write  the  equation  of  Ein  ellipse  whose  major  and  minor  axes 
are  6  and  4  respectively. 

11.  What  curve  is  represented  by  the  parametric  equations: 

I  =  2  +  6  cos  9 
y  =  5  +  2  sLq  #7 

12.  Show  that  the  curve 


is  tangent  to  the  codrdinate  axes. 

13.  The  sunlight  enters  a  dark  room  through  a  circular  aperture  of 
radius  8  inches,  in  a  vertical  window  and  strikes  the  floor  at  an  angle 
of  60".  Find  the  dimensions  and  the  equation  of  the  boundary  of 
the  spot  of  light  on  the  floor. 

14.  The  ellipse  

y  =  ±  i\/9~- i' 
is  Hie  section  of  a  circular  cylinder.     Find  the  angle  a  made  by  the 
cutting  plane  and  the  axis  of  the  cylinder. 

76.'  Other  Me&ods of  Constnictiiig  an  Ellipse.  The  following 
methods  of  cooatnicting  an  ellipse  of  Bemi-axes  a  and  b  may  be 
explained  by  the  student  from  the  brief  outlines  given: 

1.  Move  any  Une  whose  length  is  a  +  6  (see  Fig.  71)  in  such  a 
manner  that  the  ends  A  and  B  always  lie  on  the  X-  and  Y-axee, 
respectively.    The  point  P  describes  an  ellipse. 

2.  Mark  on  the  edge  of  a  straight  ruler  three  points  P,  M,  N, 
Fig.  72,  such  that  PM  "  b  end  PN  =  a.  Then  move  the  ruler 
keeping  M  and  N  always  on  AA'  and  BB'  respectively.  P 
describes  an  ellipse.  The  elliptic  "trammel"  of  "ellipsograph"  is 
constructed  on  this  principle  by  use  of  adjustable  pins  on  PMN  and 
grooves  on  AA'  and  BB'. 

3.  Draw  a  semicircle  of  radius  a  abodt  the  center  C,  Fig.  73, 
and  produce  a  radius  to  0  such  that  CTO  =  a  +  b.    From  C  draw 

ned  u  problems  to  varioui 
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any  number  of  lines  to  the  tangent  to  the  circle  at  T.  From  0 
draw  lines  meeting  the  tangent  at  the  same  points  of  TN.  At  the 
points  where  the  lines  from  C  cut  the  semicircle,  draw  parallels 


Fro.  73.— A  Graphical  Conetruotion  of  an  Ellipse. 

to  CT.    The  points  of  meeting  of  the  latter  with  the  lines  radiating 
from  0  determine  points  QR  the  elUpse. 
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To  prove  the  above,  note  that  OD  =  a  cos  fl,  PZ>  =  02>  tan  fl', 
also  that  tan  9  :  tan  d' :  la  ib.  DiBcuea  the  latter  case  when  b=  a 
and  alec  when  5  >  a. 

76.  Or^n  at  a  Vertex.  The  equations  of  the  elhpse  (5)  and  (6) 
§72  and  (I)  §71  are  the  most  useful  forms.  It  is  obvious 
that  the  elhpse  may  be  translated  to  any  position  in  the  plane 
by  the  methods  already  explained.  The  ellipse  with  center 
moved  to  the  point  (ft,  k)  has  the  equation: 

Of  special  importance  is  the  equation  of  the  ellipse  when  the  origin 
is  taken  at  the  left-hand  vertex.  This  form  is  best  obtained  from 
equation  (6),  §72,  by  translating  the  curve  the  distance  a  in 
the  X  direction.    Thus: 


or,  letting  I  stand  for  the  coefficient  of  x, 

y^  =  lx-^^,x^  =  lx{l  -x/2a)  (2) 

For  small  values  of  x,  x  j2a  is  very  small  and  the  ellipse  nearly 
coincides  with  the  parabola  y*  =  h. 

Tl.  Any  equation  of  the  second  degree,  lacking  the  term  xy  and 
having  the   terms   containing  i'  and  y*  both   present   and  with 
coeffidente  of  like  signs,  represents  an  ellipse  vnth  axes  paraliel  to 
the  codrdinate  axes-    This  is  readily  shown  by  putting  the  equation 
ax^  +  V  +  2gx  +  2fy+  c  =  0  (I) 

in  the  form  (1)  of  the  preceding  section.    The  procedure  is  as 
follows; 


o(.'  +  i'-x)  +  Kn'  +  2'jS)  .  -c  (2) 
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Let  M  stand  for  the  expression  in  the  right-hand  member  of  (3), 
then  we  get: 

i ?J    4-    L ^  =  ,  (4) 


This  shows  that  (1)  is  an  ellipse  whose  center  is  at  the  point 
{ '  —  r  I  and  which  is  constructed  from  the  circles  whose  cen- 
ters are  at  the  same  point  and  whose  radii  are  the  square  roots  of  the 
denominators  in  (4).  The  major  am  is  parallel  to  OX  orOy  ac- 
cording as  a  is  less  or  greater  than  (.  The  cases  when  the  locus 
is  not  real  should  be  noted.    Compare  §42. 

Illustration:    Find  the  center  and  axes  of  the  elllipse 
I'  +  4y'  +  62:  -  Sj/  =  23 
Write  the  equation  in  the  form 

x^  +  6x  +  iy^  -8y  =  23 
Complete  the  squares 

X'  +  6x  +  9  +  4y=  -  8y  +  4  =  36 
Rewriting  (x  +  3)*  +  4(j/  -  !)•  =  36 

or  (^  +  3)V36  +  (y-  1)V9  =  I 

This  is  seen  to  be  an  ellipse  whose  center  is  at  the  point  (—  3, 1) 
and  whose  semi-axes  are  a  =  6  and  b  =  3. 

The  rotation  of  the  ellipse  through  any  angle  about  0  as  a 
center  will  be  considered  in  another  place.  It  should  be  noted, 
however,  that  the  ellipse  is  turned  through  90°  bymerely  inter- 
changing X  and  y. 

78.  Limitiiig  Lines  of  an  Ellipse.  It  is  obvious  from  the 
equation 

that  X  =  a  and  X  =  —  o  are  limiting  Unes  beyond  which  the  curve 
cannot  extend;  that  is,  x  cannot  exceed  a  in  numerical  value 
without  y  becoming  imaginary.  The  same  test  may  be  appUed 
to  equations  of  the  form  r 

3;^  +  ix  +  9y'-6y  +  i  =  0 
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Solving  for  y  in  tenns  of  x: 

31/  -  1  ±    Vl  -  (r  +  2)' 
The  values  of  y  become  imaginary  when: 

■  (X  +  2)*  >  1 
or, 

a:  +  2>  +  lor  <  -  1 


These,  then,  are  the  limiting  lines  in  the  x  direction.  Finding 
the  limiting  lines  in  the  y  direction  in  the  same  way,  the  rectangle 
within  which  the  ellipse  must  he  is  determined. 

In  cases  like  the  above  the  actual  process  of  finding  the  limiting 
lines  and  the  location  of  the  center  of  the  ellipse  is  best  carried 
out  by  the  method  of  §77. 

Exercises 

Find  the  lengths  of  the  semi-axes  and  the  coArdinates  of  the  center 
for  the  six  following  loci  and  translate  the  curves  so  that  the  terms  in 
X  and  y  disappear,  by  the  method  of  577. 

1.  12a;'  -  iSx  +  3i/>  +  %y  =  13. 

2.  y*  -8y  +  '4x^  +  t  =0. 
».  x^  -Qx+  iy'  +  By  =5. 
4.  r»  +  fly'  -  12j  +  %  =  12. 

6.  4r»  +  i/«  -  12j  +  2i/  -  2  =  0. 

6.  x'  +2y*  -  X-  V2v  =  1/2, 

7.  Show  that  x'  +  ix  +  9y'  —  6^  =  0  passes  through  the  origin. 

8.  Show  that  «'  -  4i  +  4!/»  +  Sj/  +  4  =  0  is  an  ellipse. 

9.  Disousq  the  curves  T 
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10.  Discuss  the  following  parabolas: 

y  =  2px* 
y  -  ~  2pj' 


y  =  -  2pi'  +  b. 
Wh&t  are  the  roots  of  the  last  function? 

11.  Write  the  symmetrical  equation  of  the  ellipse  if  its  parametric 

equations  are : 

X  =  (3/2)  cos  e 
V  =  (2/3)  sin  9. 

12.  Discuss  the  curve  j/'  =  (18/5)*  -  (9/2S)i'. 
IS.  Compare  the  curves  j/'  =  a;  —  i'  and  y'  —  x, 
14.  Find  the  center  of  the  curve  j/'  =  2i  (6  -  x). 

79.  Graph  of  y  =  tan  x.  If  this  graph  ia  to  be  constructed  on  a 
sheet  of  ordinary  letter  paper,  %\  inches  X  11  inches,  it  is  desirable 
to  proceed  as  follows :  Draw  at  the  left  of  the  sheet  of  paper  asemi- 
circte  of  radius  1.15  .  .  .  inches,  (that  ifl,  of  radius  =  18/5a-},  so 
that  the  length  of  the  arc  of  an  angle  of  10°  orir/18  radians  will  be 
1  /5  inch.  Take  for  the  i-axis  a  radius  COX  prolonged,  and  take  for 
the  y-axis  the  tangent  OY  drawn  through  0,  as  in  Fig.  74.  Divide 
the  semicircle  into  eighteen  equal  parts  and  draw  radii  through  the 
points  of  division  and  prolong  them  to  meet  OY  in  points  T\,  Tj, 
Ti,  T,,  .  .  .  Then  on  the  y-axis  there  is  laid  off  a  scale 
YY'  in  which  the  distances  OTi,  OTt,  ...  are  proportional  to 
the  tangents  of  the  angles  OCSi,  OCiSi,  .  ,  . ;  for  the  tangents 
of  theseangles  areOri/CO.Orj/CO,  ,  .  .  and  CO  is  the  unit  of 
measure  made  use  of  throughout  this  diagram.  Draw  horizontal 
lines  through  the  points  of  division  on  Or  and  vertical  lines  through 
the  points  of  division  on  OX,  thus  dividing  the  plane  into  a  large 
number  of  small  rectangles.  Starting  at  0,  x,  2fl-,  .  .  .  — jr, 
— 2ir,  .  .  ,  and  sketching  the  diagonals  of  consecutive  cornering 
rectangles,  the  curve  of  tangents  ia  approximated.  Greater  pre- 
cision may  be  obtained  by  increasing  as  desired  the  number  of 
divisions  of  the  circle  and  the  number  of  corresponding  vertical 
and  horizontal  lines. 

It  is  observed  that  the  graph  of  the  tangent  is  a  series  of  similar 
branches,  which  are  discontinuous  for  x  ■=  jr/2,  —ir  12,  {3/2)ir, 
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—  (3  I2)ir,  .  .  .  For  theee  values  of  x  the  curve  has  vertical 
asymptotes,  aa  shown  at  AB,  A'B',  in  Fig,  74. 

If  the  number  of  correspondir^  vertical  and  horizontal  lines 
be  increased  sufficiently,  the  slope  of  the  diagonal  of  any  rectangle 
gives  a  close  approximation  to  the  true  slope  of  the  curve  at  that 
point. 

It  has  already  been  noted  that  all  of  the  trigonometric  functions 
are  periodic  functions  of  period  2jr.    It  is  seen  in  this  case,  however. 


:s^.^ 


F:o.  74. — Graphical  Construction  of  the  Curve  oF  Tangents  v  =  tanx. 
For  lack  of  room  only  a  few  of  the  points  Si.Sj,  ...  Ti.Tt,,  ..  .  are  lettered 
in  the  diagram.     The  (lotted  curve  is  tf  =  cot  x. 

that  tanx  has  also  the  shorter  period  tr;  for  the  pattern  MN, 
M'N',  M'N',  of  Fig.  74  is  repeated  for  each  interval  v  of  the 
variable  x. 

80.  Ratio  (sin  z)/x  and  (tan  z)/z  for  Small  Values  of  z.  Pre- 
cisely as  in  the  case  of  the  locus  o(y  =  sin  x,  the  rectangles  along, 
and  on  both  sides  of,  the  x-axis  in  the  graph  of  ;/  =  tan  x,  are 
nearly  squares.    In  Fig.  74,  the  x-sidea  of  these  rectangles  are 
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1  /5  inch,  but  the  jz-sidee  are  slightly  greater,  since  OTi  is  slightly 
greater  than  the  arc  OSi  of  the  circle.  To  prove  this,  note  that  OTi 
is  half  of  one  side  of  a  regular  IS-sided  polygon  circumscribed  about 
the  circle;  since  the  perimeter  of  this  polygon  ia  greater  than  the 
circumference  of  the  circle,  OTi  >  OSi,  for  these  magnitudes  are 
1  /36  of  the  perimeter  and  circumference,  respectively,  just  named. 
Likewise  in  Fig.  59,  DS,  <  OS,,  for  DS,  is  one-half  of  the  side  of 
an  IS-sided  regular  polygon  inscribed  in  the  circle  and  OSi  is 
1  /36  of  the  circumscribed  circumference. 
Hence: 

sinr  <  r  <  tana;  (1) 

or  dividing  by  sin  x, 

1  <  -^  <  sec  a;  (2) 

sin  I  ^  ' 

Now  as  X  approaches  0,  the  last  term  of  this  inequality  approaches 
unity.  Hence  the  second  term,  whose  value  always  lies  between 
the  first  and  third  term  of  the  inequality,  must  approach  the  same 
value,  1.     This  fact  is  expressed  in  mathematics  by  the  statement 

the  limit  of =  1  as  i  approaches  0 

or,  in  symbols: 

x^O       X     "^  (3) 

Dividing  (1)  by  tan  x, 

"'»='<  t^  < '  <*> 

Now  as  X  approaches  0,  the  first  term  of  this  inequality  approaches 
unity.  Hence  the  second  term,  whose  value  always  lies  between 
the  first  and  third  term  of  the  inequality,  must  approach  the  same 
value,  1.    This  fact  is  expressed  by  the  statement 

the  limit  of  — - —  =  1  as  a;  approaches  0 
or,  in  symbols: 

lim      tanx 
X  *  0    ^^       ^  (^' 

Equations  (3)  and  (5)  express  very  useful  and  important  facte. 
Geometrically  they  state  that  the  rectangles  along  the  x-axis  in 
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F^s.  59  and  74,  approach  more  and  more  nearly  squares  as  the 
number  of  intervals  in  the  circle  is  increased.  Each  of  the  ratios 
in  (2)  approaches  as  near  as  we  please  to  unity  the  smaller  x  is 
taken,  but  the  limits  of  these  ratios  are  unity  only  when  the  angles 
are  measured  in  radians. 

The  word  "limit"  used  above  stands  for  the  same  concept  that 
arises  in  elementary  geometry.  It  may  be  formally  defined  as 
follows: 

Definition:  A  constant,  a,  is  called  the  Hmit  of  a  variable, 
(,  if,  as  t  runs  through  a  sequence  of  numbers,  the  difference 
(o  —  ()  becomes,  and  remains,  numerically  smaller  than  any  pre- 
assigned  number. 

81.  Graph  of  cot  z.  In  order  to  lay  off  a  sequence  of  values  of 
cot  fl  on  a  scale,  it  ia  convenient  to  keep  the  denominator  con- 
stant in  the  ratio  (abscissa)  /(ordinate)  which  defines  the  cotangent. 
F„  p,,    p,  Pj  p,  p^  P,    P,       Pj  P, 


DiD, 

Fio.  75. — Construction  oE  a  Scale  of  Cotangents. 

The  denominator  may  also,  for  convenience,  be  taken  equal  "to 
unity.  Thus,  in  Fig.  75,  the  triangles  of  reference  DiOP,,  D^P,, 
.  .  .for  the  various  values  of  S  shown,  have  been  drawn  so  that 
the  ordinates  FiDi,  PJ>-i,  ...  are  equal.  If  the  constant  ordi- 
nate be  also  the  unit  of  measure,  then  the  sequence  ODi,  ODt,  OD^, 
.  .  .  OD7,  OD^,  represents,  in  magnitude  and  sign,  the  cotan- 
gents of  the  various  values  of  the  argument  0.  Using  ODi,  OD2, 
...  as  the  successive  ordinates  and  the  circular  measure  of 
9  as  the  successive  abscissas,  the  graph  of  jf  =  cot  x  is  drawn,  as 
shown  by  the  dotted  curve  in  Fig.  74. 

The  sequence  OD],  ODj,  .  .  .  Fig.  75  is  exactly  the  same  as  the 
sequence  OTi,  OTi,  .  .  .  Fig.  74,  but  arranged  in  the  reverse 
order.  Hence,  the  graph  of  the  cotangent  and  of  the  tangent  are 
alike  in  general  form,  but  one  curve  descends  as  the  other  ascends, 
so  that  the  position,  in  the  plane  xy,  of  the  branches  of  the  curve 
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are  quite  different.  In  fact,  if  the  curve  of  the  tangents  be  rotated 
about  OY  as  axis  and  then  translated  to  the  right  the  distance 
T  /2,  the  curves  would  become  identical.  Therefore,  for  all  values 
of  x: 

tan(T/2  -z)  =-  cotz  (1) 

This  is  a  result  previously  known. 


\\       / 
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Fio.  76. — Graphical  Constniction  of  i/  =  see  x. 

82,  Graph  of  f  =  sec  x.  Since  sec  ff  is  the  ratio  of  the  radius 
divided  by  the  abacissa  of  any  point  on  the  terminal  side  of  the 
angle  9,  it  is  desirable,  in  laying  olf  a  scale  of  a  sequence  of  values 
of  sec  6,  to  draw  a  series  of  triangles  of  reference  with  the  abscissas 
in  all  cases  the  same,  as  shown  in  Fig,  76.  In  this  figure  the  angles 
were  laid  off  from  CQ  as  initial  line.    Thus: 

CTt!CSi  =  aecQCS, 

or,  if  CjSi  be  unity,  the  distances  like  CTt,  laid  off  on  CQ,  are  the 
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secants  of  the  angles  laid  off  on  the  arc  QS,0  or  laid  off  on  the  axis 
OX. 

The  student  may  describe  the  manner  in  which  the  rectangles 
made  by  drawing  horizontal  lines  through  the  points  of  division  on 
CQ  and  the  vertical  lines  drawn  at  equal  intervals  along  OX,  may 
be  used  to  construct  the  curve.  If  the  radius  of  the  circle  be  US 
inches,  what  should  be  the  length  of  On-  in  inches? 

The  student  may  construct  and  discuss  the  locus  oi  y  =  esc  x. 
Compare  with  the  locus 


Exercises 
1.  Discuss  from  the  diagrams,  59,  74,  76,  the  following  statements: 
Any  number,  however  large  or  small,  is  the  tangent  of  some  angle. 
The  sine  or  cosine  of  any  angle  cannot  exceed  1  in  numerical  value. 

The  secant  or  cosecant  of  any  angle  is  always  numerically  greater 
than  1  (or  at  least  equal  to  1). 

3.  Show  that  sec  (|-  —  z  1   =  osc  a;  for  all  values  of  x. 

S,  If  tan  9  sec  fl  =  1,  show  that  sin  fl  =  UVS  -  1)  and  find  8 
by  use  of  polar  coordinate  paper.  Form  M3. 

4.  Describe  fully  the  following,  locating  nodes,  troughs,  crests, 
asymptotes,  etc.: 


'('-'.) 


y  =  tan  [x  +  ^j 
y  =  tan  (i  +  I). 
83.  Increasing  and  Decreasing  Functions.  The  meanings  of 
these  terms  have  been  explained  in  §26-  Applying  these  terms  to 
the  circular  functions,  we  may  say  that  y  =  &\n.x,y  =  tan  x, 
y  =  stcx  are  increasing  functions  for  Q  <  x  <  t  /2.  The  co- 
funetiona,  y  =  coax,y  =  cot  i,  {/  =  esc  i,  are  decreasing  functions 
within  the  same  interval. 

Exercises 

Q  of  the  graphs  of 
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1.  In  which  quadrants  is  the  sine  an  increaaing  function  of  the 
angle?     In  which  a  decreasing  function? 

2.  In  which  quadrants  is  the  tangent  an  increosiog,  and  in  which  a 
decreasing,  function  of  its  variable? 

3.  In  which  quadrants  are  the  cos  6,  cot  8,  sec  8,  esc  8,  increasing 
and  in  which  are  they  decreasing  functions  of  9? 

4.  Show  that  all  the  co-functions  of  angles  of  the  first  quadrant  are 
decreasing  functions. 


Fio.  77. — Construction  of  the  Rectangular  Hyperbola. 

84.  The  Rectangular  Hyperbola.  We  have  seen  that  the  circle 
is  the  locus  of  a  point  whose  abscisaa  is  a  cos  tf  and  whose  ordinate 
is  a  ain  6.  The  rectangular,  or  equilateral,  hyperbola  may  be 
defined  to  be  the  locus  of  a  point  whoae  abscissa  is  a  sec  6  and  whose 
ordinate  ia  a  tan  fl.  To  conBtruct  the  curve,  divide  the  X-axis  pro- 
portionally to  sec  d,  and  the  Y-aicis  proportionally  to  tan  6,  as 
shown  in  Fig.  77.  The  scale  OX  of  this  diagram  may  be  taken 
from  OY  of  Fig.  76,  and  the  scale  OY  may  be  taken  from  OY  of  Fig. 
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74.    The  plane  of  xy  may  be  divided  into  a  lai^e  number  of  rec- 
tangles by  passing  lines  through  the  points  of  division  perpendicu- 
lar to  the  scales  and  then,  starting  from  A  and  A',  sketching  the 
diagonals  of  the  successive  cornering  rectangles. 
The  parametric  equations  of  the  curve  are,  by  definition: 

y  =  a  tan  ff  J 
The  Cartesian  equation  is  easily  found  by  squaring  each  of  the 
equations  and  subtracting  the  second  from  the  first,  thus  eliminat- 
ii^  0  by  the  relation  sec'  S  —  tan'  9=1: 

x^  -  y^  =  a'(sec'  6  -  tan'  0) 
or, 

X*  -  y'  =  a'  (2) 

This  is  the  Cartesian  equation  of  the  rectangular  hyperbola. 
The  equation  of  the  rectangular  hyperbola  may  also  be  written  in 

the  useful  form:  

y  =  ±  Vi'  -  a'  (3) 

Compare  (1)  and  (3)  with  the  equations  of  the  circle. 

The  rectangular  hyperbola  here  defined  will  be  shown,  in  §86, 
to  be  the  curve  2zi;  =  o'  rotated  45°  clockwise  about  the  origin. 

86.  The  Asymptotes.  Let  G'G  be  the  hne  y  =  x,  Fig.  77.  The 
slope  of  OP'  ie  PD  lOD  or  y  jx  or 

a  tan  9  _    . 

The  value  of  0  corresponding  to  the  pointP  is  AOH.  As  the  point 
P  moves  upward  and  to  the  right  on  the  curve,  the  angle  fl,  or 
AOH,  approaches  90°  and  sin  0  approaches  unity.  Hence  the 
Une  OP  approaches  OG  as  a  limit,  and  P  approaches  as  near  as  we 
please  to  OG.  The  same  reasonii^  applies  to  points  moving  out 
on  the  curve  in  the  other  quadrants.  The  lines  GG'  and  J  J'  are 
called  asymptotes  to  the  hyperbola. 

86.  The  Curves  2iy  =  a'  and  x'  —  y'  =  a'.  In  Fig.  78,  let 
the  curve  be  the  locus  2i,j/i  =  o',  referred  to  the  axes  Xy'Xi  and 
Yi'Yi.  This  curve  has  already  been  called  the  rectangular  hyper- 
bola.    (See  §23.)     We  desire  to  find  the  equation  of  the  curve 

>  To  avoid  an  eicearive  number  ol  conBttuctioa  Udm,  OP  a  not  shawD  in  tbs 
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referred  to  the  axes  XiX't  and  YfY't.  In  the  figure,  yi  is  the  sum 
of  the  projections  of  xj  and  j/i  on  PDi.  The  ai^e  of  projection  is 
45",  whose  cosine  is  i\/2.    Hence, 

y.  =  iV2(yi  +  x.)  (1) 

Likewise,  xi  is  the  difference  in  the  projections  through  45°  of  xt 
and  y,  on  Z,X'i.     Or: 

a:i  =  iVZC^i-Wi)  (2) 

Hence,     multiplying     the 
members  of'(l)  and  (2): 

2i,j/,  =  xt'  -  V,'  (3) 
Since  by  hypothesis  2xiyi 
=  o',  the  equation  of  the 
curve  referred  to  the  axes 
X2Y,  is 

I,'  -  y^*  =  a'  (4) 
Thus,  2xy  =  a*  is  the 
curve  x'  —  y'  =  a'  turned 
anti-clockwise  through  an 
angle  of  45°. 

By  §27,  the  curve  2xy 
=  a'  may  be  made  from 
a:;/  =  1  by  multiplying 
both  the  abscissas  and  the  ordinates  by  al\/2. 

Are  the  curves  xy  =  1  and  x*  —  y'  =  1  of  the  same  size  ? 

87.  Hyperbola  of  Semi-axes  a  and  b.  The  curve  whose  ab- 
scissas are  proportional  to  sec  tf  and  whose  ordinates  are  pro- 
portional to  tan  0  is  called  the  hyperbola.  Its  parametric 
equations  are,  therefore: 

X  =  a  sec  0I 

y  =  b'tan  9]  ^^' 

where  a  and  b  are  constants. 

To  construct  the  curve,  draw  two  concentric  circles  of  radii  a  and 
6,  respectively,  as  in  Fig.  79.  Divide  both  circumferences  into 
the  same  number  of  convenient  intervals.  Lay  off,  on  XOX', 
distances  equal  to  a  sec  d  by  drawing  tai^ents  at  the  points  of 
division  on  the  ciicumfereuce  of  the  o-circle;  also  lay  off  distances 
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equal  to  b  tan  8  on  the  vertical  tangent  to  the  6-circIe  by  prolong- 
ing the  radii  of  the  latter  through  the  points  of  division  of  the  cir- 
cumference. Draw  horizontal  and  vertical  lines  through  the 
points  of  division  of  MN  and  XX'  respectively,  dividing  the 
plane  into  a  large  number  of  rectangles  which  are  used  exactly 
as  in  Fig.  77  for  the  construction  of  the  curve. 

In  the  above  construction,  there  is  no  reason  why  the  diameter  of 
the  t-circle  may  not  exceed  that  of  the  a-circle. 
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Fig.  79.— The  Hyperbola  a^/o'  —  v'/6>  ■ 
Writii^  (1)  in  the  form: 


and  eliminating  8  as  before  we  obtain: 

?!  ^y"  =  1 

a>       b< 


(2) 
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the  Cartesian  equation  of  the  hyperbola.  This  is  also  called  the 
Bjmmetrical  equation  of  the  hyperbola. 

The  line  AA'  =  2a  ia  called  the  transverfie  axis,  the  line  BB" 
is  called  the  conjugate  axis,  the  points  A  and  A'  are  called  the 
verticeB,  and  the  point  0  is  called  the  center  of  the  hyperbola. 
Let  the  line  (t'0(j  be  the  line  through  the  or^in  of  slope  i> /a  and  let 
J'OJ  be  the  line  of  slope  —  b/a.  The  slope  of  the  radius  vector 
OP  is: 

OD  ^ 

The  limit  of  thia  ratio  as  the  point  P  moves  out  on  the  curve  away 
from  0  is  6 /a;  forfi  approaches  90°  asPnaovea  outward,  and  hence 
ein  6  approaches  1.  Hence,  the  line  OP  approaches  in  direction 
OG  as  a  limit.  Points  movii^  along  the  curve  away  from  0  in  the 
other  quadrants  likewise  approach  aa  near  as  we  please  to  G'G  or 
J' J.  The  lines  G'G  and  J' J  are  called  the  asymptotes  of  the  hyper- 
bola.   The  equations  of  these  lines  are 

y-  ±  ji  (3) 

Solving  the  equation  (2)  for  y,  the  equation  of  the  hyperbola  may 
be  written  in  the  useful  form 

y  =  ±  \\/i'~-~l'  (4) 

Compare  this  equation  with  the  equation  of  the  ellipse,  (6)  5  72. 

It  is  easy  to  show  that  the  vertical  distance  PG  of  any  point  of 
the  curve  from  the  asymptote  G'G  can  be  made  as  small  as  we  please 
by  moving  P  outward  on  the  curve  away  from  0. 

Write  the  equation  of  the  hyperbola  in  the  form 

y,  =  ^^ii  --fli  (5) 

and  the  equation  of  the  asymptote  GG'  in  the  form 


-d  -  Vi"'  -  a')  (7) 
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by  multiplying  both   numerator   and    denominator  in  (7)  by 

X  +  *^/x'  —  a'.      Now,  as  x  increases  in  value  without  limit  the 

right  side  of  (8)  approaches  zero.    Whence: 

PG  A  0  as  a:  *  «. 

Exercises 

1.  Write  the  Bymmetrioal  equation  of  the  hyperbola  frpm  the^ 
parametric  equations  x  ^  5  sec  0,  ^  —  3  tan  B.        .  /     ■' 

3.  Find  the  Cartesian  equation  of  the  hs'perbola  fronv  t^  relations 
X  =  7  sec  9,  y  =  10  tan  6.  Note  that  the  graphical  construction  of 
the  hyperbola  holds  if  b  >  a. 

3.  What  curve  is  represented  by  the  equation 

(X  -_3)»  _  (y  +  2)'  _ 
25  16 

4.  What  curve  is  represented  by  the  equation  y  =  iVx'  —  o'? 
8.  Write  the  equation  of   a  hyperbola  having  the   asymptotes 

tf  "  ±  (3/4)  X,  and  transverse  axis  =  24. 
6.  Show  that  the  curves 


(I  +  3)'  -  (y  +  2)'  =  1 
are  the  same,  and  show  that  each  ia  a  hyperbola. 

7.  What  curve  is  represented  by  the  equations 

z  =  k  +  a  sec  e 
y  -  fc  +  6  tan  tf  ? 

8.  Discuss  the  curve  x*  -  9x  -  2y'  ~  12y  =  0. 

88.  Orthographic   Projections.    When   the   equation   of   the 
hyperbola  is  written  in  the  useful  form 

y=  ±  ^V'x'"^a'  (1) 

It  is  seen  that  the  hyperbola  may  be  looked  upon  as  generated  from 
the  equilateral  hyperbola 

y=±  V^'-^'  (2) 

by  multiplying  all  of  its  ordinates  by  b  ja. 

89.  Conjugate   Hyperbolas.     Consider   the   hyperbola 
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Interchangmg  x  and  y  in  this  equation  givee,  by  Theorem  III  on 
Loci,  S24,  a  new  locus  which  is  the  reflection  of  (1)  in  the  line 
!/  ■=  X.     The  new  equation  may  be  written  in  the  form 


6»  ' 


-1 


(2) 


in  which  all  signs  have  been  changed  after  interchanging  x  and  y. 
Since  (2)  is  the  same  curve  as  (1)  but  in  a  new  position,  it  is  still 
a  hyperbola;  its  vertices  are  located  on  the  K-axis  instead  of  on 
the  X-axis.    The  asymptotes  of  (1)  have  been  found  to  be 


(3) 


Therefore  the  asymptotes  of 

(2)  may  be  found  by  reflecting 

(3)  in  the  line  y  =  x\  hence 
they  must  be  given  by: 


'±-,-x 


(4) 


Now,  if  the  constants  a 
and  h  in  equation  (2)  be  in- 
terchanged giving  thereby  the 
equation 

then  the  shape  of  the  hyper- 
bola (2)  will  be   changed  but    „  ^°-  f-^  ^amUy  of  Conjugate 
.  ■  -11  1.  1.       J      V^i^B   of  Hyperbolas  with    Common 

Its  position  will  be  unaltered,  Aaymptotes.  {An  interference  pal^ 
that  is,  its   vertices  will   still     tern  made  from  a  glasB  plate   under 

1 i„„„i„j    „„     tka    V  avis      compresBion.       From     R.     Strauble. 

be    located    on     the    y-axiS.     „^^^^   ^^    Elastidtata-zahlen    u-d 
The    asymptotes   of    (5)   are     moduln    des    GlaseB."     Wied.    Ann. 
found,   of  course,    by   inter-    Bd.  68,  1899.  p.  381.) 
changing  a  and  6  in  (4),  which 

gives  an  equation  exactly  like  (3).  Hence  the  hyperbola  (5)  has 
the  same  aaymptotes  as  the  original  hyperbola  (1).  When  a 
hyperbola  with  vertices  on  the  V-axis  has  the  same  asymptotes 
as  a  hyperbola  with  vertices  on  the  X-axis,  and  of  such  size  that 
the  transverse  axis  of  one  hyperbola  is  the  conjugate  axia  of  the 
other,  then  the  two  hyperbolas  are  said  to  be  conjugate  to  each 
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Other.    Thus  (1)  &nd  (5)  are  two  hyperbolas  which  are  conju- 
gate to  each  other..  Obviously  a  hyperbola  and  its  conjugate 
completely  bound  the  space  about  the  origin,  except  the  cuts  or 
lines  represented  by  the  common  asymptotes. 
Fig.  80  showa  a  family  of  pairs  of  conjugate  hyperbolas. 

Exercises 
le  pair  of  axes  the  four  following  hyperbolas  and 


(  of   the  hyperbola  y  = 


1.  Sketch  on  th. 

their  aaymptotes : 
(1)  X'  -y'  =  2S 

(2) 

!»-;,'=- 

2. 
3. 

Find  the  as 
Compare  th« 

4.  Compare  the  curves  r 


0.  Write  the  equation  of  the  hyperbola  conjugate  to 
y  ^  ±i  Vi'  -  64. 

6.  Compare  the  graphs  of: 

y  -  ±  i  Vi'  -  64 
J/  -  ±  i  Vi'  -  X6 
y  =  ±  }  Vj»  -  4 
V=  ±i  Vj>_-I 
y  =  ±  i  V*'  -  1/16 
y  =  ±  i  Va:'  -  0. 

7.  Show  that  3a;»  -  4sf»  -  7z  +  5jf  +  2  =.  0  is  a  hyperbola.  Find 
the  position  of  the  center  and  of  the  vertices.  The  vertices  locate 
the  so-called  "limiting  lines"  of  the  hyperbola. 
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8.  Show  that  X*  —  ix  —  4y'  +  iy  =  i  IB  a  hyperbola.     Find  the 
limiting  linea  and  center. 

9.  Discuss  the  graphs: 


I/'  -  I'  =  1. 

10.  Discuss  the  graph  16i'  —  y*  —  40i  —  6y  =  2,  and  find  the 
limiting  lines. 

11.  In  Fig.  77,  show  that  DS  =  PD  and,  hence,  from  the  triangle 
DSO,  i'  -  v'  =  a'. 

18.  In  Fig.  77.  show  that  PK  =  x  ~  y,  PK'  -•  x  +  y,  and  that  the 
rectangle  PK  X  PK'  is  constant  for  all  positions  of  P  and  equal  to  the 
square  on  OA. 
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90.  The  Rational  Integral  Function  of  z.  The  general  form  of 
a  polynomial  of  the  nth  degree  is: 

0*1"  +  oii"->  +  otT*-'  +   .   .   .  +  a^ix  +  o. 

where  the  symbols,  oo,  oi,  fit,  .  .  .  ,  stand  for  any  real  constants 
whatsoever,  positive  or  negative,  integral  or  fractional,  rational  or 
irrational,  and  where  n  is  any  positive  integer.  The  number  of 
terms  in  the  rational,  integral  function  of  the  nth  degree  is  (n  +  1). 

91.  The  Remainder  Theorem.  If  a  rational  integral  function  of 
X  be  divided  by  (x  ~  r)  the  Temainder  which  does  not  contain  x  is 
obtained  by  writing,  in  the  given  function,  t  in  place  of  x:  This 
theorem  means,  for  example  that  the  remainder  of  the  division : 

{x"  -  ^x^  +  l\x  -  6)  +  (i;  -  4)  is 4'  -  6(4}'  +  11(4)  -  6or6 
Also  that  the  remamder  of  the  division: 
.  (a:'  -  6x'  +  111  -  6)  4-  (j!  +  1) 

(-l)'-6(-l)»+ll(-l)-6-  -24 
The  theorem  enables  one  to  write  the  remainder  without  actually 
performing  the  division. 
To  pfove  the  theorem,  let 

f{x)  =  flflX"  +  aix-->  +  atE"-»  +   .   .   .   +  On-ix  +  a.    (1) 
and:  /(r)  =  a»r»  +  oir--'  +  a^r'-*  +   .    .    .   +  o.-if  +  a.    (2) 
then: 
fix)  -/(r)  =  o,(x-  -r-)  +  0,(0^-'  -  r--')  +  .    .    . 

+  ar,(^  -  r)  (3) 
The  right  side  of  this  equation  is  made  up  of  a  series  of  terms  con- 
taining differences  of  like  powers  of  x  and  r,  and,  hence,  by  the 
well-known  theorem  in  factorii^,'  each  binomial  term  is  exactly 
divisible  by  (a:  —  r).  The  quotient  of  the  right  side  of  (3)  by 
'  See  Appendix. 
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(x  —  r)  may  be  written  out  at  length,  but  it  is  sufficient  to 
abbreviate  it  by  the  symbol  Q(x)  and  write: 


S.«W+/<:>j  (5) 

Now  if  iV  be  any  dividend,  D  any  divisor,  and  Q  the  quotient  and 
R  the  remainder,  then: 

NID  =  Q  +  RID  (6) 

Thia  form  applied  to  (5)  shows  that  /(r)  is  the  remainder  when 
fix)  IB  divided  by  (i  -  r).  Thus  the  Remainder  Theorem  is 
established. 

92.  The  Factor  Theorem.  If  a  rational  integral  function  of 
X  becomes  zero  when  r  is  wriUen  in  the  place  of  x,  {x  —  r)  is  a  fac- 
tor of  the  function:  This  means,  for  example,  that  if  3  be  substi- 
tuted for  X  in  the  function  x^  —  Qx*  +  lli  —  6  and  the  reaiJt 
31  _  6(3)>  +  11(3)  -6  =  0,  then  {x  -  3)  is  a  factor  of 
x^-Qx^+nx~6.     ■ 

This  theorem  is  but  a  corollary  to  the  remainder  theorem. 
For  if  the  substitution  x  =  r  renders  the  function  zero,  the 
remainder  when  the  function  is  divided  by  {x  —  r)  is  zero,  and  the 
theorem  is  established. 

The  value  r  of  the  variable  x  that  causes  the  function  to  take 
on  the  value  zero  has  already  been  named  a  root  or  a  zero  of  the 
function^  The  factor  theorem  may,  therefore,  be  stated  in  the 
form:  A  ration<U  integral  function  of  the  variable  x  is  exactly 
divisible  by  (x  —  r)  where  r  is  any  root  of  the  function. 

The  familiar  method  of  solvii^  a  quadratic  equation  by  factor- 
ing is  nothii^  but  a  special  case  of  the  present  theorem.    Thus  if: 

i'  -  5a;  +  6  =  0 
then: 

ix  -  2)(x  -  3)  =  0 
and  the  roots  are  ;i;  =  2  and  i  =  3.    The  numbers  2  and  3  are 
such  that  when  substituted  in  a;'  —  5i  +  6  the  expression  is 
zero;  and  the   factors  of   the   expression  are  x  —  2  and  x  —  Z 
by  the  factor  theorem, 
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1.  Tabulating  the  cubic  polynomial  x'  —  6i'  +  \\x  —  6,  we 
obtain : 

X        -3-2-1-01         1.5         2         2.5        34 
/(s),  -  120,  -  60,  -  24,  -  6,  0,  +  0,375,  0,  -  0.375,  0,  6 
What  is  the  remainder  when  the  functioQ  is  divided  by  i  —  4? 
By  I +2?     By  I +  3?     By  i  -  1.5?     By  i  -  3? 
Name  three  factors  of  the  above  function. 

2.  Find  the  remainder  when  x*  —  5x'  +  12a;*  +43;  —  8  is  divided  , 
by  j:  -  2. 

8.  Show  by  the  remainder  theorem  that  a;"  +  a*  is  divisible  by 
X  +  a  when  n  is  an  odd  integer,  but  that  the  remainder  is  20"  when  n 
is  an  even  integer. 

4.  Without  actual  division,  show  that  x*  —  tr'  —  7r  —  24  b 
divisible  by  i  —  3. 

6.  Show  that  a'  +  o'  —  db'  —  b'  is  divisible  by  a  —  6. 

6.  Show  that  (6  -  c){6  +  e)'  +  (c  -  o)(c+  o}'  +  (o  -  b}(.a  +  b)' 
ia  divisible  by  (6  -  c)(c  -  a)(.a  -  b). 

T.  Show  that  (i  +  l)'(i  -  2>  -  4(i  -  l"l{*  -  5)  +  4  ia  divisible 
by  1  -  1. 

8.  Show  that  (6  -  c)'  +  (c  -  a)'  +  (a  -  b)'  is  divisible  by 
(6  -  c)(c  -  o)(o  -  6). 

9.  Show  that  61'  -  3x'  -  Si'  +  5i'  -  2i  -  3  is  divisible  by 
x  +  l. 

93.  It  foUowB  at  once  from  the  factor  theorem  that  it  ia  possible 
to  set  up  an  equation  with  any  roots  desired;  for  example,  if  we 
desire  an  equation  with  the  roots  1,  2,  3  we  have  merely  to 
write: 

(x  -  IXx  -  2)(x  -  3)  =0  (1) 

Farming  the  product: 

I'  -  6a;'  +  Ux  -  6  =  0 
or  transposing  the  terms  in  any  manner,  aa: 

x'+  Ux  =  Gx^  +  6 
in  no  way  essentially  modifies  the  equation.    If,  however,  the 
equation  (1)  be  multiplied  through  by  any  function  of  x,  the 
number  of  roots  of  the  equation  may  be  increased.    Thus,  mul- 
tiplying (1)  by  (x  +  2}  introduces  a  new  root  x  =  —2.    Likewiee, 
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dividing  equation  (1)  through  by  the  factor  (x  —  2),  leaves  an 
equation; 

(I  -  l)(a;  -  3)  =  0  (2) 

which  lacks  the  root  x  =  2. 

By  the  principles  or  axioms  of  algebra,  an  equation  remains 
true  if  we  unite  the  same  number  to  both  aides  by  addition  or 
subtraction;  or  if  we  multiply  or  divide  both  members  by  the 
same  number,  not  zero;  or  if  like  powers  or  roots  of  both 
members  be  taken.  But  we  have  given  sufficient  illustrations  to 
show  that  these  operations  may  affect  the  number  of  roots  of  the 
equation.  This  is  obvious  enough  in  the  cases  already  cited. 
Sometimes,  however,  the  operation  that  removes  or  introduces 
a  root  is  so  natural  and  its  effect  is  so  disguised  that  the  student 
is  not  apt  to  take  due  account  of  its  effect.    Thus,  the  roots  of: 

Six  -  5)  =  x{x  -5)  +x^-25  (3) 

are  —  1  and  5,  for  either  of  these  when  substituted  for  x  will 
satisfy  the  equation.  Dividing  the  equation  through  by  a:  —  5, 
the  resulting  equation  is: 

3  =  X  +  I  +  5  (4) 

This  equation  is  not  satisfied  by  i  =  5.  One  root  has  disappeared 
in  the  transformation.  This  is  easy  to  keep  account  ol  if  (3) 
be  given  in  the  form: 

(X  -  5)(x  +  1)  =  0,  (5) 

but  the  fact  that  a  factor  has  been  removed  may  be  overlooked 
when  the  equation  is  written  in  the  form  first  given. 

A  very  important  effect  upon  the  roots  of  an  equation  results 
from  squaring  both  members.  The  student  must  always  take 
proper  account  of  the  effect  of  this  common  operation.  To  il- 
lustrate, take  the  equation: 

X  +  5  =  1  -  2x  {«) 

It  is  satisfied  only  by  the  value  x  =  —  4/3.  Now,  by  squaring 
both  sides  of  the  equation,  we  obtain: 

x=  +  lOx  +  25  =  1  -  4i  +  4x'  (7) 

which  is  satisfied  by  either  x  =  6  or  x  =  —4/3.  Here,  obviously, 
an  extraneous  solution  has  been  introduced  by  the  operation  of 
squaring  both  members. 
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It  is  easy  to  show  that  squaring  both  members  of  an  equation 
is  equivalent  to  multiplying  both  sides  by  the  sum  of  the  left  and 
right  members.    Thus,  let  any  equation  be  represented  by: 

L(x)  =  R(x)  (8) 

in  which  L(,x)  represents  the  given  function  of  x  that  stands  on 
the  left  side  of  the  equation  andK(x)  represents  the  given  function 
of  X  that  stands  on  the  right  side  of  the  equation. 
Squaring  both  sides: 

|Z,W]'  =  [S(z)]>  (9) 

Transposing: 

mx)]^  -  mx)]^  =  0  (10) 

or  factoring; 

lL(x)  +  R{x)]  [L{x)  -  R{x)]  =  0  (U) 

But  (8)  may  be  written: 

L(x)  -  R(x)  =  0  (12) 

Thus,  by  squaring  the  members  of  the  equation  the  factor 
Hx)  +  R(x)  has  been  introduced. 

The  sum  of  the  left  and  right  members  of  (6),  above,  is  6  —  x. 
Hence,  squaring  both  sides  of  (6)  is  equivalent  to  the  introduction 
of  this  factor,  or,  the  operation  introduces  the  root  6,  as  already 
noted. 
As  another  example,  suppose  that  it  is  required  to  solve: 

sin  a  cos  a  =  1/4  (13) 

for  a  <  90°.    Substituting  for  cos  a: 

sin  a  Vl  -  sin'  a  =  1/4  (14) 

squaring: 

sin'  a  (1  -  sin=  a)  =  1/16  (15) 

completing  the  square: 

sin*  «  -  sin'  a  +  1  /4  =  3/16  (16) 

Hence: 

sm  a  =  ±  \/l/2±  (1/4)^ 

=  ±  0.9659  or  ±  0.2588  (17) 

Only  the  positive  values  satisfy  (13);  the  negative  values  were 
introduced  in  squaring  (14),  If,  however,  the  restriction  a  <  90° 
be  removed,  so  that  the  radical  in  (14)  must  be  written  with  the  dottle 
sign,  Aen  no  new  soluftons  are  introduced  by  squaring. 
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M.  Legitimate  and  Questionable  TransfonnationB.  If  one 
equation  is  derived  from  another  by  an  operation  which  has  no 
effect  one  way  or  another  on  the  solution,  it  is  spoken  of  as  a 
legitimate  tranEfomtation;  if  the  operation  does  have  an  effect 
upon  the  final  result,  it  is  called  a  questionable  tranafomiatioii, 
meanii^  thereby  that  the  effect  of  the  operation  requires  ex- 
amination. 

In  performing  operations  on  the  members  of  equations,  the 
effect  on  the  solution  must  be  noted,  and  proper  allowance 
made  in  the  result.  It  cannot  be  too  strongly  emphasized  that 
the  test  for  any  solution  of  an  equation  is  that  U  satisfy  the  original 
equation.  "No  matter  how  elaborate  or  ingenious  the  process 
by  which  the  solution  has  been  obtained,  if  it  do  not  stand  this 
test  it  is  no  solution;  and,  on  the  other  hand,  no  matter  how  simply 
obtained,  provided  it  do  stand  this  teat,  it  is  a  solution."* 

Among  the  common  operations  that  have  no  effect  on  the  solu- 
tion are  multiplication  or  division  by  known  numbers,  or  addition 
or  subtraction  of  like  terms  to  both  members;  none  of  these  intro- 
duce factors  containing  the  unknown  number.  Taking  the 
square  root  of  both  numbers  is  legitimate  if  the  double  sign  be 
given  to  the  radical.  Clearing  of  fractions  is  legitimate  if  it  be  done 
so  as  not  to  introduce  a  new  factor.  If  the  fractions  are  not  in 
their  lowest  terms,  or  if  the  equation  be  multiplied  through  by  an 
expression  having  more  factors  than  the  least  common  multiple 
of  the  denominators,  new  solutions  may  appear,  for  extra  factors 
are  probably  thereby  introduced.  Hence,  in  clearing  of  fractions 
the  multipber  should  be  the  leaat  common  denominator  and  the 
fractions  should  be  in  their  lowest  terms.  This,  however,  does  not 
constitute  a  sufficienl  condition,  therefore  the  only  certainty  lies 
in  checking  all  results. 

Exercises 

Sdoqebtions:  It  is  important  to  know  that  any  equation  of 
the  form 

ar'"  +  t«c»  +  c  =  0 
can  be  solved  as  a  quadratic  by  finding  the  two  values  of  x'. 
Frequently  equations  of  this  type  appear  in  the  form 
dz-  +  ex-'  =  /' 

I  ChTyital's  Alcebrs. 
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Likewise  any  equation  of  the  form 

af(x)  +  b  V7(7)  +  c  =  0 
can  be  solved  aa  a  quadratic  by  finding  the  two  values  of  V/(x) 
and  then  solving  the  two  equations  resulting  from  putting  V/(x) 
equal  to  each  of  them.    One  of  these  usually  gives  extraneous 
solutions. 

These  two  types  occur  in  the  exercises  given  below. 

Since  operations  which  introduce  extraneous  solutions  are 
often  used  in  solving  equations,  the  only  sure  test  for  the  solution 
of  any  equation  is  to  check  the  results  by  substituting  them  in 
the  or^n&l  equation. 

Take  account  of  all  questionable  operations  in  solving  the  following 
equations: 

-4.  1      -^-    r.    _i_  4.     — ^  — 

-  a.   (i'  +  5i+6)/(k  -  3)  -H  4a:  -  7  -   -  15. 
J-S.  3(1  -  5){x  -  1){T  -  2)  -  (X  -  5Kx  +  2)(x  +  3). 
Note:    Divide  by  (i  —  5),  but  take  account  of  its  eETeot. 
1    4.  x'/a  +  ax  =  x'/b  +  bx. 

6.  ai(ci  -  36)  =  5a(36  -  ex). 
■^  6.  I»  -  n'  =  n  -  I. 
,    -  7.  (I  -  4)»  +  (I  -  5)'  -  3U(k  -  4)'  -  {x  -  5)'I.       Divide   by 
<i-4)  +  (r-5)or2i  -  9. 
-Jx  . 

-  i" 

plication  is  unnecessary.    There  is  only  one  root. 
-■■      9.  I  -  7  -  Vi'^TT 
'  "/iO.  Vil^O  -  Vx^n  -3=0. 
11.  V15/T+  X  =  3/2  +  Vxi 
IS.  1^x/V10x-9  -  ViOi-S  =  18/v'T07^  +  9. 

,.    Vx  +  Vx^S         3  „      . , 

15.  — _ =.  = 5  ■       Consider  as  a  proportio 

Vx  —  Vx  —  Z      X  —  6 
by  composition  arid  division. 
;  '*!*.  x^  +  5/2  =  (13/4)i!^. 

16.  \/x'  -  2Vx  +  1=0.     Divide  by  Vx. 
,    16.  2v'i'^5i  +  2  -  a»  +  8i  =  3*  -  6.    CaU  x*  -  5x 


1_8.    -, — ,"  +2  H J  =  0.     If  the  fractions  be  added,  multi- 
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17.  4z'  -  Ax  +  20v'2~j:'"-  5  ^  +  6  =61+66. 
t     18.  i->  -2i-i  =  8. 
*  19.  i«'  -  6.c«'  +4=0. 
,     20.  nox'*  +  1  =  21j-=. 
4  81.  >/x  +  Ax''^'  =  5. 

33.  81^'  '81-'*  =  63. 

23.  (I  -  a)'  -  3(1  -  o)-»  =  2. 

Sji  2iH  „  3j:»1  +  1=0. 

96.  IntersectioQ  of  Loci.    Any  pair  of  values  of  x  and  y  that 

satisfies  an  equation  containing  x  and  y  locates  some  point  on 
tfie  graph  of  that  equation.  Consequently,  any  set  of  values  of 
X  and  y  that  satisfies  both  equations  of  a  system  of  two  equations 
containing  x  and  y,  must  locate  some  point  common  to  the 
graphs  of  the  two  equations.  In  other  words,  the  coftrdinates 
of  a  point  of  intersection  of  two  graphs  is  a  solution  of  the  equations 
of  the  graphs  considered  as  simultaneous  equations. 

To  find  the  values  of  x  and  y  that  satisfy  two  equations,  we 
solve  them  as  simultaneous  equations.  Hence,  to  find  the  points 
of  intersection  of  two  loci  we  must  solve  the  equations  of  the 
two  curves.  There  will  be  a  pair  of  values  or  a  solution  for  each 
point  of  intersection. 

Thus,  the  intersection  of  the  lines  y  =  Zx  —  2  and  y  =  i  /2  +  3 
is  the  point  (2,  4)  and  z  =  2,  ^  =  4,  is  the  solution  of  the  simul- 
taneous equations. 

To  find  the  points  of  intersection  of  the  circle  x'  +  y'  —  26 
and  the  straight  line  a:  +  y  =  9  we  solve  the  equations  by  the 
usual  method,  as  follows: 

x^  +  y^  =2h\  (1) 

X    +y    =    7/  (2) 

The  graphs  are  a  straight  line  and  a  circle,  as  shown  in  (1), 
Fig.  81.    Squaring  the  second  equation,  the  system  becomes; 

a:'  +  y'  =  25  1  (3) 

I'  +  2jt/  +  y'  =  49  J  (4) 

The  second  equation  represents  the  two  straight  lines  shown  in 

Fig.  81,(2).     The  effect  of  squaring  has  been  to  introduce  two 

extraneous  solutions  corresponding  to  the  points  Pi  and  P(. 
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Multiplying  (3)  by  2  and  subtractiDg  (4)  from  it,  the  laet  pair 
of  equations  becomes: 

x*-2xy  +  y^=    1\  (6) 

x*  +  2xy  +  y^  =  i9i  (7) 

which  gives  the  four  straight  lines  of  Fig.  81,  (4).    Taking  the 

square  root  of  each  member,  but  discardii^  the  equation  x  +  y  = 

—   7,  because    it    eorre- 

aponde   to  the  extraneous 

solutions    introduced    by 

the  questionable  operation, 

we  have: 

X  -  y  =  ±  I  1        (8) 
x  +  y  =  7       j       (9) 
By  addition  and  subtrac- 
tion we  obtain  the  results: 

represented  by  the  inter- 
sections of  the  lines  parallel 
to  the  axes  shown  in  Fig. 
81,  (5). 

This  is  a  good  illustra- 
tion of  the  graphical 
Fio.  81. — Graphic  Representation  of  changes  that  take  place 
S'sajLtlSr'"'"'^  "'  'i«™8  «■«  »luUon  of  »m- 
ultaneous  equations  of  the 
second  degree.  The  ordinary  a^ebraic  solution  consists,  geo- 
metrically, in  the  successive  replacement  of  loci  by  others  of  an 
entirely  different  kind,  but  all  passing  through  the  points  of  in- 
tersection (as  Pi,  Pi,  Fig.  81)  of  the  original  loci. 

EzerdseB 
1,  Find  the  pointa  of  interaeotion  of  the  circle  and  parabola: 

:c'  +  y'  ^  5 
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Note  that  of  the  ttno  linet  parallel  to  the  y-axU,  given  by  the  eguation 
»'  +  4i  —  5  -■  0,  one  does  not  cut  the  cirole.'  i*  +  y'  —  5, 

8.  Find  the  points  of  intereection  of  i'  +  jr*  -•  5  and  the  hyperbola 
r'  -  1,'  -  3. 
8.  Solve,  by  graphical  meaoH  only,  to  two  decimal  places: 
J,  -  z'  +  z  -  1 
xy  -  1. 
4.  Solve  in  like  manner: 

a:>  +  !/•  -  16 
x'  -2xy  +  y'  =  9. 
Reason  out  what  each  equation  represents   before  attempting  to 
graph. 

6.  Solve  in  like  manner: 

x^  +  y^+x+y=7 
2x^  +2y'  -ix  +  4y  =  S. 
These  loci  should  be  graphed  without  tabulating  numerical  v^ues 
of  the  variables. 

6.  Solve  graphically: 

„i  _  „i  _  4. 

NoTH.     Draw  the  lines  x  +  y  =  9,  and  x  ~  y  =  4.    The  values 

of  X  and  y  determined  by  the  intersection  of  these  lines  are  the 

values  of  u*  and  ii'  respectively,  from  which  u  and  v  can  be  computed. 

7.  Solve  the  system : 

X*  +  y'  -  10 
»V16  +  yV9  =  1- 
96.  Quadratic    Systeme.'    Any    linear-quadratic    system    of 
simultaneous  equations,  euch  as: 

y  =  mx  -}-  k 
ax'  +  by^  +  2hxy  Jr2gx  +  2fv  +  c~Q 
can  always  be  solved  analytically;  for  y  may  readily  be  eliminated 
by  substituting  from  the  first  equation  into  the  second.  A 
system  of  two  quadratic  equations  may,  however,  lead,  after 
dimination,  to  an  equation  of  the  third  or  fourth  degree;  and, 
hence,  such  equations  cannot,  in  general,  be  solved  until  the 
solutions  of  the  cubic  and  biquadratic  equations  have  been 
explained. 
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A  single  illustration  will  show  that  an  equation  of  the  fourth 
degree  may  result  from  the  elimination  of  an  unknown  number 
between  two  quadratics.    Thus,  let: 

X'-    y=    5 

x^  +  xy  =  10 

From  the  first,  y  =  x^  —  5.    Substituting  this  value  of  y  in  the 

second  equation,  and  performing  the  indicated  operations,  we 

obtain: 

a;*  +  a;'  -  5a;  +  10  =  0. 
While,  in  general,  a  bi-quadratic  equation  results  from  the 
process  of  elimination  from  two  quadratic  equations,  there  are 
special  cases  of  some  importance  in  which  the  resulting  equation 
is  either  a  quadratic  equation  or  a  higher  equation  in  the  quadratic 
form.     Two  of  these  cases  are: 

(1)  Systems  in  which  the  terms  containing  the  unknown  num- 
bers are  homogeneous;  that  is,  systems  in  which  the  terms  con- 
taining the  unknown  numbers  are  all  of  the  second  degree  with 
respect  to  the  unknown  numbers,  such,  for  example,  as: 

:r'  -2xy    =    5 
Sx'  -  lOy^  =  35 

(2)  Systems  in  which  both  equations  are  symmetrical;  that  is, 
such  that  interchanging  x  and  y  in  every  term  does  not  alter  the 
equations;  for  example: 

x^  +  y^-x-y  =  78 

xy  +  X  +  y  =  39 

97.  Unknown    Terms    Homogeneous.    The    following    work 

illustrates  the  reasoning  that  will  lead  to  a  solution  when  applied 

to  any  quadratic  system  all  of  whose  terms  containing  x  and  y 

are  of  the  second  degree.     Let  the  system  be: 

i'  -  a;y  =  2 

2x'  +  y'  =  9  (1) 

Divide  each  through  by  x^  (or  y'),  then: 
1-    (ylx)  =  2lx^ 

2  +  (!//:r)'  =  9/r=  (2) 

Since  the  left  members  were  homogeneous,  dividing  by  x^  renders 
them  functions  of  the  ratio  (ylx)  alone;  call  this  ratio  m.    Then 
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equations  (2)  contain  only  the  unknown  numbers  m  and  z'. 
The  latter  is  readily  eliminated  by  subtraction,  leaving  a  quad- 
ratic for  the  determination  of  m.  When  m  is  known,  substituting 
in  (2)  determines  r,  and  the  relation  y  =  mx  determines  the 
corresponding  values  of  y. 

The  above  illustrates  the  principles  on  which  the  solution  is 
based.  In  practice,  it  is  usual  to  substitute  y  =  mx  at  once,  and 
then  eliminate  x^  by  comparison;  thus,  from  the  substitution 
y  =  ma!  in  (1),  we  obtain: 


2j'  +  mV  -  9 

(3) 

Thence; 

,'-2lt,l-m) 

i'.9/(2  +  m') 

(4) 

Whence; 

2/(1  -m)  -9/(2  +  m=) 

(5) 

or: 

2m=  +  9m  =  5 

(6) 

Factoring; 

(2m  -  1)  (m  +  5}  =  0 

(7) 

whence; 

m  =  1  /2  or  -  5 

(8) 

x=  ±2ot±  a/3}V3 
I/=  ±  lor?  (5/3)V3"  (9) 

These  solutions  should  be  written  as  corresponding  pairs  of  values 
as  follows: 

x  =  2         x^-2         x=       (1/3)V3  x=-il|3)^/3 

y=l        y=-l        v=-(5/3)v^  y=       (5/3)^3 

This  system  can  readily  be  solved  without  the  use  of  the  mx 
substitution  by  merely  solving  the  first  equation  for  y  and  sub- 
stituting in  the  second. 

GraphieaDy  (see  Fig.  82),  the  above  problem  is  equivalent  to 
finding  the  intersections  of  the  curves: 
x(,x-y)=2 
(V2x)=  +  !,*  =  9 
The  first  is  a  curve  with  the  two  asymptotes  x  =_0^and  x^—y 
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=  0.  As  a  m&tter  of  fact,  the  curve  ie  a  hyperbola,  although  proof 
that  such  is  the  case  cannot  be  given  until  the  method  of  rotating 
any  curve  about  the  origin  has  been  explained .  The  second  curve 
is  obviously  an  ellipse  generated  from  a  circle  of  radius  3  by 
shortening  the  abecisaaa  in  the  ratio  v'Z:!.  The  two  curves 
intersect  at  the  points: 

X  =  2  -2  0.557   ...  -  0.557   .  . . 

y  I  -  1  -  2.887  ...  +  2.887  . . . 
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Fio.  82. — Solutions  of  a  Set  of  SimultaneouB  Quadratics  given  graph- 
ically by  the  ooOiiIinates  ot  the  points  of  InterHeclion  of  the  Ellipae  and 
Hyperbola. 

The  auxiliary  lines,  y  ^  \x  and  y  =  —  5r,  made  use  of  in  the 
solution  are  shown  by  the  dotted  lines. 

96.  Symmetrical  Systems.  Simultaneous  quadratics  of  this 
type  are  always  readily  solved  luialytically  by  seeking  for  the  values 
of  the  binomials  x  +  v  and  x  —  y.    The  ingenuity  of  the  student 
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will  usually  show  many  short  cuts  or  special  expedients  adapted 
to  the  particular  problem.  The  followii^  worked  examples 
point  out  some  of  the  more  conmion  artiifices  used. 

1.  Solve 

X  +  !/  =  6  (1) 

xy  =  5  (2) 

Squaring  (1) 

a'  +  2xy  +  V'  =  36  (3) 

Subtractir^  four  times  (2)  from  (3) : 

X*  ~  2a!j/  +  V'  =  16 
whence: 

x~y=±i 
But  from  (1) : 

x  +  y  -  6 
Therefore: 

y  =  1  y  =  5 

2.  Solve 

x^  +  y^  =  U  (1) 

xy  =  15  (2) 

Adding  two  times  (2)  to  (1): 

i'  +  2a:y  +  !/»  =  64  (3)    , 

Subtracting  two  times  (2)  from  (1): 

ji  -2xy  +  y^  =  i  (4) 

ce,  from  (3)  and  (4) : 


Therefore: 

1  =  5  1  =  3  X 5  X 3 

J/-3  !/  =  5  y  =  -  3  y  =  -  b 

The  hyperbola  and  circle  represented  by  (1)  and  (2)  should  be 
drawn  by  the  student. 
3. 

x' +  y'  «  72  (1) 

X  +y   =    Q  (2) 


!/  +  Zxy^  +  »'  -  216  (3) 

_  ;i  .CooqIc 
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Subtracting  (1)  and  dividing  by  3: 

xy{x  +  y)  =  48  (4) 

whence,  since 

x  +  y  =  G 
we  have  xy  =   S  (5) 

From  (2)  and  (5)  proceed  as  in  example  1,  and  find: 


Otherwise,  divide  (1)  by  (2)  and  proceed  by  the  usual  method. 
i.  Solve 

x'  +  xy=  (7/3)(i  +  !/)  (1) 

y'  +  xy  =  (ll/3){x  +  !,)  (2) 

adding  (1)  and  (2) : 

(x  +  yy  -  6(x  +  !/)  =  0  (3) 

whence: 

x  +  y  =  OotQ  (4) 

Now,  because  a;  +  y  is  a  factor  of  both  members  of  {!)  and  (2), 
the  original  equations  are  satisfied  by  the  unlimited  number  of 
pairs  of  values  of  x  and  y  whose  sum  is  zero,  namely,  the  co6r- 
dinates  of  all  points  on  the  line  x  +  y  =  0. 
Dividing  (1)  by  (2),  we  get: 

x/!,  =  7/ll 
This,  and  the  line  x  +  y  =  &,  from  (4),  give  the  solution: 
z  =  7/3 
y  =  11/3 
Graphically,  the  equation  (1)  is  the  two  straight  lines; 

{x-imx  +  y)  =0 
Equation  (2)  is  the  two  straight  fines: 

(y-nm^  +  y)  =0 

These  loci  intersect  in  the  point  {7/3,  11/3)  and  also  intersect 
everywhere  on  the  line  x  +  y  =  0. 


Exercises 
/l^  Show  that: 
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has  a  solution,  but  that  there  is  no  real  solution  of  the  syatem: 
X'  +y'  -  25 

x+v  -n. 

3.  Do  the  curves :  ^*- 

I'  +  tf'  =  25 

xy  =  100,  intersect? 
Do  the  curves:  x^  +  y'  =  25 

xy  =  12,  intersect?       f 
8.  Solve:  ' 

(x'  +  y')(x  +  y)  =272  '    ' 

x*  +  y*  +  x  +  y  =42. 
Note:    Call  x^  +  y'  =  v,  and  x  +  y  =  v. 

4.  Show  that  there  are  four  real  solutions  to: 

x'  +  y'  -I2=x  +y 

xy  +  8  =  2(.x  +  y). 
«.  Solve:  a;'  +  y*  +  *  +  1/  =  18 

xy  =  6. 
99.  Graphical  Solution  of  the  Cubic  Equation.  The  roots  of  a 
cubic  x'  +  ax'  +  6x  +  c  =  0  {where  a,  b,  and  c  are  given  known 
numbers)  may  be  determined  graphically  as  explained  in  §39, 
or  we  may  proceed  as  followa:  The  next  highest  term  in  the 
cubic  may  be  removed  by  the  aubatitution  x  =  xi  —  a/3,  as  may 
readily  be  shown  by  trial.  Hence,  it  is  merely  necessary  to  con- 
sider cubic  equations  of  the  form: 

x'  +  ax  +  b  =  0  (1) 

Consider  the  Bystem  of  equations: 

::  !■„-.} 

Graphically,  the  curves  consist  of  the  cubic  parabola  {Fig.  83) 
and  a  straight  line.  The  intersections  of  the  two  graphs  give  the 
solutions  of  the  system.    Eliminating  y  by  subtraction,  we  obtain 

x^  +  ax  +  b  =  0 
which  shows  that  the  values  of  x  that  satisfy  the  syatem  (2) 
give  the  roots  of  equation  (1).  Hence  (1)  may  be  salved  by  means 
of  the  graph  of  (2).  In  this  graph  the  cubic  parabola  y  ^  x* 
is  the  same  for  all  cubics;  hence  if  the  cubic  parabola  be  once 
drawn  accurately  to  scale,  then  all  cubic  equations  can  be  solved 
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by  properly  drawii^  the  appropriate  straight  line,  or  by  property 
laying  a  Btraight  edge  across  the  graph  of  the  cubic  parabola. 

In  drawing  the  graph  of  the  cubic  parabola,  it  is  desirable  to 
use,  for  the  yscale,  one-tenth  of  the  unit  used  for  the  x-scale,  so  as 
to  bring  a  greater  range  of  values  for  y  upon  an  ordinary  sheet  of 
coSrdinate  paper.  The  cubic  parab- 
ola graphed  to  this  scale  is  shown 
in  Fig.  83.  The  diagram  gives  the 
solution  oi  x^  —  X  —  1  "  0,  The 
graphs  y  =  x'  and  y  =  a;  -|-  1  are 
seen  to  intersect  at  x  =  1.32.  This, 
then,  should  be  one  root  of  the 
cubic  correct  to  two  decimal  places. 
The  line  y  =  x  +  1  cuts  the  cubic 
parabola  in  but  one  point,  which 
shows  that  there  is  but  one  real  root 
of  the  cubic.  To  obtain  the  imagi- 
nary roots,  divide  i*  —  x  —  I  by 
X  -  1.32,  The  result  of  the  divi- 
sion, retaining  but  two  places  of 
decimals  in  the  coefficients,  is: 

I'  -1-  1.32a;  +  0.7424  (3) 

Fto.  83. — A  Graphical    Putting  this  equal  to  zero  and  solv- 
ing by    completing   the  square,   we 

find: 

X  =  -  0.66  ±  V-  0.3068 
or: 

X  =  -  0.66  ±  0.55V-  1  (4) 

in  which,  of  course,  the  coefficients  are  not  correct  to  more  than 
two  places. 
The  equation: 

X'  -  lOi  -  10  -  0  (5) 

illustrates  a  case  in  which  the  cubic  has  three  real  roots.  The 
straight  line  j/  ■«  lOx  -|-  10  cuts  the  cubic  parabola  (see  Fig.  83) 
ftt  X  =  -  1.2,  X  =  -  2.4,  and  X  «  3.6.  These,  then,  are  the 
approximate  roots.    The  product: 

(X  +  1.2)(3;  -I-  2.4)(x  -  3.6)  =  x'  -  10.08a:  -  10.37 
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should  give  the  oi^^al  equation  (5) .    This  result  checks  the  work 
to  about  two  decimal  places. 

It  is  obvious  that  a  similar  process  will  apply  to  any  equatioa 
of  the  form 

x'  +  ax  +  b  =  0 

The  x-Bcale  of  Fig.  83  extends  only  from  —  5  to  +  5.  The 
same  diagram  may,  however,  be  used  for  any  range  of  values  by 
suitably  changing  the  unit  of  measure  on  the  two  scales;  thus,  the 
divisions  of  the  x-«cale  may  be  marked  with  numbers  5-fold  the 
present  numbers,  in  which  case  the  numbers  on  the  y-scale  must  be 
marked  with  numbers  125  times  as  great  as  the  present  numbers. 
These  results  are  shown  by  the  auxiliary  numbers  attached  to 
the  y-scale  in  Fig.  83.' 

Exercises 

Solve  graphically  the  following  equations  checking  each  result 
separately. 

1.  I'  -  4x  +  10  -  0. 

8.  x'  -12i!  -8=0. 

-  a.  X*  +    X  -  3  -  0. 

4.  x'  -15i  -5-0. 

6.  X'  -  3s  +  1  -  0. 
•      6.  X'  -  4x  -  2  -  0. 

7.  2sin«+3coB0  =  1.5. 

Note:  ConBtmot  on  polar  paper  the  circles  p  =  2  sin  0  and 
p  =  3  cos  e. 

8.  2^;  +  sin  a;  -  0.6. 

Note:  Find  the  intersection  ot  y  =-  sin  x  and  the  line 
y  =  —  2x  +  0.6.  If  1.15  inches  is  the  amplitude  o(  y  ••  sin  x,  then 
1.15  must  be  the  unit  of  measure  used  for  the  construction  of  the 
line  y  =  -2x  +  0.6. 

8.  J'  +  X  +  1+  1/x  -  0. 

10.  Show  that  x'  +  ox  +  6  =  0  can  have  but  one  real  root  if  a  >  0. 

11.  (a)  Show  that  the  graph  of  y  =  x'  +  l>x  is  symmetrical  with 
respect  to  the  origin.     (See  S37,  equation  (1).) 
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(b)  Show  that  the  graph  of  ^  =  x^  +  bx  -i-  e  is  symmetrioal  with 
respect  to  the  point  (0,  c). 

(c)  If  the  Bubatitution  i  =  ii  —  a/3  removes  the  term  ax'  from  the 
equation  y  =  x^  -{-  ax'  -\-  bx  -{-  c,  show  that  the  graph  of  this  last 
equation  must  be  symmetrical  with  respect  to  some  point, 

12.  On  polar  paper,  draw  a  curve  showicig  the  variation  of  local  or 
mean  solar  time  with  the  longitude  of  points  on  the  earth's  surface. 

If  it  be  noon  by  both  standard  and  mean  solar  (local)  time  at  Green- 
wich, longitude  0°,  construct  a  graph  on  polar  paper  showing  standard 
time  at  all  other  longitudes,  if  tjie  longitude  of  a  point  be  represented 
by  the  vectorial  angle  on  polar  paper  and  if  ftme  relative  to  Greenwich 
be  represented  on  the  radius  vector  using  1  cm.  =  2  hours,  and  alao  if 
it  be  assumed  that  the  changes  of  standard  time  take  place  exactly  at 
16°  intervals  beginning  at  Tj"  west  longitude. 

If  it  be  noon  at  Greenwich,  write  an  equation  which  will  express  the 
local  time  of  any  point  in  terms  of  the  longitude  of  the  point.  Does  the 
expression  hold  for  points  having  negative  longitude?  Does  this 
function  posaess  a  discontinuity? 

Can  a  similar  expression  be  written  giving  the  standard  time  at  any 
point  in  terms  of  the  longitude  of  the  point? 

If  (  be  standard  time  and  e  longitude,  and  if  the  functional  relation 
by  expressed  by  /,  so  that : 

(  -  /(e) 

is  /  a  continuous  or  a  discontinuous  function?  la  the  function  / 
defined  for  S  =  15°,  30°,  45°,  etc.,  and  why? 

In  actual  practice,  how  is  the  function  /  given? 

100.  Method  of  Successive  Approximations.  The  graphic 
method  of  solving  numerical  equations,  combined  with  the  method 
explained  below,  is  the  only  method  which  is  universally  ap- 
plicable. It  therefore  possesses  a  practical  importance  exceeding 
that  of  any  other  method.    An  example  will  illustrate  the  method. 

Suppose  that  It  is  required  to  find  to  four  decimal  places  one 
root  ot  x>-  X  -  1  =  0.  See  §99  and  Fig.  83.  The  graphic 
method  gives  x  =  1.32.  Thia  is  the  first  approximation.  A 
second  approximation  is  found  as  follows:  Build  the  table 
of  values  ior  y  =  x'  —  x  —  1 


1.32  -  .0200 
1-33!  +  -0226 
0.01 1       .0426     Differences. 
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Now  reason  as  follows:  The  actual  root  lies  between  1.32  and 
1.33,  and  the  zero  value  'of  y  corresponds  to  it.  This  zero  is 
200/426  of  the  way  between  the  two  values  of  y;  hence  if  the 
curve  be  nearly  stra^ht  between  x  =  1.32,  and  x  =*  1.33, 
the  desired  value  of  x  is  approximately  200/426  of  the  way 
between  1.32  and  1.33  or  it  is  x  =  1.324694.  This  value  is 
probably  correct  to  the  fourth  decimal  place. 

To  find  a  third  approximation  we  build  another  table  of 
values: 


1.3247J  -  .0000766 
1.3248|  +  .0003499 
0 ,  0001|       .  0004265    Differences. 
Reasoning  as  before,  we  get  x  •=  1.324718  which  is  very  likely 
true  to  the  last  decimal  place. 

The  above  method  is  apphcable  to  an  equation  like  exercise 
8  above.  In  fact  it  is  the  only  numerical  method  that  is 
applicable  in  such  coses. 
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CHAPTER  VI 

PERMUTATIONS  AND  COMBINATIONS; 
THE  BINOMIAL  THEOREM 

101.  Fudamental  Priadple.  7/  one  tktng  can  be  done  in  n 
different  ways  and  another  thing  can  be  done  in  r  different  ways, 
then  both  things  can  be  done  together,  or  in  succession,  in  n  X  r 
different  ways.  Thia  simple  theorem  is  fundamental  to  the  work 
of  this  chapter.  To  illustratts,  if  there  be  3  ways  of  going  from 
Madison  to  Chicago  and  7  ways  of  going  from  Chicago  to  New 
York,  then  there  are  21  ways  of  going  from  Madison  to  New 
York. 

To  prove  the  general  theorem,  note  that  if  there  be  only  one 
way  of  doing  the  first  thing,  thai  way  could  be  associated  with 
each  of  the  r  ways  of  doing  the  second  thing,  makii^  r  ways 
of  doing  both.  That  ia,  for  each  way  of  doing  the  first,  there  are 
r  ways  of  doing  both  things;  hence,  for  n  ways  of  doing  the  first 
there  are  ji  X  r  ways  of  doing  both. 

iLmsTRATiONa:  A  penny  may  fall  in  2  ways;  a  common 
die  may  fall  in  6  ways;  the  two  may  fall  together  in  12  ways. 

In  a  society,  any  one  of  9  seniors  is  el^ible  for  president  and  any 
one  of  14  juniors  is  eligible  for  vice-president.  The  number  of 
tickets  possible  is,  therefore,  9  X  14  or  126. 

I  can  purchase  a  present  at  any  one  of  4  shops.  I  can  give  it 
away  to  any  one  of  7  people.  I  can,  therefore,  purchase  and  give 
it  away  in  any  one  of  28  different  ways. 

A  product  of  two  factors  is  to  be  made  by  selectii^  the  first 
factor  from  the  numberao,  b,  c,  and  then  selecting  the  second  factor 
from  the  numbers  z,  y,  z,  u,  v.  The  number  of  possible  products 
is,  therefore,  15. 

If  a  first  thii^  can  be  done  in  n  different  ways,  a  second  in  r 
different  ways,  and  a  third  in  s  different  ways,  the  three  things 
can  be  done  in  n  X  r  X  s  different  ways.  This  follows  at  once 
from  the  fundamental  principle,  since  we  may  regard  the  first 
two  things  as  constituting  a  single  thir^  that  can  be  done  in  nr 
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ways,  and  then  associate  it  with  the  third,  making  nr  X  s  ways 
of  doing  the  two  things,  consisting  of  the  first  two  and  the  third. 

In  the  same  way,  if  one  thing  can  be  done  in  n  different  ways,  a 
second  in  r  different  ways,  a  third  in  s,  a  fourth  in  t,  etc.,  then  all 
can  be  done  together  in  n  X  r  X  s  X  *  -  -  -  different  ways. 

Thus,  n  different  presents  can  be  given  to  x  men  and  a  women 
in  {x  +  a)"  different  ways.  For  the  first  of  the  n  presents  can 
be  given  away  in  (x  +  a)  different  waySj  the  second  can  be  given 
away  in  (x  +  a)  different  ways,  and  the  third  in  (x  +  a)  different 
ways  and  so  on.  Hence,  the  number  of  possible  ways  of  giving 
away  the  n  presents  to  (x  +  a)  men  and  women  is: 

(x  +  a)(x  +  a)(x  +  a)  .  .   .  to  n  factors,  or  {x  +  a)" 

102.  Definitions.  Every  distinct  order  in  which  objects 
may  be  placed  in  a  line  or  row  is  called  a  pennutation  or  an 
arrangement  Every  distinct  selection  of  objects  that  can  be 
made,  irrespective  of  the  order  in  which  they  are  placed,  is  called 
a  combination  or  group. 

Thus,  if  we  take  the  letters  a,  6,  c,  two  at  a  time,  there  are  six 
arrangements,  namely:  ah,  ac,  ha,  he,  ca,  cb,  but  there  are  only 
three  groups,  namely:  a6,  ac,  he. 

If  we  take  the  three  letters  oU  at  a  time,  there  are  six  arrange- 
ments possible,  namely:  ahc,  acb,  hca,  hac,  cah,  cba,  but  there  is 
only  one  group,  namely:  abc. 

Permutations  and  combinations  are  both  results  of  mode  of 
selection.  Permutations  are  selections  made  with  the  understand- 
ing that  two  selections  are  considered  as  different  even  though 
they  differ  in  arrangement  only;  combinations  are  selections  made 
with  the  understanding  that  two  selections  are  not  considered  as 
different,  if  they  differ  in  arrangement  only. 

In  the  following  work,  products  of  the  natural  numbers  Uke 

1X2X3;    1X2X3X4X5;     etc. 

are  of  frequent  occurrence.    These  products  are  abbreviated  by 

the  symbols  3151  and  read  "factorial  three,"  "factorial  five" 

respectively. 

103.  Fonnula  for  the  Number  of  Permutations  of  n  Different 
Things  Taken  All  at  a  Time.  We  are  required  to  find  how  many 
possible  ways  there  are  of  arranging  n  different  things  in  a  line. 
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Lay  out  a  row  of  n  blank  spaces,  so  that  each  may  receive  oae  of 
these  objects,  thus; 

I  1  1  I  2  i  |_3_1  I  4  I  |_5^  .  .  .  \_n_\ 
In  the  first  space  we  may  place  any  one  of  the  n  objects;  therefore, 
that  space  may  be  occupied  in  n  different  ways.  The  second 
space,  after  one  object  has  been  placed  in  the  first  space,  may  be 
occupied  in  (n  —  1)  different  ways;  hence,  by  the  fundamental 
priifoiple,  the  two  spaces  may  be  occupied  in  n(n  —  1)  different 
ways.  In  like  manner,  the  third  space  may  be  occupied  in  {n  —  2) 
different  ways,  and,  by  the  same  principle,  the  first  three  spaces 
may  be  occupied  in  n(n  —  1)  {n  —  2)  different  ways,  and  so  on. 
The  next  to  the  last  space  can  be  occupied  in  but  two  different 
ways,  since  there  are  but  two  objects  left,  and  the  last  space 
can  be  occupied  in  but  one  way  by  placing  therein  the  last  re- 
maining object.  Hence,  the  total  number  of  different  ways  of 
occupying  the  n  spaces  in  the  row  with  the  n  objects  is  the  product: 

7i(n  -  1)  (n  -  2}  .   .   ,  3-2-1 
or, 

ji! 
If  we  use  the  symbol  P,  to  stand  for  the  number  of  permutations 
of  n  things  taken  all  at  a  time,  then  we  write: 

P,  =  nt  (1) 

UM.  Foimula  for  the  Number  of  Permutations  of  n  Things 
Taken  r  at  a  Time.  We  are  required  to  find  how  many  possible 
ways  there  are  of  arranging  a  row  consisting  of  t  different  things, 
when  we  may  select  the  r  things  from  a  larger  group  of  n  different 
things. 

For  convenience  in  reasoning,  lay  out  a  row  of  r  blank  spaces, 
so  that  each  of  the  spaces  may  receive  one  of  the  objects,  thus: 

I  1   I   I  2  I  I  3  I  .  .  .  L^_^_i_i  LjU 

In  the  first  space  of  the  row,  we  may  place  any  one  of  the  n  objects; 
therefore,  that  space  may  be  occupied  in  n  different  ways.  The 
second  space,  after  one  object  has  been  placed  in  the  first  space, 
may  be  occupied  in  (n  —  1)  different  ways;  hence,  by  the  fun- 
damental principle,  the  two  spaces  may  be  occupied  in  n(n  —  I) 
different  ways.     In  like  manner,  the  third  space  may  be  occupied 
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in  {n  —  2)  different  ways,  and  hence,  the  first  three  may  be 
occupied  in  n(n  —  1)  {n  —  2)  different  ways,  and  so  on.  The 
laat  or  rth  space  can  be  occupied  in  as  many  different  way^  as  there 
are  objects  left.  When  an  object  is  about  to  be  selected  for  the 
rth  space,  there  have  been  used  (r  —  1)  objects  (one  for  each  of 
the  (r  —  1)  spaces  already  occupied).  Since  there  were  n  objects 
to  begin  with,  the  number  of  objects  left  is  n  —  (r  —  1}  or 
n  —  r  4-  1,  which  is  the  number  of  different  ways  in  which  the 
last  space  in  the  row  may  be  occupied.    Hence,  the  formula: 

P...=  n(ii  -  l)(n  -  2)    .   .   .    (n  -  r  +  1)  (1) 

in  which  P,.r  stands  for  the  number  of  pennutations  of  n  things 
taken  r  at  a  time. 

The  formula,  by  multiplication  and  division  by  ["  -'',  becomes: 

w(n  -  1)     ...    (n-r+l)(n-r)(n-r-  1)  .   .    .   3-2-1 

{n_r)(«  -r  -  1)  .   .    .      3-2-I 

(n-r)! 
This  formula  is  more  compact  than  the  form  (1)  above,  but  the 
fraction  is  not  in  its  lowest  terms. 

Formula  (1)  is  easily  remembered  by  the  fact  that  there  are 
just  r  factors  beginning  with  n  and  decreasing  by  one.  Thus  we 
have: 

Pio,7  =  10X9X8X7X6X5X4 
Exercises 
^      1.  How  many  permutations  can  be  made  of  six  things  taken  all  at 
a  time? 

V  S.  How  many  different  numbers  can  be  made  with  the  five  d^ita 
1,  2,  3,  4,  6,  using  each  digit  once  and  only  once  to  form  each  number? 

8.  The  number  of  permutations  of  four  things  taken  all  at  a  time 
bears  what  ratio  to  the  number  of  pennutations  of  seven  things  taken 
all  at  a  time? 

V  4.  How  many  arrangements  can  be  made  of  eight  things  taken 
three  at  a  time? 

\%  6.  How  many  arrangements  can  be  made  of  eight  things  taken 
five  at  a  time?  J  /'  ? 

•^  6>  How  many  four-figure  numbers  can  be  formed  with  the  ten 
digits  0,  1,  2,  .    .    .  fl  without  repeating  any  digit  in  any  number? 
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^    7.  How  many  different  waye  may  the  letters  of  the  word  algebra 
be  written,  using  all  of  the  letters?     ^  5  2   j 
^     8.  How  many  different  signals  can  be  made  with  seven  different 
flags,  by  hoisting  them  one  above  another  five  at  a  time? 

9.  How  many  different  aignals  can  be  made  with  seven  different 


Sage,  by  hoisting  them  one  above  another  any  number  at  a  time? 
10.  How  many  different  arrangements  can  be  made  of  nine  ball 
•\  ^D  P'^y^'^i  supposing  only  two  of  them  can  catch  and  one  pitch? 
)•  ▼  106.  Fonnula  for  the  number  of  combinations  or  groups  of  n 

different  things  taken  r  at  a  time. 

It  is  obvious  that  the  number  of  combinations  or  groups  con- 
sisting of  r  objects  each  that  can  be  seleated  from  n  objects,  is 
less  than  the  number  of  permutations  of  the  same  objects  taken 
r  at  a  time,  for  each  combination  or  group  when  selected  can  be 
arranged  in  a  large  number  of  ways.  In  fact,  since  there  are  r 
objects  in  the  group,  each  group  can  be  arranged  in  exactly  r! 
different  ways.  Hence,  for  each  group  of  r  objects,  selected  from 
n  objects,  there  exists  r\  permutations  of  r  objects  each.  There- 
fore, the  number  of  permutations  of  n  things,  taken  r  at  a  time,  is 
rt  times  the  number  of  combinations  of  n  objects  taken  r  at  a 
time.  Callii^  the  unknown  number  of  combinations  x,  we  have: 
n! 
""■'  "  ^'''  "  (n-r)! 
or,  solving  for  x: 

n\ 

This  is  tile  numb>er  of  combinations  of  n  objects  talcen  r  at  a  time, 
and  may  be  symbolized: 

C      .        °L  '" 

■■'     IU^-,)l 
Tliis  fraction  will  always  reduce  to  a  wliole  number.    It  may  be 
written  in  the  useful  form: 

_  n(»-l)(»-2)  .  .  .  (n-r+1)  (2) 

1X2X3        ...  r 

It  IS  easily  remembered  in  this  form,  for  it  has  r  factors  in  both 
the  numerator  and  the  denominator.    Thus  for  ttie  numbe£,of 
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combinations  of  ten  tfaii^  taken  four  at  a  time  we  have  four 
factors  in  the  numerator  and  denominator,  and 

r  10  X  9  X  8  X  7 

*""'*"    1X2X3X4 
ExerciseB 

1.  How  many  different  products  of  three  each  can  be  made  with  the 
five  numbers  a,  b,  c,  d,  e,  provided  each  combination  of  three  factors 
gives  a  different  product. 

2.  How  many  products  can  be  made  from  twelve  different  num- 
bers, by  taking  eight  numbers  to  iorm  each  product? 

3.  How  many  products  can  be  made  from  twelve  different  num- 
bers, by  taking  four  numbers  to  fprm  each  product?     ' 

4.  How  many  different  hands  of  thirteen  cards  each  can  be  held 
at  a  game  of  whist? 

B.  In  how  many  ways  can  seven  people  sit  at  a  rouod  table? 
'    6.  In  how  many  ways  can  a  child  be  named,  supposing  that  there 
are  400  different  Christian  names,  without  giving  it  more  than  three  '_ 
names? 

7.  In  how  many  ways  can  a  committee  of  three  be  appointed 
from  six  Germans,  four  Frenchmen,  and  seven  Americans  provided  / 
each  nationality  is  represented?  ' 

8.  There  are  five  straight  lines  in  a  plane,  no  two  of  which  are 
parallel;  how  many  intersections  are  there? 

0.  There  are  five  points  in  a  plane,  no  three  of  which  are  collinear; 
how  many  lines  result  from  joining  each  point  to  every  other  point? 

10.  In  a  plane  there  are  n  straight  lines,  no  two  of  which  are  parallel; 
how  many  intersections  are  there? 

11.  In  a  plane  there  are  n  points,  no  three  of  which  are  collinear; 
how  many  straight  lines  do  they  determine? 

12.  In  a  plane  there  are  n  points,  no  three  of  wtdch  are  collinear, 
except  f,  which  are  all  in  the  same  straight  line;  find  the  number  of 
straight  lines  whch  result  from  joining  them. 

13.  A  Yale  lock  contains  five  tumblers  (cut  pins),  each  capable  of 
being  placed  in  ten  distinct  positions.  At  a  certain  arrangement  of  the 
tumblers,  the  took  is  open.  How  many  locks  of  this  kind  can  be  made 
so  that  no  two  shall  have  the  same  key? 

14.  In  how  many  ways  can  seven  beads  of  different  colors  be  strung 
BO  as  to  form  a  bracelet? 


J'^ 
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IS.  How  many  different  Bums  of  money  can  be  formed  from  a  dime, 
/  a  quarter,  a  bf^f  dollar,  a  dollar,  a  quarter  eagle,  a  half  eagle,  and  an 
eagle? 

106.*  The  Arithmetical  Triangle.  In  deriving  by  actual  mul- 
tiplication, as  below,  any  power  of  a  binomial  x  +  a  from  the 
preceding  power,  it  is  easy  to  see  that  any  coefficient  in  the  new 
power  is  the  sum  of  the  coefficient  of  the  corresponding  term  in  the 
multiplicand  and  the  coefficient  preceding  it  in  the  multiplicand. 
Thus: 

a;"  +  3ffli'  +  3a^x  +  a^ 


X*  +  Sax*  +  3a'x=  +    a*x 

ax"  +  3a'j:'  +  Sa^  +  a* 
X*  +  4ax*  +  6a'x'  +  4a*x  +  a* 
OF,  erasing  coefficients,  we  have: 

1+3+3+1 

1  +  1 

1+3+3+1 

1+3+3+1 
1+4+6+4+1 
from  which  the  law  <rf  formation  of  the  coefficients  1,  4, 6,  .   .   . 
is  evident.    Hence,  writing  down  the  coefficients  of  the  powers 
of  3!  +  a  in  order,  we  have: 
Powers  Coefficients 


I 


10      11 
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In  this  triangle,  c^h  number  is  the  sum  of  the  number  above  it 
and  the  number  to  the  left  of  the  latter.  Thus  84  in  the  9th  line 
equals  56  +  28,  etc.  The  triangle  of  numbers  was  used  previous 
to  the  time  of  Isaac  Newton  for  finding  the  coefficients  of  any  de- 
sired power  of  a  binomial.  At  that  time  it  wa^  little  suspected 
that  the  coefficients  of  any  power  could  be  made  without  first 
obtaining  the  ocefficients  of  the  preeedii^  power.  Isaac  Newton, 
while  an  undergraduate  at  Cambridge,  showed  that  the  coefficients 
of  any  power  could  be  found  without  knowing  the  coefficients  of 
the  preceding  power;  in  fact,  he  showed  that  the  coefficients  of 
any  power  n  of  a  binomial  were  functions  of  the  exponent  n. 

The  above  triangle  of  numbers  is  known  as  the  arithmetical 
triangle  or  afi  Pascal's  triangle. 

107,  Distributive  Ismt  of  Multiplication.  The  demonstration 
of  the  binomial  theorem  may  be  based  upon  the  following  law  of 
multiplication:  The  product  of  any  numHer  of  ■p(Aynomials  is 
the  aggregate  of  all  the  possible  partial  products  which  can  be  made 
by  taking  one  term  and  only  one  from  each  of  the  polynomials. 
This  statement  is  merely  a  definition  of  what  is  meant  by  the 
product  of  two  or  more  polynomials.     (See  appendix.)     Thus: 

(x.^-a)iy+bKz  +  c)  = 
xyz  +  ayz  +  hxz  +  cxy  +  aii^  +  bcx  +  cay  -^  abc 
Each  of  the  eight  partial  products  contains  a  letter  from  each 
parenthesis,  and  never  two  from  the  same  parenthesis.  The 
number  of  terms  is  the  number  of  different  ways  in  which  a  letter 
can  be  selected  from  each  of  the  three  parentheses.  In  the  present 
case  this  is,  by  §101,  2X2X2  =  8. 

108.  BiD<aiiial  Fonnula.  It  is  required  to  write  out  the  value 
of  (x  +  o)",  where  x  and  a  stand  for  any  two  numbers  and  n  is  a 
positive  integer.  That  is,  we  must  consider  the  product  of  the  n 
parentheses: 

{X  ^  a){x -^  a){z  +  a)    .    .    -    (i  +  a) 
by  the  distributive  law  stated  above. 

First.  Take  an  x  from  each  of  the  parentheses  to  form  one  of 
the  partial  products.     This  gives  the  term  x'  of  the  product. 

Second.  Take  an  a  from  the  first  parenthesis  with  an  x  from 
each  of   the  other  (n  -  1)    parentheses.    This  gives  ox'-'  as 
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another  partial  product.  But  if  we  take  a  from  the  second  paren- 
thesis and  an  x  from  each  of  the  other  (n  —  1)  parentheaea,  we  get 
ax"-'  as  another  partial  product.  Likewise  by  taking  a  from  any 
of  the  parentheses  and  an  z  from  each  of  the  other  (n  —  l)  paren- 
theses, we  shall  obtain  ax"-^  aa  a  partial  product.  Hence,  the 
final  product  contains  n  terms  like  or'"',  or  nax"-'  is  a  pari 
of  tke  prodiKt. 

Third.  We  may  obtain  a  partial  product  like  a*x"-^  by  taking 
an  a  from  any  two  of  the  parentheses,  ti^ether  with  the  x's  from 
each  of  the  other  (n  ~  2)  parentheses.  Hence,  there  are  as  many 
partial  products  like  a'i°-'  as  there  are  ways  of -eelecting  two  a's 
from  n  parentheses;  that  ia(  as  many  wara  as  there  are  groups  or 
combinations  of  n  things  taken  two  at  a  ti^,  or: 

.C-l)    ^ 
1-2  / 


.  ^» -1) 


K/'i' 


Hence,  — ,-- s —  a''x'~^  ia  another  part  of  fee  product. 

Fourth.  We  may  ffltaina  partial  product  like  o"!"-*  by  taking 
an  a  from  any  three  ftf  thensarentheses  tdfc?ther  with  the  a;'s  from 
each  of  the  other  (n  —  3)  jMentheses.  deffce,  there  are  as  many 
partial  products  like  a'x"-^  as  there  are  »i^  of  selecting  three  o's 
from  n  parentheses,  that  is,  as  many  ways  as  there  are  combina- 
tions of  n  things  taken  thi^  at  a  time,  or  — \^q^ 

Hence,  U^^ o^""'  is  another  part  of  the  product. 

In  general,  we  may  obtain  a  partial  product  like  a'x'-'  (where  r 
is  an  integer  <  n)  by  takii^  an  a  from  any  r  of  the  parentheses 
together  with  the  i'b  from  each  of  theother  (w  —  r)  parentheses. 
Hence,  there  are  as  many  partial  products  like  a'l*-'  as  there  are 
ways  of  selecting  r  a's  from  n  parentheses;  that  is,  as  many  ways 
as  there  are  combinations  of  n  thit^s  taken  r  at  a  time,  or 

c'-'  stands    for  any  term 


rl(n-r)!       "^"^'''    r!  (n  -  r)! 
in  general  in  the  product  (i  +  a)". 

Finally,  we  may  obtain  one  partial  product  like  a"  by  taking  an 
a  from  each  of  the  parentheses.  Hence,  a"  is  the  last  term  in  the 
product. 


i.vCoogIc 


S109I  PERMUTATIONS  AND  COMBINATIONS  191 

Thus  we  have  ebown  that: 

(X +.)■ -X- +»«-.+ 5^1:^' .1-+ . . . 

Ill 

+  Tns^rTi""+  ■    •  +«• 

This  is  the  binomial  formula  of  Isaac  Newton.  The  right  side  is 
called  the  expansion  or  development  of  the  power  of  the  binomial. 

It  is  obvious  that  the  expansion  of  (x  —  a)*  will  differ  from  the 
above  only  in  the  signs  of  the  alternate  terms  containing  the  odd 
powers  of  a,  which,  of  course,  will  have  the  negative  sign. 

109.  Binomial  Theorem.  The  binomial  expansion  is  a  series, 
that  is,  each  term  may  be  derived  from  the  preceding  term  by  a 
definite  law.  This  law  is  made  up  of  two  parts  which  may  be 
stated  as  follows: 

(1)  Law  of  Exponents.  In  any  ■power  of  a  binomial,  x-^a,the 
exponent  of  x  commences  in  tke  frsl  term  with  the  exponent  of  the 
required  power,  and  in  tke  following  terms  coniiniwHy  decreases  by 
unity.  The  exponent  of  a  commences  with  1  in  the  second  term  and 
continxiaUy  increases  by  unity. 

(2)  Law  of  Coefficients.  Tke  coeffidenl  in  tke  first  term  is  1, 
that  in  the  second  term  is  the  exponent  of  the  power;  and  if  the 
coefficient  in  any  term  be  multiplied  by  the  exponent  of  x  in  that 
term  and  divided  by  tke  exponent  of  a,  in<Teased  by  1,  it  wiU  give  the 
coefficient  in  the  succeeding  term. 

Exercises 
1.  Expand  (u  +  3^)'.     Here  x  =  u  and  a  ^  3y.     By  the  formula 
we  get: 

u'  +  Su'iSy)  +  lQu»(3v)'  +  I0u'(.3y)'  +  5u(3a)<+  (3i,)' 
Performing  the  indicated  operations,  we  obtain: 

m'  +  ISuV  +  80uV  +  270uV'+  405uy*  +  243i/' 
E:q>and  each  of  the  following  by  the  binomial  formula: 
a.  {r"  -  2}<.  8.  <l/2  +  x)y  - 

8.  (35  -  1/2)'.  9.  (h'  -  c>)'. 

4.  (c  +  X)'.  10.  (3a  +  1/2)'. 

6.  (2i»  -  X)'.  11.  {M  -  3y)K 

6.  (1  -  a):  12.  (3i'  -  1)'. 

7.  (-x  +  2ay.  13.  (Va  +  i)'- 
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14.  («»  +  x'^  )•.  IT.  (a  +  [x+  y\)'. 

16.  (a-'  -ft**)'.  18.  (a +5  -  i,)». 

le.  (V^  -  V^):  19.  (i'  +  2«;  +  o')'. 

110.  Binomial  Tbeorem  for  Fractional  and  Negfttire  Exponents. 
It  is  proved  in  the  Calculus  that: 

(1  ±  2)-  =  1  ±  ni  -f-  — -gi ^    ± 3! ^   +  ■  .  ■ 

is  true  for  fractional  and  for  n^ative  values  of  n,  provided  x  is 
less  than  1  iii  absolute  value.  The  number  of  terms  in  the  expan- 
sion is  not  finite,  but  is  unlimUed,  and  the  seriea  or  expansion 
converges  or  approaches  a  definite  limit  as  the  number  of  terms  of 
the  expansion  la  increased  without  limit,  provided  1^]  <  1. 
By  the  above  formula,  we  have: 

, (1/2) (1/2  -  1) 

Vi  +  X  =  1  +  (1/2)  X  +       '  ai       'x^ 

,    (1/2)  (1/2-1)  (1/2 -2)..  , 


-  (l/2)x  -  (l/8)z'  +  (l/16)x'  -  (5/128)a;* 
1  =  1/2 


If 

this  becomes: 


V3/2  =  1  +  1/4  -  1/32  +  1/128  -  5/2048  +  .    .    . 
Therefore,  using  five  terms  of  the  expression: 

The  square  root,  correct  to  four  figures,  is  really  1.2247.  Thus  the 
error  in  this  case  ia  less  than  one-tenth  of  1  percent  if  only  five 
terms  of  the  series  be  used.  The  degree  of  accuracy  in  each  case 
is  dependent  both,  upon  the  value  of  n  and  upon  the  value  of  x. 
Obviously,  for  a  given  value  of  n,  the  series  converges  for  small 
values  of  x  more  rapidly  than  for  larger  values. 

As  another  example,  Buppose  it  is  required  to  expand  (1  —  x)"'. 
By  the  binomial  theorem: 
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(1  -  x)-'  =  1  +  (-  1)(  -  :r)  +  ^^-^-— -'*  (  -  ^)' 

+-^"-'-3;"-'-^'(-.)-+^.. 

=    1   +  X  +  I'  +  J'  +     .      .      . 

If  five  terms  of  the  series  be  used,  the  error  is  1  /16  for  i  =  1  /2, 
or  about  3  percent. 

111.  Approziniate  Fonnuks.    If  x  be  very  small,  the  expansion 
of: 

{l+x)'=  i+«x+  "^"^"^'i^+    .   .   . 

is  approximately: 

a  +  x)' •<■  I  +  nz  (I) 

since  x*,  x'  and  all  higher  powers  of  x  are  much  smaller  than  x. 
Thus,  using  the  symbol  =?  to  express  "approximately  equals,"  we 
have,  for  example: 

(1.01)'  ^  1.03 
for  (1  +  1/100)=  =?  1  +3/100 

The  true  value  of  (1. 01)'  is  1.030301,  so  that  the  approximation  is 
very  good. 
Likewise: 

(l-x)n=pl-nx  (2) 

if  X  be  small. 

If  X,  y,  and  z  be  small  compared  with  unity,  the  following 
approximate  formulas  hold: 

(l+x)(l  +  y)^l+x  +  y  (3) 

(i;+  X)  /(I  +  y)  =!=  1  +  X  -  y  (4) 

(1  +  x)(l  +  y)(l  +  z)  =?  1  +  X  +  y  +  z  (5) 

The  approximation  formulas  are  proved  as  follows: 

(1  +  x)(l  +  y)  "  I  +  X  +  y  +  xyp  I  +  X  +  y,  for  xy  is  small 

compared  to  x  and  y. 

(1  +  V)       ^         ^  +    1  +  !,    ^ 
small  compared  to  x  and  y. 

a  +  x){l  +  y)a  +  z)  =r  {I  -\-  X  +  y)  {I  +  z)  -F  I  +  X  +  y  +  2 


-  y,  for  the  fraction  is 
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112.*  The Progresmve Mean.  InusingBcientificdstaitisoften 
desirable  to  determine  the  so-called  pregreEsiTe  mean  of  a  highly 
fluctuating  magnitude.  Thus  if  we  vish  to  determine  whether 
or  not  the  rainfall  at  New  York  has  on  the  average  been  increasii^ 
or  decreasing  in  the  last  100  years,  we  form  an  average  for  each 
suooessive  group  of  five  or  six  or  seven  or  other  convenient  number 
of  years,  and  tabulate  and  compare  these  averages.  In  finding 
these  averages,  however,   the  various    years   are  weighted  as 


K  

HI 1 , 

f.-x^ 

1 

rfte 

.  4  . 

i 

follows:    If  the  numbers  whose  progressive  means  are  desired  be 

oi,  a-i,  at,  Oi,  .   .    .   ,  then  the  progressive  mean  corresponding 
to  fflio  would  be,  for  five-year  intervals, 

m  =  (aa+  4a,+  6a,o+  4a„  +  aii)/I6 
and  for  aeven-year  intervals, 

m  =  (a, +  6a8+  15a,  +  20fl,o+  15a„  +  6aii  +  aii)/64 
In  these  expressions  the  coefficients  are  the  binomial  coefficients 
and  the  divisors  are  the  sum  of  the  coefficients.    See  Fig.  S4. 
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PERMUTATIONS  AND  COMBINATIONS 

Exercises 

ain  the  following  approximate  fonnulas,  in  which  {: 

Vl+if  1  +(l/2)« 


(I  +  xr^' 
Vi~ 


1  -  (1/2)1 
1  -  (1/2)1 
1  +  (l/3)j 
(1/3)1 


(1  +  x)-^  f  1  -  (2/3)1 
(1  +i>}»?  1  +(l/3)j'. 

2.  Compute  the  numerical  value  of: 

{1.03)W  (1.05)  >* 

(1,02)  (1.03)  1.02/1.03 

(1.01)(1.02)/(1.03)<1.04). 

3.  The  formula  for  the  period  of  a  simple  pendulum  ia; 

T  =WT/g 
For  the  value  of  gravity  at  New  York,  this  reduces  to 

'       6.253 
in  which  {,  the  length  of  the  pendulum,  is  measured  in  inches.     This 
pendulum  beats  seoondB  when 

{  =  (6.253)>  or  39.10  inches. 
What  is  the  period  of  the  pendulum  if  f  be  lengthened  to  39.13  inches? 

6.253 

^        '6.253"    '6.253^1  +  ''^' 

=  6^3  (^+"^2" 
Talce  I  =  3&.10,  and  A  =  0.03 
Then: 


A  day  contains  86,400  seconds.  The  change  of  length  would,  there- 
fore, cause  a  loss  of  32,8  seconds  per  day,  if  the  pendulum  were  attached 
to  a  clock. 
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4.  On  the  ocean  how  far  can  one  see  at  ao  elevation  of  h  feet  above 
its  surface? 

Gall  the  radiue  of  the  earth  a(  -  3960  miles),  and  the  distance 
one  can  see  d,  which  is  along  a  tangent  from  the  point  of  observation 
to  the  sphere.     Since  ft  is  in  feet,  and  a  +  noon-  <^i  ^"d  a  are  the  sides 
of  a  right  triangle,  we  have  (o  +  ft/5280)>  =  d^  +  a' 
or:  a'(l  +  A/5280a}'  =  d'  +  a'. 


Fio.  85. — Graphical  Representation  of  the  Values  of  the  Binomial 
Coefficients  in  the  900th  power  of  a  Binomial.  The  middle  coefficients  are 
taken  equal  to  6,  for  convenience,  and  the  others  are  expressed  to  that 
scale  also. 

Expanding  by  the  approximate  formula: 

aHl  +  2ft/5280a)  =  d' +  a' 
or: 

d'  =  2oA/5280 

=  2  X  3960ft/5280 
=  (3/2)A 

d  =  V(372)A 
where  d  is  expressed  in  miles  and  k  is  in  feet.     See  S66,  exercise  13. 


5113]  PERMUTATIONS  AND  COMBINATIONS  197 

6.  How  much  is  the  area  of  a  circle  tiltered  it  ite  radius  of  100  cm. 
be  changed  to  101  cm.? 

6.  How  much  is  the  volume  of  a  sphere,  ^a',  altered  if  the  radius 
be  changed  from  100  cm.  to  101  cm.? 

7.  It  the  formula  tor  the  horse  power  of  a  ship  is  l.H.P.  =  onn 
where  S  is  speed  in  knota  and  D  is  displacements  in  ti>ns,  what  in- 
crease in  horse  power  is  required  in  order  to  increase  the  speed  from 
fifteen  to  8i:cteen  knote,  the  tonnage  remaining  constant  at  5000? 
What  increase  in  horse  power  is  required  to  maintain  the  same  speed 
if  the  load  or  tonnage  be  increased  from  5000  to  5500? 

113.*  Graphical  Representation  of  ttieCoefficientsof  any  Power 
of  a  BinomiaL  If  we  erect  ordinates  at  equal  intervals  on  the 
X-axis  proportional  to  the  coefficients  of  any  power  of  a  binomial, 
we  find  that  a  curve  is  approximated,  which  becomes  very  strikii^ 
as  the  exponent  is  taken  larger  and  larger.  In  Fig.  85,  the  ordi- 
nates are  proportional  to  the  coefficients  of  the  999th  power  of 
(x  +  a).    The  drawing  is  due  to  Quetelet. 

The  limit  of  the  broken  line  at  the  top  of  the  ordinates  in  Fig.  85 
is,  as  n  is  increased  indefinitely,  a  bell-shaped  curve,  known  as 
the  probability  nirve;  its  equation  is  of  the  form  y  =  ae-*'^,  as 
is  shown  in  treatises  on  the  Theory  of  ProbabiUty. 
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CHAPTER  VII 
PROGRESSIONS 

114.  An  Arithmetical  Progres&ioD  or  an  Arithmetical  Series, 

is  any  Buecession  of  terms  such  that  each  term  differs  from  that 
immediately  preceding  by  a  fixed  number  called  the  common 
difference.     The  following  are  arithmetical  progressions: 

(1)  1,  2,  3,  4,  5. 

(2)  4,  6,  8,  10,  12. 

(3)  32,  27,  22,  17,  12. 

(4)  24,  3J,  5,  6i,  7i 

(5)  («  -  v),  u,  Cu  +  ..). 

(Q)  a,a  +  d,a  +  2d,a+3d,   .    .    . 
The  first  and  last  terms  are  called  the  extremes,  and  the  other 
terms  are  called  the  means. 

Where  there  are  but  three  numbers  in  the  aeriea,  the  middle 
number  is  called  the  arithmetical  mean  of  the  other  two.  To  find 
the  arithmetical  mean  of  the  two  numbers  a  and  b,  proceed  as 
follows: 

Let  A  stand  for  the  required  mean;  then,  by  definition: 
A-a=b-A 
whence: 

-l  =  (a  +  6)/2 
Thus,  the  arithmetical  mean  of  12  and  IS  is  15,  for  12,  15,  IS  is  an 
arithmetical  progression  of  common  difference  3. 

By  the  arithmetical  mean  or  arithmetical  average  of  several 
numbers  ia  meant  the  result  of  dividing  the  sum  of  the  numbers  by 
the  number  of  the  numbers.  It  is,  therefore,  such  a  number  that 
if  all  numbers  of  the  s^t  were  equal  to  the  arithmetical  mean,  the 
sum  of  the  set  would  be  the  same. 

The  general  arithmetical  progression  of  n  terms  is  expressed  by: 
Number  of 

term:  12  3  4  ...  n 

Progrefision:o,  (o  +  d),(a  +  2rf),(a  +  3rf),   .    .    .   (o  +  t"  -  l)rf) 
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Here  a  and  d  may  be  any  algebraic  numberB  whatsoever,- integral 
or  fractional,  rational  or  irrational,  positive  or  negative,  but  n 
must  be  a  positive  integer.  If  the  common  difference  be  negative, 
the  progression  is  said  to  be  a  decreasing  progressioii;  otherwise, 
an  increasing  progres^on. 

From  the  general  progression  written  above,  we  see  that  a  for- 
mula for  deriving  the  nth  term  of  any  precession  may  be  written: 
I  =  a  -t-  (n  -  l}d  (1) 

in  which  I  stands  for  the  nth  term. 

116.  The  Sum  of  n  T^nns.  If  8  stands  for  the  sum  of  n  terms 
of  an  arithmetical  pr<^re9sion,  and  if  the  sum  of  the  terms  be 
written  first  in  natural  order,  and  again  inrev^se  order,  we  have: 
s  =  o  4-  (a  +  d)  +  («  +  2d)  +  .  .  .  +  (a  +  [n  -  l]d)  (1) 
s  =  I  +  {I  '  d)  +  {I  -  2d)  +  .  .  .  +  (I  -  [n  -  m  (2) 
Adding  (1)  ajid  (2),  term  by  term,  noting  that  the  positive  and 
negative  common  differences  nulUfy  one  another,  we  obtain: 

2s  =  (fl  +  0  +  («  +  0  4-  (a  +  0  +  .  .  .  +(a  +  l)  (3) 
or,  since  the  number  of  terms  in  the  original  progression  is  n,  we 
may  write: 

2s  =  n{a  +  I) 
or:  8  =  n(a  +  l)/2  (4) 

In  the  above  expression,  (a  +  ()  /2  is  the  average  of  the  first  and 
nth  terms.  The  formula  (4)  states,  therefore,  that  the  sum  equals 
the  number  of  the  terms  multipUed  by  the  average  of  the  first  and 
last. 

118.  An  arithmetical  progression  is  a  very  simple  particular  in- 
stance of  a  much  more  general  class  of  expressions  known  in  mathe- 
matics as  series.  A  series  is  any  sequence  of  terms  formed  accord- 
ing to  some  law,  such  as: 

(x+l)  +  (x  +  2)^+ix  +  Sr,   ■    ■    - 

X  +  3x'  +  5x''+    .    .    . 

cos  I  -I-  cos  22  -i-  cos  3a:  -I-    .    -    . 

It  is  only  in  a  very  limited  number  of  cases  that  a  short  expression 

can  be  found  for  the  sum  of  n  terms  of  a  series.     An  arithmetical 

progression  is  one  of  these  exceptions. 
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117.  The  formulas  (1)  and  (4)  above  are  illustrated  graphically 
by  Fig.  86.     Ordinates  proportional  to  the  terms  of  a  progression 

are  laid  off  at  equal  intervals  on  the 
line  OX.  The  ends  of  these  lines,  be- 
pause  of  the  equal  increments  in  the 
terms  of  the  series,  lie  on  the  straight 
line  MN.  By  reversing  terms  and 
adding,  the  sums  lie  within  the  rec- 
tangle OK  whose  altitude  is  (a  +  0- 
The  sum  of  an  arithmetical  pro- 
gression is  readily  constructed.  On 
OY,  lay  off  the  unit  of  measure  01; 
and,  to  the  same  scale,  n.  On  OX, 
lay  off  (a  +  l).  Prom  2  on  0  K  draw 
a  line  to  (a  -I-  I)  on  OX.  From  n  on 
0  Y  draw  a  parallel  to  the  latter,  cut- 
ting OX  in  s,  the  required  sum.  This 
construction  has  little  value,  except 
that  it  illustrates  that  a,  for  all 
values  of  a  and  d,  increases  indefi- 
nitely in  absolute  value  as  n  increases 
without  limit,  or,  using  the  equiva- 
lent terms  already  explained,  that 
s   becomes  infinite  as  n  becomes  in- 

118.  Formula  (1),  §114, enables  us  to  obtain  the  value  of  any 
one  of  the  numbers,  /,  a,  n,  d,  when  three  are  given.    Thus: 

(1)  Find  the  100th  term  of: 

3-1-8-1-13-1-   .    ,    . 
Here:  o  =  3,  d  =  5,  n  ■=  100 

therefore,  i  =  3  -|-  99  X  5  =  498 

(2)  Find  the  number  of  terms  in  the  progression: 

5-1-7  +  9+    ■    -    .    +39 
Here:  a  =  5,  rf  =  2,  (  =  39 

whence:  39  =  5  +  (n  -  1)2 

Solving  for  n:  n  =  18 
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(3)  Find  the  common  difference  in  a  progression  of  fifteen  terms 
in  which  the  extremes  are  1/2  and  42J: 
Here:  a=  1/2,1  =  42^^  =  15 

whence:  42^  =  1/2  +  (15  -  l)d 

Solving:  d  =  S 

Formula  (4),  §116,  enables  ub  to  find  the  value  of  any  one  of  the 
numbers  s,  n,  o,  I,  when  the  values  of  the  other  three  are  given. 
Thus: 

(5)  Find  the  number  of  terms  in  an  arithmetical  progression  in 
which  the  first  term  is  4,  the  la^t  term  22,  and  the  sum  91. 

Here:  a    =  4,1  =  22,  s  =  91 

whence:  91  =  >i(4  +  22) /2 

solving  for  n:  n  =  7 

The  two  formulas,  (1)  §114  and  (4)  §116,  contain  five  letters: 
hence,  if  any  two  of  them  stand  for  unknown  numbers,  and  the 
values  of  the  others  are  given,  the  values  of  the  two  imknown 
numbers  can  be  found  by  the  solution  of  a  system  of  two  equa- 
tions.   Thus: 

(6)  Find  the  number  of  terms  in  a  precession  whose  sum  is 
1095,  if  the  first  term  is  38  and  the  difference  is  5. 

Here:  s  =  1095,  a  =  38,  and  rf  =  5 

whence:  i  =  38  +  (n  -  1)5  (1) 

1095  =  n(38  +  0  /2  (2) 

FromCl):  /  =  33  +  5n  (3) 

From  (2) :  2190  =  38n  +  nl  (4) 

Substitutii^  the  value  of  I  from  (3)  in  (4),  we  get: 

2190  =  71n  +  5n'  (5) 

Solving  this  quadratic,  we  find: 

n  =  15,  or  -  29.2 
The  second  result  is  inadmissible,  since  the  number  of  terms 
cannot  be  either  n^ative  or  fractional. 

Exercises 

Solve  each  of  the  following: 

1.  Given,  a  =  7,  d  =  4,  n  -  15;  find  i  and  8. 

2.  Given,  o  =  17,  i  =  350,  d  =  9;  find  n  and  a. 
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5.  Given,  o  -  3,  n  =•  50,  s  =  3825;  find  I  and  d. 
.  4.  Given^s  =  4784,  o  »  41,  d  =  2;  find  i  and  n. 
■'  -  ^5.  Given,  s  =  1008,  d  =  4,  i  -  88;  find  o  and  n. 

6.  Find  the  sum  of  the  first  n  even  numbers. 

7.  Find  the  sum  of  the  first  n  odd  numbers. 

8.  Insert  nine  arithmetical  mcane  between  —  7/8  and  +  7/8. 
-1     8.  Sum  (a  +  6)'  +  (a'  +  b')  +  {a  -  b)' to  n  terms. 

'       10.  Find  the  sum  of  the  first  fifty  multiples  of  7. 

11.  Find  the  amount  of  Sl.OO  at  simple  interest  at  5  percent  for 
■  1912  years. 

12.  How  long  must  tl.OO  accumulate  at  3i  percent  simple  inter- 
~est  until  the  total  amounts  to  $100? 

IS.  How  many  terms  of  the  progression  9  +  13  +  17  + 
,  muBt  be  taken  in  order  that  the  sum  may  equal  624?    How  many 
terms  must  be  taken  in  order  that  the  sum  may  exceed  7507 

14.  Show  that  the  only  right  triangle  whose  sides  are  in  arithmetical 
progreBsion  is  the  triangle  of  sides  3,  4,  5,  or  a  triangle  with  aides  pro- 
portional to  these  numbers. 

119.  Geometrical  Progression.  A  geometrical  progresEion 
is  a  series  of  terms  euch  that  each  term  is  the  product  of  the 
preceding  term  by  a  fixed  factor  called  the  ratio.  The  following 
are  examples: 

(1)  3,  6,  12,  24,  48. 

(2)  100,  -50,  25,  -12i 

(3)  1/2,  1/4,  1/8,  1/16,  1/32. 

(4)  a,  or,  or',  at^,  ar*  .    .    . 

The  geometrical  mean  of  two  numbers,  a  and  b,  is  found  as 
follows:  Let  G  stand  for  the  required  mean.  Then,  by  the 
definition  of  a  geometrical  progression: 

G/a  =blG 
whence: 
or:  G^  =  ab 

G  =  v'HS 
Thus,  4  is  the  geometrical  mean  of  2  and  8.     The  arithmetical 
mean  of  2  and  8  is  5.    The  geometrical  mean  of  n  positire  num- 
bers is  the  value  of  the  nth  root  of  their  product.    Thus  the  geo- 
metrical mean  of:  ^ 

8,  9  and  24  ifl  12  =   ^  8  X  9  X  24 
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120.  The  nth  Term  and  Qie  Sum  of  n  TenoB.  If  a  represents 
the  first  term  and  r  the  ratio  of  any  geometrical  progression,  the 
progression  may  be  written: 

Number  of  term:    12     3       4     .    .    -  n  -  1     n 
Progression:  a,  or,  ar^,  ar',   .    .    .   ar"-*,  or'-' 

Therefore,  representing  the  nth  term  by  I,  we  obtain  the  simple 
formula: 

I  =  ai"-"  (1) 

Representit^  by  a  the  sum  of  n  terms  of  any  geometrical  pro- 
gression, we  have: 

Faotoring  the  right  member: 

3  =  a(l  +  r  +  r"  +    .    .    ,    +  r-=  +  r-') 
But,  by  a  fundamental  theorem  in  factoring, '  the  expression  in  the 
parenthesis  is  the  quotient  of  1  —  r»  by  1  —  r.    Hence: 

s  =  aCl  -  r-)  /(I  -  r)  (2) 

Another  form  is  obtained  by  introducing  l  by  the  substitution: 

8  =  (a-rl)/(l-r)  (3) 

121.  Formula  (1),  or  (2),  enables  one  to  find  any  one  of  the  four 
numbers  involved  in  the  equations  when  three  are  given.  The 
two  formulas  (1)  and  (2)  considered  as  simultaneous  equations 
enable  one  to  find  any  two  of  the  five  numbers  a,  t,  n,  I,  s,  when  the 
other  three  are  given.  But  if  r  be  one  of  the  unknown  numbers,  the 
equations  of  the  system  may  be  of  a  h^h  degree,  and  beyond  the 
range  of  Chapter  VII,  unless  solved  by  graphical  means.  If  n  be 
an  unknown  number,  an  equation  of  a  new  type  is  introduced, 
namely,  one  with  the  unknown  number  appearing  as  an  exponent. 
Equations  of  this  type,  known  as  exponential  equations,  will  be 
treated  in  the  chapter  on  logarithms.  The  following  examples 
illustrate  cases  in  which  the  resulting  sii^le  and  simultaneous 
equations  are  readily  solved. 

(1)  Insert  three  geometrical  means  between  31  and  496- 
Here: 

a  =  31,     I  =  496,  andn  =  5 

>8ea  Appaudii. 
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whence: 


r*=  16 
therefore: 

r-  ±2 
consequently,  the  required  means  are  either  62,  124,  and  248, 
or  -  62,  +  124,  and  -  248. 

(2)  Find  the  sum  of  a  geometrical  precession  of  five  terms,' 
the  extremes  beii^  8  and  10,368. 

Here: 

a  =  8,     i  =  10,368,  and  n  =  5 
whence: 

10,368  =  8?-*  (I) 

s  =  {10,368r-8)/(r-  1)  (2) 

VioTo  the  first, 

T  =  6 
whence,  from  the  second, 

s  =  12,440 

(3)  Find  the  extremes  of  a  geometrical  progression  whose  sum 
is  635,  if  the  ratio  be  2  and  the  number  of  terms  be  7. 

Here: 

s  =  635,  r  =  2,  and  n  =  7 
whence: 

I  =  a.2'  (1) 

635  =  (2i  -  a)  /I  (2) 

Substituting  /  from  (I)  in  (2),  we  get: 

635  -  128  fl  -  o 
whence: 

a  =  5,  hence,  I  =  320 

(4)  The  fourth  term  of  a  geometrical  precession  is  4,  and  the 
sixth  term  is  1.    What  is  the  tenth  term? 

Here: 

ar'  =  4  (1) 

and: 

ar'  -  1  (2) 
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whence,  dividing  (2)  by  (1): 

■^; 

r'=  1/4,  orr=  ±  1/2 

-1. 

therefore,  from  (1): 

a  =  4/r»=  ±32 

Then  the  tenth  term  U: 

-i- 

±32(  ±  1/2)*=  1/16 

Exeicises 

1.  Find  the  Bum  of  seven  terms  of  4  +  8  +  16  +  .    .    . 
a.  Find  the  sum  of  -  4  +  8  -  16  +  .    .    .  to  six  terms, 
8.  Fmd  the  tenth  term  and  the  sum  of  ten  terma  of  4  —  2  + 
1  -  .    ,    . 
^4^ind  T  and  s;  given  a  =2,1  =  31,250,  n  =  7. 
"     ^IfTlnBert  two  geometrical  means  betwewi  47  and  1269.  -^  V/    —  />.  3 

6.  Insert  three  geometrical  means  between  2  and  3.  •    ■+-  -  -^  T  3      ^ 

7,  Insert  seven  geometrical  means  between  o'  and  M.  '  ^  —      ' 
$.  Show  that  the  quotient   {a"  —  6")/(a  —  5)  ib  a  geometrical   - 

progression.  * 

-pfi.  Sum  3;''-'+x--'j(  +  *"-'j/>+.    .    .ton  terms.  V  "^^  ■/  *-'  ''■ 

V    /O.  Sum  i"~  '  —  i"~'y,+  i"~  '  y'  —  .    .    .  to  n  terms.  " --      /\-'-^      , 
,.''  11.  Sum  a+or~'+«r~'+.    .    .ton  terms.  - 

'  12.  If  a,  b,  c,d,    .    .    .  are  in  geometrical  progression,  then  a'  +  6', 

6'  +  c',  c'  +  d',  ..    .    .  are  also  in  geometrical  progreBsion. 

13.  If  any  .numbers  are  in  geometrical  progression,  their  differences 
are  also  in  geometrical  progression. 

I    14.  ,A  man  agreed  to  pay  for  the  shoeing  of  his  horse  as  follows: 
1  cent  for  the  first  nail,  2  cents  for  the  second  nail,  4  cents  for  the  third 
nail,  and  so  on  until  the  eight  nails  in  each  shoe  were  paid  for.     What 
did  the  last  nail  coat?    How  much  did  he  agree  to  pay  in  all? 
122.  Compound  Interest     Just  aa  the  amount  of  principle  and 
,   interest  of  a  sum  of  money  at  simple  interest  for  n  years  is  ex- 
\  pressed  by  the  (n  +  l)st  term  of  an  arithmetical  progression;  so, 
'  in  the  same  way,  the  amount  of  any  sum  at  compound  interest  for 
'  n  years  is  represented  by  the  (n  +  l)st  term  of  a  geometrical  pro- 
;gression.    Thus,  the  amount  of  11.00  at  compound  interest  at 
^  percent  for  twenty  years  is  given  by  the  expression: 
.         ■  1(1.04)" 


\^  %    '  The  amount  of  d  dollars  for  n  years  at  r  percent  isr 

.  \-~  ^  L,  ,z,;i.,C00gIC 
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The  present  value  of  $L00,  due  twenty  years  hence,  estiniatiiig 
compound  interest  at  4  percent,  is: 

1/(1.04)" 

The  value  of  $1.00,  paid  annually  at  the  beginnii^  of  each  year 
into  a  fund  accumulating  at  4  percent  compound  interest,  is,  at 
the  end  of  that  period : 

(1.04)'+  (1.04)'+   .    .    .   (1.04)" 
which  is  the  sum  of  the  terms  of  a  geometrical  progression  of 
twenty  terms. 

Problems  of  this  character  in  compound  interest  and  in  com- 
pound discount,  and  the  more  complicated  problems  that  proceed 
therefrom,  are  basal  to  the  theory  of  annuities,  life  insurance  add 
depreciation  of  machinery  and  structures.  The  computation  of 
the  high  powers  invdved  necessitates  the  postponement  of  such 
problems  until  the  subject  of  logarithms  has  been  explained. 

123.  Infinite  Geometrical  Progressions.  If  the  ratio  of  a 
geometrical  progression  be  a  proper  fraction,  the  precession  is 
said  to  be  a  decreadng  progression.    Thus: 

1,  1/2,  1/4,  1/8,  1/16,  and  1/3,  1/9,  1/27,  1/81 
are  decreasing  progressions.  If  we  increase  the  number  of  terms 
in  the  first  of  these  progressions  the  sums  will  always  be  less  than  2; 
but  the  difference  2  —  s  will  become  and  remain  less  than  any 
preassigned  number.  By  definition,  2  is,  therefore,  the  limit  of 
this  sum.*  The  sum  of  n  terms  of  this  particular  progression 
should  be  written  down  by  the  student  for  a  number  of  successive 
values  for  n,  thus: 
Number  of  terms: 

1,       2,  3,  4,  5,  ,  .  .  10, 

Sum:   1,1  +  1/2,1  +  3/4,1  +  7/8,1+  15/16,-  .  .  1  +  511/512, 
The  nth  term  differs  from  2  by  only  1  /2'  -  '. 

It  is  easy  to  show  that  the  sum  of  every  deoreasing  geometrical 
precession  approaches  a  fixed  limit  as  the  number  of  toms 
becomes  infinite.    For,  write  the  formula: 


1  - 
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If  we  suppose  that  r  is  a  proper  fraction  and  that  n  increases  with- 
out limit,  then  r"  can  be  made  less  than  any  assigned  number,  for 
the  value  of  any  power  of  a  proper  fraction  decreases  as  the  ex- 
ponent of  the  power  increases.  As  the  nther  parts  of  the  second 
fraction  in  (1)  do  not  change  in  value  as  n  changes,  the  fraction 
as  a  whole  can  be  made  smaller  than  any  number  that  can  be 
assigned.    Hence,  we  write: 

„?■„•-,---,  (2) 


As  n  ~  °o ,  find  the  limit  of  each  of  the  following: 
1.  1/2  -  1/4  +  1/8  -  1/16  +     .      .      . 


whence,  the  hmit  b 


-^-^—  -  1/3 
--  (-  1/2)  ■  ^'^■ 

2.  0.3333  ...  ^'       / 

Here:  a  =  3/10,  r  =  1/10  '  ■      ,  ',   ' 

whence,  the  hmit:  s  =  .—  j  (.n  =  1/3- 

8.  9  -6  +  4-  ....  , 

4.  0.272727  -.-  .  .  ■  ■   "  ,-,  j      .  '  '- 

5.  0.279279279  ...         .        7-  ■'    '         '>      C 

6.  1/3  -  1/6  +  1/12  -  :--.        ','  --■  ■  /  .-'     ^ 

7.  4  +  0.8  +  0.16  +-,-.-..     "  "  ■   ■ 

8.  Express  the  number  8  aa  the  sum  of  an  infinite  geometrical 
progression  whose  second  term  is  2. 

124.  Graphical  representation  of  the  terms  and  of  the  sum  of  a 
geometrical  pr<%ression:  If  lines  proportional  to  the  terms 
of  an  arithmetical  progression  be  erected  at  equal  intervals  normal 
to  any  line,  the  ends  of  the  perpendiculars  will  lie  on  a  stra^ht 
line,  as  already  explained  in  §117.  We  shall  now  explain 
a  corresponding  construction  for  a  geometrical  progression. 
First,  note  that  all  the  essentials  pf  ft  geometrical  progression  may 
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be  studied  if  we  aasume  the  first  term  to  be  unity,  for  the  number 
a  occurs  only  as  a  single  constant  multiplier  in  each  term,  and 
also  occurs  in  the  same  manner  in  the  formulas  for  I  and  g.  There- 
fore, by  takiikg  a-fold  these  expressions  in  a  geometrical  series 
whose  first  term  is  1,  the  results  are  obtained  for  the  more 
general  case. 

To  represent  the  geometrical  series  l+r+r'+r^+.  .  .  + 
r"-i  graphically,  lay  ofS  OM  =  1  on  OY,  OSi  =  1  on  OX,  SiP|  = 
r  on  the  unit  line,  and  draw  Af  Pi,    Draw  the  arc  PiSi  and  erect 


' N X 

>         S.  S.  S.  St  Si 


Fia.  87. — Giaphical  Conatruction  of  the  Sum  of  a  (7.  P.  r  >  I. 


PiSi.  Draw  the  arc  PjSi  and  erect  PiSj.  Continue  this  con- 
struction until  you  draw  the  arc  P,-iS,  and  erect  P^,.  The 
series  of  trapezoids  OMS^i,  S,P,Pj5s,  SjPiPjS,,  .  .  .  , 
5,,-iP„-iPnS„  are  similar  and,  since  PiSi  =  t  XOM,  it  follows 
that  PiSi  =  tPiS,,  PS,  =  rPA,  -  ■  ■  ,  P^n  =  rP.-,S„-i. 
Hence  we  have: 
OM  =  0S,    =1 

Pi5i  =  S,S,  =  T    .-.  05i  =  1  +  r  =  sum  of  2  terms 

PtSt  =  SiS,  =  r>  .-.OSi  =  1  +  r  +  r'   =  sum  of  3  terms 

PsSi  =  SS,  =  r'  .-.  0S<  =  1  +  r  +  r*  +  r'  =    sum  of  4  trams 

p.-iS»-,  =  S,-,S„  =  r»-"  :.0S,  =  1  +  r  +  r'  +  .  .  .  r--'  = 
sum  of  n  terms. 

Fig.  87  shows  the  series  whose  ratio  is  r  =  1.2.  Fig.  88  shows 
the  series  whose  ratio  is  0.8. 

The  line  AfPi  has  the  slope  (r  -  1)  in  Fig.  87  and  the  slope 
—  (1  -  r)  in  Fig.  88.  In  both,  its  y-intercept  is  1.  Its  equation 
is,  in  both  casps,  y  =  {t  —  l)x  +  I  or  x  =  j-^    ■     In   both 
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figures,  when  y  =  P»iS,  —  r-,  a:  —  OS,.  Substituting  these  values 
for  X  and  y,  we  get  for  the  sum  of  n  terms,  S  ■  y~JL —     ^*' 

87  shows  that  when  the  number  of  terms  is  allowed  to  increase 
without  limit,  the  sum  0S„  also  increases  without  limit.    Fig. 

88  shows  that  when  the  number  of  terms  is  made  to  increase 
without  limit,  the  sum  OS,  approaches  OL  as  a  limit.  Now  the 
value  of  OL  is  the  value  of  i  when  y  =  0.  Hence  the  limit 
of  the  sum  of  the  progression,  or  OL  =  j-^^  ■ 

Consult  also  §7,  problem  6,  exercise  5  and  Figs.  13,  14. 

InFigs.  87and88the  ordinatesOJlf,  S,  Pi,  ilaPs,  .  .  .  repre- 
,.  senting  the  successive  terms  of  the  geometrical  progressions,  were 
not  erected  at  equal  int^vals  along  OX.  If  the  ordinatea  repre- 
sentii^  the  successive  terms  of  the  progressions  be  erected  at  equal 
intervals  along  OX,  the  line  MPiPJ'»  .  .  .  passing  through 
the  ends  of  the  ordinates  will  be  a  curve  and  not  a  stra^ht  line. 


Fia.  88. — Graphical  Construction  of  the  Sum  of  a  G.  P. 


To  construct  this  curve,  a  geometrical  construction  different  from 
that  given  above  is  to  be  preferred.  Near  the  lower  margin  of  a 
sheet  of  SJ  X  11-inch  unruled  paper  lay  off  a  uniform  scale  of 
inches  and  draw  vertical  lines  through  the  points  of  division,  as 
shown  in  Fig.  89.  Select  one  of  these  for  the  y-axis,  and  on  the 
unit  line  lay  off  the  given  ratio  of  the  progression  1^  =  r.  Then 
divide  the  y-axis  proportionally  to  the  successive  powers  of  r, 
either  by  the  method  of  problem  6,  JT,  Fig.  11,  or  by  the 
method  shown  in  Fig.  89.  Through  the  points  of  division  on  the 
y^axis  draw  lines  parallel  to  the  x-axis.  thus  dividing  the  plane 
into  a  lai^e  number  of  rectangles.  Starting  at  the  point  M 
(0,  1)  sketch  free  hand  the  diagonals  of  successive  cornering 
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rectai^ee,  rounding  the  results  into  a  smooth  curve  as  shown. 
Then  the  relation  between  ordinate  y  and  abscissa  x  for  the  values 
of  T  =  —  2,  —1,  0,  1,  2,  3,  etc.,  is  given  by  the  equation  y  =  f. 
Fig.  89  is  drawn  for  r  =  3/2  so  that  the  curve  is  y  -  (3/2)'. 

The  method  used  in  Fig.  S9  may  be  explained  as  follows: 
Draw  the  lines  y  =  x  and  y  =  tx.  From  the  point  (1,  r) 
oay  =  TX  draw  a  horizontal  line  to  Jf  =  ^i  thence  a  vertical  Une 
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to  3/  =  n,  etc.,  thereby  farming  the  "stairway"  of  hne  segments 
between  y  =  x  and  y  =  rx  as  shown  in  the  figure.  Then  the 
points,  JV,  P,  Q,  etc.,  have  the  ordinates  r,  r',  H,  etc.,  as  required, 
for,  to  obtain  the  ordinate  of  P,  or  P/>,  the  value  of  x  used  was 
OD  =  r,  hence  P  is  the  point  on  y  =  rx  f or  x  =  r,  or  y  = 
PD  =  r*.  likewise  Q  is  by  construction  the  point  on  y  =  rx 
for  X  =  r',  hence  the  y  of  the  point  Q  ■■  r  X  r*  =  r',  etc. 

The  figure  shows  the  process  for  finding  »■-',  r-',  etc.  In 
Chapter  VIII  a  method  will  be  explained  for  locating  intermediate 
points  on  the  curve. 


>;,l,ZDdbyG00gle 


J0 


513S]  '-^  ^-^       PROGRESSIONS  211 

The  curve  generated  by  the  mfittuid  described  above  is  one  of 
the  most  important  curves  in  mffuiematics.  In  general,  it  is  seen 
that  the  points  located  on  the  curve  MN  always  satisfy  an 
equation  of  the  form  &S''^i^~ 

y  =  r' 
where  r  is  a  constant.    This  is  called  an  exponential  equation 
and  the  curve  is  known  as  the  exponential  or  compound  interest 
curve. 

Note  that  the  ordinates  y  to  the  right  of  M  increase  rapidly  as  x 
increases  and  that  the  ordinates  to  the  left  of  M  decrease  ver^ 
slowly  as  x  decreases;  that  is,  the  curve  rapidly  leaves  the  positive 
j;-axis,  but  slowly  approaches  the  negative  i-axis  as  an  asymp- 
tote.   These  results  are  exactly  reversed  in  case  r  <  1. 

126."  Hannonical  Progressions.  A  series  of  terms  such  that 
their  reciprocals  form  an  arithmetical  progression  are  said  to  form 
an  haimonical  progression.    The  following  are  examples: 

(1)  1/2,  1/3,  1/4,  1/5. 

(2)  1,  1/5,  1/9,  1/13. 

(3)  l/(,x--y),llx,ll(,x  +  y). 

(4)  1/3,1,  -1,-1/3. 

(5)  4,  6,  12. 

(6)  I/O,  l/(o  +  d),  l/Ca-|-2d),   ... 

Although  harmonical  prt^ressions  are  of  such  a  simple  character, 
no  simple  expression  has  been  found  for  the  sum  of  n  terms.  Our 
knowledge  of  arithmetical  progressions  enables  ua  to  find  the 
value  of  any  required  term  and  to  insert  any  required  number 
of  harmonical  means  between  two  given  extremes,  as  in  the 
examples  below. 

(1)  Write  six  terms  of  the  harmonical  progression  6,  3,  2. 

We  must  write  six  terms  of  the  arithmetical  progreasion, 
1/6,  1/3,  1/2.  The  common  difference  of  the  latter  is  1/6,  so 
that  the  arithmetical  progression  is  1  /6,  1  /3,  1  /2,  2  /3,  5/6,  1 ,  and 
the  harmonical  progression  is  6,  3,  2,  1.5,  1,2,  1. 

(2)  Insert  two  harmonical  means  between  4  and  2. 

We  must  insert  two  arithmetical  means  between  1/4  and  1/2; 
these  are  1/3  and  5/12,  whence  the  required  harmonical  means 
are  3  and  2.4. 
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12S.  *  Hannonical  Mean.  The  harmonical  mean  is  found  as 
follows:  Let  the  two  numbers  be  a  and  (  and  let  H  stand  for  the 
required  mean.    Then  we  have: 

1  /ff  -  1  /a  =  1  /6  ~  1  /ff 
That  ie: 

2/ff  =  l/a  +  1/6  =  (o  +  i.)M 
whence: 

H  =  2ab/(a  +  b)  (1) 

•  Thus  the  harmonical  mean  of  4  and  12  is  96/(4  +  12)  =■=  6. 
By  the  hanaonical  mean  of  several  numbers  is  meant  the  reciprocal 
of  the  arithmetical  mean  of  their  reciprocals.  Thus  the  har- 
monical mean>  of  12,  8  and  48  is  13  iH- 


127.*  Relation  between  A,  G,  and  H.    As  previously  found: 

A  "  (a  +  b)/2,   G  =   Vaft^ff  =  2a6/(a  +  6) 
whence: 

Out: 

ab  =  G' 
ience: 

AH  =G^ 

G  =  VAH  (1) 
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That  is  to  say,  the  geometrical  mean  of  any  two  positive  numbers   ^ 
is  the  same  as  the  geometrical  mean  of  their  arithmetical  and 
harmonical  means. 

The  arithmetical,  geometrical  and  harmonical  means  may  be 
constructed  graphically  as  in  Fig.  90.  Draw  the  circle  of  diameter 
(0  +  6)  "  OM  +  MK.  Then  the  radius  is  the  arithmetical 
mean  A.  Erect  a  perpendicular  at  M.  Then  MG  is  the  geomet- 
rical mean.  MakeOG'  *  MG  and  draw  CG'.  DrawG'/f  perpen- 
dicular to  CG'.    Then  OH  is  the  harmonical  mean,  since 

OG'  =   ^lOC^XOH 
Now-d  >G  >  ff;for  from  the  figure,  MG<C^.    Therefwe, 
the  angle  G'CO  is  legs  than  45°  and  also  its  equal  HG'O  is  less 
than   45°.    Therefore,   HO  <  OG'    which    establishes    the   in- 
equality. 

Exercises 

1.  Continue  the  harmonical  progression  12,  6,  4, 

2.  Find  the  difference:     (1,8  +  1.2 -|- 0.8  +   .    ,    .  to  8  terms) 

~  (1.8  +  1,2  +  0.6  +  .    ,    .  to  8  terms), 

3.  If  the  arithmetical  mean  between  two  numbers  be  1,  show  that 
the  harmonical  mean  is  the  square  of  the  geometrical  mean. 
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128.  HiBtorical  Development.  The  almost  miraculous  power 
of  modern  calculation  is  duo,  in  large  part,  to  the  invention  of 
logarithms  in  the  first  quarter  of  the  seventeenth  century  by  a 
Scotchman,  John  Napier,  Baron  of  Merchiston.  This  invention 
was  founded  on  the  simplest  and  most  obvious  of  principles,  that 
had  been  quite  overlooked  by  mathematicians  for  many  genera- 
tions. Napier'sinventionmaybeexplainedas  follows:'  Let  there 
be  an  arithmetical  and  a  geometrical  progression  which  are  to  be 
associated  together,  as,  for  example,  the  following: 

0,  1,     2,     3,      4,       5,      6,       7,        8,         9,         10 

1,  %  4,  8,  16,  32,  H  128,  256,  512,  1024 
Now  the  product  of  any  two  numbers  of  the  second  line  may  be 
found  by  adding  the  two  numbers  of  the  first  progression  above 
them,  findii^  this  sum  in  the  first  line,  and  finally  taking  the  num- 
bw  lying  under  it;  this  latter  number  is  the  product  sought.  Thus, 
suppose  the  product  of  8  by  32  is  desired.  Over  these  numbers 
of  the  second  line  stand  the  numbers  3  and  5,  ^'hose  sum  is  8. 
Under  8  is  found  256,  the  product  desired.  Now  since  but  a 
limited  variety  of  numbers  is  offered  in  this  table,  it  would  be 
useless  in  the  actual  practice  of  multiph cation,  for  the  reason 
that  the  particular  numbers  whose  product  is  desired  would 
probably  not  be  found  in  the  second  Une.  The  overcoming 
of  this  obvious  obstacle  constitutes  the  novelty  of  Napier's  inven- 
tion. Instead  of  attemptii^  to  accomplish  his  purpose  by  ex- 
tending the  progressions  by  continuation  at  their  ends,  Napier 
proposed  to  insert  any  number  of  intermediate  terms  in  each 
progression.    Thus,  instead  of  the  portion 

0,  1,    2,    3,      4 

1,  2,     4,     8,     16 
of  the  two  series  we  may  write: 

of  Iba  invention,  not  historical  details,  are 
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0.  .1/2,       1,  1§,       2,        2i,        3,  3i,        4 

1,  v^,       2,       VS,       4,     \/32,       8.   VTaS,       16  - 

by  inserting  arithmetical  means  between  the  consecutive  terms 
of  the  arithmetical  series  and  by  inserting  geometrical  means 
between  the  terms  of  the  geometrical  series.  Let  these  be 
computed  to  any  desired  degree  of  approximation,  say  to  two 
decimal  places.     Then  we  have  the  series 

A.P.  G.P. 

0.0  1.00 

0.5  1.41 

1.0  2.00 

1.6  2.83 

2.0  4.00 

2.5  5.66 

3.0  8.00 

Again  insertii^  arithmetical  and  geometrical  means  between  the 
terms  of  the  respective  aeries  we  have: 


A.  p. 

G.P. 

0.00 

1.00 

0.26 

1.19 

0.60 

1.41 

0.75 

i.eo 

1.00 

2.00 

1.25 

2.38 

1.50 

2.83 

1.75 

3.36 

2.00 

4.00 

2.25 

4.76 

By  continuing  this  process  each  consecutive  three  figure  number 
may  finally  be  made  to  appear  in  the  second  column,  so  that,  to 
this  degree  of  accuracy,  the  product  of  any  two  such  numbers 
may  be  found  by  the  process  previously  explained.  The  decimal 
points  of  the  factors  may  be  ignored  in  this  work,  as  for  example, 
the  product  of  2.38  X  14.1  is  the  same  as  that  of  238  X  14.1 
except  in  the  position  of  the  decimal  point.  The  correct  position 
of  the  decimal  point  can  be  determined  by  inspection  after  the 
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significant  figures  of  the  product  have  been  obtained.  Using 
the  above  table  we  find  2.38  X  14.1  =  33.6. 

The  above  table,  when  properly  extended,  is  a  table  of  loga- 
rithms. As  geometrical  and  arithmetical  pri^ressions  different 
from  those  given  above  might  have  been  used,  the  number  of 
possible  systems  of  Ic^arithms  is  indefinitely  great.  The  first 
column  of  figures  contains  the  logarithms  of  the  numbers  that 
stand  opposite  them  in  the  second  column.  Napier,  by  this 
process,  said  he  divided  the  ratio  of  1.00  to  2.00  into  "  100  equal 
ratios,"  by  which  he  referred  to  the  insertion  of  100  geometrical 
means  between  1.00  and  2.00.  The  "number  of  the  ratio" 
he  called  the  logarithm  of  the  number,  for  example,  0.75  opposite 
1.69,  is  the  li^arithm  of  1.69.  The  word  logarithm  is  from  two 
Greek  words  meaning  "The  number  of  the  ratios."  In  order  to 
produce  a  table  of  It^arithms  it  was  merely  necessary  to  compute 
numerous  geometrical  means;  that  is,  no  operations  except  multi- 
phcfttion  and  the  extraction  of  square  roots  were  required.  But 
the  numerical  work  was  carried  out  by  Napier  to  so  many  decimal 
places  that  the  computation  was  exceedingly  difficult. 

The  news  of  the  remarkable  invention  of  li^arithms  induced 
Henry  Br^s,  professor  at  Gresham  College,  London,  to  visit 
Napier  in  1615.  It  was  on  this  visit  that  Briggs  su^ested  the  ad- 
vantages of  a  system  of  logarithms  in  which  the  l(%arithm  of 
1  should  be  0  and  the  logarithm  of  10  should  be  1,  for  then  it  would 
only  be  necessary  to  insert  a  sufficient  number  of  geometrical 
means  between  1  and  10  to  get  the  logarithm  of  any  desired 
number.  With  the  encouragement  of  Napier,  Briggs  undertook 
the  computation,  and  in  1617,  published  the  logarithms  of  the 
first  1000  numbers  and,  in  1624,  the  logarithms  of  numbers  from 
1  to  20,000,  and  from  90,000  to  100,000  to  fourteen  decimal 
places.  The  gap  between  20,000  and  90,000  was  filled  by  a  Hol- 
lander, Adrian  Vlacq,  whose  table,  published  in  1628,  is  the  source 
from  which  nearly  all  the  tables  since  published  have  been 
derived. 

129.  Graphical  Computation  of  Logarithms.  In  Fig,  89  the 
terms  of  a  geometrical  progression  of  first  term  1  and  ratio  IN  =r 
are  represented  as  ordinatesarrai^ed  at  equal  intervals  aloi^  OX. 
F^.  89  is  drawn  to  scale  for  the  value  of  r  =  1.5.    Fig.  91  is 
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a  similar  figure  drawn  for  r  =  2,  in  whlcli  a  process  is  used  for 
locating  intermediate  points  of  the  curve,  so  that  the  locus  may 
be  sketched  with  greater  accuracy.  The  lines  y  =  x  and  y  =  tx 
(in  this  case  y  =  2x)  are  drawn  as  before,  and  the  "stairway" 
constructed  as  before  (see  §121).  Vertical  lines  drawn 
through  X  =  —  2,  —  1,0, 1,2,3,  .   .   .  and  horizontal  lines  drawn 


1       r     u 
» 

s 

1  '    / 

I 

.      1 

"""7.7/ 

/ 

17/ 

"^S'^ 

Fia.  91. — Graphical  Conatruction  of  the  Curve  y  =  2'. 

through  the  honzontal  tread  of  each  step  of  the  stairway  divides 
the  plane  into  a  large  number  of  rectangles.  Starting  at  M 
and  sketching  the  diagonals  of  successive  oornerii^;  rectangles 
the  smooth  curve  MNP  is  drawn.  Intermediate  points  of 
the  curve  are  located  by  doublii^  the  number  of  vwtical  lines  by 
bisecting  the  distances  between  each  original  pair,  and  then 
by  increasing  the  number  of  horizontal  lines  in  the  following  man- 
ner: Draw  the  line  y  =  -^rx  (in  the  case  of  the  Fig.,  j;  =  V2  »). 
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At  the  points  where  this  hue  cuts  the  vertical  risers  of  each  step 
of  the  "stairway"  (some  of  these  points  are  marked  A,  B,  C 
in  the  diagram)  draw  a  new  set  of  horizontal  Unes.  Each  of  the 
original  rectangles  is  thus  divided  into  four  smaller  rectai^les. 
Starting  at  M  and  sketching  a  smooth  curve  aloi^  the  diagonals 
of  successive  cornering  rectai^Ies,  the  desired  graph  is  obtained. 
By  the  use  of  the  straight  line  y  =  Vr  a;  another  set  of  intermedi- 
ate points  may  be  located,  and  so  on,  and  the  resulting  curve 
thus  drawn  to  any  degree  of  accuracy  required.  In  explainiiy; 
this  process,  the  student  will  show  that  the  method  of  construc- 
tion just  used  consists  in  the  doubling  of  the  number  of  horizontal 
hnee  of  the  figure  by  the  successive  insertion  of  geometrical  means 
between  the  terms  of  a  geometrical  progression,  while  at  the  same 
time  the  number  of  vertical  lines  is  successively  doubled  by 
insertion  of  arithmetical  means  between  the  terms  of  an  arith- 
metical series.  Thus  the  graphical  work  of  construction  of  the 
curve  corresponds  to  the  successive  insertion  of  t^eometricol  and 
arithmetical  means  in  the  two  series  discussed  in  the  preceding 
section. 

As  explained  above,  the  ordinate  y  of  any  point  of  the  curve 
MNP  of  Pig.  91  is  a  term  of  a  geometrical  progression,  and  the 
abscissa  x  of  the  same  point  is  the  correspondii^;  term  of  an 
arithmetical  precession.  Since,  when  y  is  given,  the  value  of  x 
is  determined,  we  say,  by  definition,  that  x  is  a  function  of  y 
(§4).  This  particular  functional  relation  is  so  important 
that  it  is  given  a  special  name:  x  is  called  the  logarithm  of  y, 
and  the  statement  is  abbreviated  by  writing 
X  =  log  y, 

but  to  distinguish  from  the  case  in  which  some  other  geometrical 
prt^ression  might  have  been  used,  the  ratio  of  the  progression 
may  be  written  as  a  subscript,  thus: 
X  =  logr  y 

which  is  read:  "x  is  the  logarithm  of  y  to  the  base  r." 

If  we  assume  that  the  process  of  locating  the  successive  sets  of 
intermediate  points  by  the  construction  of  successive  geometrical 
means  will  lead,  if  continued  indefinitely,  to  the  generation  of 


>;,l,ZDdbyG00gle 


S1291  LOGARITHMIC  AND  EXPONENTIAL  FUNCTIONS   219 

the  curve  MNP  without  breaks  or  gaps,  then  we  may  say  that  in 
the  equation: 

X  =  logr  y    .  (1) 

the  logarithm  is  a  function  of  y  defined  for  all  positive  values  of  y 
and  for  oH  values  of  x. 

As  a  matter  of  fact,  both  tbe  arithmetical  and  the  geometrical 
method  given  above  defines  the  function  or  the  curve  only  for 
rational  values  of  x;  that  is,  the  only  values  of  x  that  come  into 
view  in  the  process  explained  above  are  whole  numbers  and 
intermediate  rational  fractions  like  2},  2},  2f,  2iV,  2^,  .    .    . 

It  is  seen  at  once  from  the  method  of  congtruction  uaed  in  Fig. 
91  that  the  values  of  y  at  t  =  1,  2,  3,  4,  . . .,  are  respectively 
y  =  r,  r»,  r',  r\  ...,  and  the  values  of  y  &tx  =  1/2,  3/2,  5/2,  .  , . , 
are  V  =  r^',  r^,  r'*,  . . . ,  respectively,  and  similarly  for  other  inter- 
mediate values  of  x.  In  other  words,  the  equation  connecting 
the  two  variables  x  and  y  may  be  written 

y  =  r'  (2) 

Thus,  when  the  values  of  a  variable  x  run  over  an  arithmetical 
progression  {of  first  term  0)  while  the  corresponding  values  of  a 
variable  y  run  over  a  geometrical  progression  {of  fxst  term  I),  the 
relation  between  Ihe  variables  may  ftfi  written  in  eHher  of  the  forms 
(1)  or  (2)  above.  Equation  (2)  is  called  an  e^QWnential  equation 
and  y  is  said  to  be  an  exponential  function  of  x,  while  in  (1)  x 
is  said  to  be  a  logaiithmtc  function  of  y.  The  student  has  fre- 
quently been  called  upon  in  mathematics  to  express  relations 
between  variables  in  two  different  or  "inverse"  forms,  analogous 
to  the  two  forms  y  =  r'  and  x  =  log,  y.  For  example,  he  has 
written  either 


■  ±  Vy 


The  graph  of  a  function  is  of  course  the  same  wheftier  the  equation 
be  solved  for  x  or  solved  for  y. 
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130.  The  student  is  required  to  construct  the  curves  described 
in  the  following  exercises  by  the  method  of  §129.  The 
inch,  or  2  cm.,  may  be  adopted  as  the  imit  of  measure;  the  curves 
should  be  drawn  on  plain  paper  within  the  interval  from  z  = 
-  2  to  a;  =  +  2. 

If  tai^jents  be  drawn  to  the  curves  at  x  =  —  2,  —  1,  0,  1,  2, 
it  will  be  noted,  aa  nearly  as  can  be  determined  by  experiment, 
that  the  several  tangents  to  any  one  curve  cut  the  X-axis  at  the 
same  constant  distance  to  the  left  of  the  ordinate  of  the  point 
of  tangency.  This  distance  is  greater  than  unity  if  r  =  2  and  less 
than  unity  if  r  =  3.  The  value  qf  t  for  which  the  distance  is  exactly 
unity  is  later  skoivn  to  be  a  certain  irrational  or  incommenmrabU 
number,  approximately  2.7183  .  .  .  ,  represented  in  mathematics 
by  the  Ulier  e,  and  called  the  Naperian  base.  Thia  number,  and 
the  number  ir,  are  two  of  the  most  important  and  fundamental 
constants  of  mathematics.' 


the  eucve. 

To  tea 

whethe 

ore 

t  a  tangen 

i>    0 

rractly  d 

aw 

a 

point 

»  number 

(  chord,  parallel 

to  th 

tan gent  a 

ay  be 

drawn. 

If  the 

DtS  J.B  of 

the  cho 

d  tend 

oaeb  the  p 

into 

chord 

r  and 

P  (bu 

sl-raya  pa 

allel 

0  AB)  tb 

the 

ngent 

If  the  t 

nta  A  and  B  do 

ot  tend  tq 

alea 

nC  P  when 

red  In 

r  del 

oribed,  then 

the 

uaent 

.  incorrectly  drawn 

at  in  draw 

n 

u 

ge 

rvas.     One 

(these 

eitlbd  a 

'Radi 

.tor."  will 

Mfou 

od  liated  i 

oat 

alogi. 

with  a  vertical  mirror  aa  ahown  in  Fig.  02.  Whan  the  atraifht  edce  is  placed 
aoroas  ■  eurre  the  reflection  of  the  curve  in  the  mirror  and  the  curve  itaelf  can 
both  be  aeea  and  uaually  the  curve  and  image  meet  to  form  a  cuep  or  aagle. 
The  atraifht  edce  may  be  turned,  however,  until  the  image  forma  a  imooth 
continuation  of  the  given  curve.     Tn  tbis  poaidon  the  atraigbt-edce  ia  perpendiou- 
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Exerdses 

Draw  the  following  curves  on  plain  paper  usii^  1  inch  as  the  unit 
of  measure;  make  the  tests  referred  to  in  the  second  paragraph  of 
§130. 
-.  1,  Construct  a  curve  similar  to  Fig.  91,  repreaentii^  the  equation 
X  =  logi  y,  from  i  =  — 2toi  =  +2,  and  draw  tangents  at  a;  ■■  —  1, 
J  =  0,  I  =  I,  I  =  2. 

a.  Construct  the  curve  whose  equation  ie  x  =  logi  j/  from  x  =  —  2 
•   to  I  ="  +  2,  and  draw  tangents  at  a;  =  —  1,  i  =  0,  i  =  1,  i  =  2. 

S.  Construct  the  curve  whose  equation  is  x  —  log,.?^,  and  show  by 

-   trial  or  experimen  t  that  the  tangent  to  the  curve  at  i  =  2  cuts  the  i-axia 

at  nearly  x  =  I,  that  the  tangent  at  i  =  1  cuts  the  a;-axia  at  nearly 

1  =  0,  that  the  tangent  at  i  —  0  cuts  the  i-axia  at  nearly  x  =  —  1, 

etc. 

4.  Draw  the  curve  x  —  logo.i  y  and  show  that  it  is  the  same  as  the 
reflection  oi  x  =  logt  y  in  the  mirror  x  =  0. 

t^ora:  The  student  must  remember  that  the  experimental  testing 
of  the  properties  of  the  tangents  to  the  curvea  called  for  above  does  not 
constitute  matkeniatical  proof  of  the  usual  deductive  sort  famiUar  to 
him.  The  experimental  tests  have  value,  however,  in  preparing  the 
student  for  the  rigorous  investigation  of  these  same  properties  when 
taken  up  in  the  calculus. 

131.  The  Ezponectial  Function.  The^xpreasion  a',  whore  a 
is  any  positive  numbw  except  1,  has  a  definite  meanii^  and 
value  for  all  positive  or  nt^ative  rational  values  of  x,  for  the 
meaning  of  numbers  affected  by  positive  or  negative  fractional 
expouents  has  been  fuUy  explained  in  elementary  algebra.  The 
process  outlined  above  likewise  defines  log,  x  for  all  rational 
values  of  x,  but  the  process  would  not  lead  to  irratwnal  values 
of  X,  such  as  V2,  -^5,  ete.  As  a  matter  of  fact  the  expression  a* 
has  as  yet  no  meaning  assigned  to  it  for  irrational  values  of  x; 
thus  10  has  no  meaning  by  the  definitions  of  exponents  pre- 
viously given,  for  ■\/2,  is  not  a  whole  number,  hence  10^^  does 
not  mean  that  10  is  repeated  as  a  factor  a  certain  number  of 
times;  also  V^  is  not  a  fraction,  so  that  10  cannot  mean  a 
power  of  a  root  of  10.  But  if  any  one  of  the  numbers  of  the 
following  sequence 

1         1.4         1.41         1.414         1.4142         1.41421       .    .    . 
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be  used  as  the  exponent  of  10,  the  resulting  power  can  be  com- 
puted to  any  desired  number  of  decimal  places.  For  example, 
10'"  is  the  141th  power  of  the  lOOthrootof  10;  to  find  the  100th 
root  we  may  take  the  square  root  of  10,  find  the  square  root  of 
this  result,  then  find  its  5th  root,  finally  finding  the  5th  root 
of  this  last  result. 
If  the  various  powers  be  thus  computed  to  seven  places  we  find : 

10'*  =  25.11887.  .  . 

lO'"  =  25.70396  .  .  . 

lO'.*"         =  25.94179.  .  . 

10'-««        =  25.95374,  ,  . 

10'"*"       =  25.95434.  .  . 

lOi.imi"      =  25,95452.  .  . 

10i.««i"  =  25,95455.  ,  . 
Now  the  sequence  of  exponents  used  in  the  first  column  are 
found  by  extractii^  the  square  root  of  2  to  successive  decimal 
places.  If  the  sequence  in  the  second  column  approaches  a  limit, 
this  limit  is  taken  by  definition  as  the  value  of  10  .  It  is  shown 
in  higher  mathematics  that  such  a  limit  in  this  and  similar  cases 
always  exists  and  consequently  that  a  number  with  an  irrational 
exponent  has  a  meaning.  In  this  book  we  shall  assume,  without 
a  formal  proof,  that  a'  has  a  meaning  for  irrational  values  of  x. 
To  summarize:  In  order  lexically  to  complete  the  definition  of 
o'  for  irrational  values  of  x,  and  to  set  forth  other  important 
properties,  we  would  be  required  to  proceed  aa  follows: 

(1)  It  must  be  shown  that  if  x  be  an  always  rational  variable 
approaching  an  irrational  number  n  as  a  limit,  that  the  limit  of 
a"  exists.  The  notation  a',  where  x  is  rational,  is  understood  to 
mean  the  positive  value  of  a',  so  that  the  limit  of  a',  when  it  is 
shown  to  exist,  will  necessarily  be  a  positive  number. 

(2)  The  above  described  limit  of  a'  must  be  taken  as  the  defini- 
tion of  a",  where  n  is  the  irrational  number  approached  by  x  as 
a  limit. 

(3)  It  must  be  shown  that  a'  is  a  eontinnoua  function  of  x. 

(4)  It  must  be  shown  that  the  fundamental  laws  of  exponents 
apply  to  numbers  affected  with  irrational  exponents. 

When  it  is  shown,  or  when  it  is  assumed,  that  a  value  of  x 
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always  exists  which  will  satisfy  the  equation  a'  =  y,  where  a 
and  y  are  any  given  positive  numbers,  then  the  expression  a* 
is  called  the  exponential  function  of  x  with  base  a;  otherwise  a'  is 
defined  only  for  rational  values  of  x. 

132.  Deflniticms.    In  the  exponential  equation  a'  =  y: 
The  number  a  is  called  the  base. 

The  number  y  is  caUed  the  exponential  fimcti<»i  of  x  to  the  base 
a,  and  is  sometimes  written  y  =  exp.  x. 

The  number  x  is  called  the  It^aritbm  of  j/  to  the  base  a,  and 
is  written  x  =  log.^.  Thus  in  the  equation  a'  =  y,  x  may  be 
called  either  the  exponent  of  a  or  the  logarithm  of  y. 

The  two  equations: 

y  =  a' 
X  =  log.  y 
express  exactly  the  same  relations  between  x  and  y;  one  equation 
is  solved  for  x,  the  other  is  solved  for  y.    The  graphs  are  identical, 
just  as  the  graphs  oi  y  =  x^  and  x  =  ±  y/y  are  identical. 

See  also  Anti-logarithm,  §142. 

133.  Common  Logarithms.  In  the  equation  10'  =  y,  x  is 
called  the  common  logarithm  of  y.  It  is  also  called  the  Brifx's 
logarithm  of  y.  Thus,  the  oommon  logarithm  of  any  number  is 
the  exponent  of  the  power  to  which  10  must  be  raised  to  produce 
the  given  number.  Thus  2  is  the  common  logarithm  of  100, 
since  10'  =  100;  likewise  1.3010  will  be  found  to  be  the  common 
logarithm  of  20  correct  to  4  decimal  places,  since  10'"'* 
=  20.0000  to  4  decimal  places. 

134.  Systems  of  Logarithms.  If  in  the  exponential  equation 
y  =  a',  where  a  is  any  positive  number  except  1,  different  values 
be  assigned  to  y  and  the  corresponding  values  of  x  be  computed 
and  tabulated,  the  results  constitute  a  system  of  logarithms. 
The  number  of  different  possible  ^stems  is  unlimited,  as  already 
noted  in  $128.  As  a  matter  of  fact,  however,  only  two 
systems  have  been  computed  and  tabulated;  the  natural  or 
Naperian  or  hyperbolic  system,  whose  base  is  an  incommensurable 
number,  approximately  2.7182818,  and  the  common  or  Brigs' 
system,  whose  base  is  10.  The  letter  e  is  set  aside  in  mathematics 
to  stand  for  the  base  of  the  natural  system. 
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Natural  logarithms  of  all  numbers  from  1  to  20,000  have 
been  computed  to  17  decimal  places.  The  common  logarithms 
arr  usually  printed  in  tables  of  4,  5,  6,  7  or  8  decimal  places. 

It  will  be  found  later  that  the  graphs  of  all  Ic^arithmic  functions 
of  the  form  x  =  \og^  y  can  be  made  by  stretching  or  by  contraot- 
ii^in  the  same  fixedratio  theordinatesofany  oneof  thel<^arith- 
mic  curves.  For  that  reason  numerical  tables  in  more  than 
one  system  of  logarithms  are  unnecessary. 

In  the  foUowii^  pages  the  common  logarithm  of  any  number  n 
will  be  written  log  n,  and  not  logion;  that  is,  the  base  is  supposed 
to  be  10  unless  otherwisf  designated;  In  x  for  1(^.  x  and  Ig  x  for 
Ic^ig  X  are  also  ueed. 

Exercises 

Write  the  following  in  logarithmic  notation. 
1.  10'  =    1000. 


10.  10 '"B J."       -    y. 

Express  the  following  in  exponential  notation : 

11.  Iog,o4  =        0.6021. 

la.  log  10000   =     4. 

13.  log  0.0001    =    -  4. 

14.  logs  1024      =         10. 
IB.  logo  a =         1 . 

16.  log-^^lOO  =         2/3. 

17.  log,,  (1/3)  -  -1/3. 

18.  logioolO  =  1/2. 

19.  log  1  =        0. 
30.  log.  1  =        0. 

135.  Graphical  Table.  In  Fig.  93  is  shown  the  graph  of  the 
function  defined  by  the  two  progressions  whose  use  was  suggested 
by  Briggs  to  Napier,  and  which  are  referred  to  in  the  last  paia- 
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graph  of  glSS.  By  mseitii^  means  three  times  between  0 
and  I  in  the  arithmetical  precession  and  between  1  and  10  in  the 
geometrical  precession,  we  get 

A.  P.  or  '  G.  P.  or  Exponential 

Logarithms  Numbers  j       Form  of  G.  P. 


1001 


0.000 

1,000           j 

0.125 

1,334 

0.250 

1,778             1 

0,375 

2,371 

0.500 

3  162             ! 

0,625 

4.217 

0,750 

5.623 

0.875 

7-499 

/ 

/ 

/ 

> 

/ 

/ 

' 

)   ,1 

Fio.  93.— The  Curve  L  =  loBinA^. 

If  we  let  L  at^nd  for  the  logarithm  of  the  number  N,  the 
functional  relation  is  obviously  L  =  logic  JV  or  JV  =  10^.  The 
curve  (Fig.  93)  may  now  be  used  as  a  graphiral  table  of  logarithms 
from  which  the  rtaults  can  be  read  to  about  3  decimal  places. 
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The  logaritlima  of  numbers  between  1  and  10  may  be  read  directly 
from  the  graph.  Thus,  logm  7.24  =  0.860.  If  the  logarithm  is 
between  0  and  1,  the  ntimbei  ia  read  directly  from  the  graph. 
Thua  if  the  logarithm  is  0.273,  the  number  is  1.87. 

If  we  multiply  the  readings  of  the  Nscaie  by  10",  we  must  add 
n  to  the  readings  on  the  L-sc{ile,  for  lO^N  =  10^  +  ". 

If  we  divide  the  readings  on  the  iV-scale  by  10",  wo  must 
subtractnfromthereading8ontheI-3CiJe,forJV/10"  =  10^"". 

This  fact  enables  us  to  read  the  logarithms  of  all  numbers  from 
the  graph,  and  conversely  to  find  the  number  corresponding  to 
any  logarithm.  Thus  we  have,  log  72.4  =  1.860,  log  724  =  2.860, 
log  0.724  =  0.860  -  1,  log  0.0724  =  0.860  -  2. 

If  the  logarithm  is  1.273,  the  number  is  18.7. 

If  the  logarithm  is  2.273,  the  number  is  187. 

If  the  logarithm  is  0.273  -  1,  the  number  is  0.187. 

If  the  logarithm  is  0.273  -  2,  the  number  is  0.0187. 

We  observe  that  the  computation  of  a  three  place  table  of 
logarithms  would  not  involve  a  largeamountof  work:  such  a  table 
has  actually  been  computed  in  drawing  the  curve  of  Fig.  93. 
The  original  tables  of  Briggs  and  Vlaeq  involved  an  enormoiis 
expenditure  of  labor  and  extraordinary  skill,  or  even  genius  in 
computation,  because  the  results  were  given  to  fourteen  places 
of  decimals. 

136.  Properties  of  Logarithms.  The  following  properties  of 
logarithms  follow  at  once  from  the  general  properties  or  laws  of 
exponents. 

(1)  The  logarithm  of  1  ia  0  in  all  systems.  For  a'^  =  1,  that 
is,  logo  I  =  0.  In  Fig.  91,  note  that  the  curve  passes  through 
(0,  1). 

(2)  The  logarithm  of  the  base  itself  in  any  system  is  1.  For 
«'  =  1,  that  is,  log.  a  =  1.  In  Fig.  91,  by  construction  N  is  always 
the  point  (1,  r),  where  r  is  the  ratio  of  the  first  or  fundamental 
progression;  in  the  present  notation,  this  is  the  point  (1,  a). 

(3)  N^ative  numbers  have  no  logarithms.  This  follows  at 
once  from  §131,  (1).  In  Figs.  89,  91,  and  93,  note  that  the 
curves  do  not  extend  below  the  X-axis. 

Note:  While  negative  numbers  have  no  logarithms,  this  does  not 
prevent  the  computation  of  expressions  containing  negative  factors 
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aod  diviaore.    Thus  to  compute  (287)  X  (—  374),  find  by  logarithms 
(287)  X  (374)  BDd  give  proper  sign  to  the  reault. 

137.  Logarithm  of  a  Product    Let  n  and  r  be  any  two  positive 
cumbers  and  let: 

log.n  =  X  and  logar  =  y  (1) 

Then,  by  definiticn  of  a  Ic^arithm: 

n  =  a'xaAr  =  a'  (2) 

Multiplying: 

Therefore,  by  definition  of  a  l(^arithm  S132: 

log.nr  =  x  +  y 
or,  by  CD 

logo  nr  =  logo  n  +  logo  »■  (3) 

Hence,  the  loganihm  of  Ike  prodiict  of  two  numbers  is  equal  to 
the  sum  <ff  the  logarithms  of  those  numbers. 
In  the  same  way,  if  Ic^g  s  =  z ,  then: 

that  ia, 

log,  nrs  =  log„  n  +  log,  r  +  loga  8 

Exercises 

Find  by  the  tormulaa  and  check  the  results  by  the  curve  of  Fig.  93. 
1.  Given  log  2  =  0.3010,  and  log  3  -  0.4771 ;  find  log  6;  find  log  18, 

3.  Given  log  5  =  0.6990  and  log  7  =  0.8451;  find  log  35. 
S,  Given  log  9  =  0.6542,  find  log  81. 

4.  Given  log  386  =  2.5866  and  1(«  867  =  2.9330;  find  the  logarithm 
of  the  product. 

8.  Given  log  lli  -  1.888  and  log  11  =  1.0414;  find  log  x. 

138.  Logarithm  of  a  Quotient.    Let  n  and  r  bo   any   two 
positive  numbers,  and  let: 

log.n  =  X  and  It^.r  =  y  (1) 

From  (I)  by  the  definition  of  a  Ic^arithm, 

Dividing, 
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ThOTefore  by  definitioD  of  a  logarithm, 
l(^.(n/r)  =  X  -y 
or  by  (1) 

log4n/r)  =  log.  n  -  log.  r  (2) 

therefore,  the  logarithm  of  the  qvotient  of  two  numbers  equals  the 
logarithm  of  the  dividend  less  the  logarithm  of  the  divisor. 

Exercises 

Check  the  results  by  reading  them  off  the  curve  of  Fig.  93. 

1.  Given  log  5  =  0.6990  and  1(«  2  =  0.3010;  find  1(«  (5/2) ;  Bod 
log  0.4. 

2.  Given  log  63  =  1.7993,  and  log  9  =  0.9542;  find  log  7. 

3.  Given  log  84  =  1.9243  and  log  12  =  1.0793;  find  log  7. 

4.  Given    log    1776  -  3.2494    and    log    1912  =  3.2815;    find    log 
1776/1912;  find  log  1912/1776. 

8.  Given  log  i/12  =  0.4321  and  log  12  =  1.0792,  find  log  x. 
139.  Logarithm  of  any  Power.    Let  n  be  an^  positive  number 
and  let: 

log.n  =  I  (1) 

From  (1),  by  the  definition  of  a  logarithm, 

Raising  both  sides  to  the  pth  power,  where  p  is  any  numbm-  what- 


therefore,  by  definition  of  a  logarithm, 

log^Cn")  =  px 
orby(l): 

Iog.Cn»)  =plog.n  (2) 

therefore  (fte  logarithm  of  any  poicer  of  a  number  equals  the  logarithm 
of  the  number  multiplied  by  the  index  of  the  -power. 

The  above  includes  as  special  cases,  (1)  the  finding  of  the 
logarithm  of  any  int^ral  power  of  a  number,  since  in  this  case 
p  is  a  poffltive  integer,  or  (2)  the  finding  of  the  logarithm  of  any 
root  of  a  number,  since  in  this  case  p  is  the  reciprocal  of  the  index 
of  the  root,  '  "^ 
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1.  Given  log  2  ==  0.3010;  find  log  1024;  find  log  \/2;  find  logi/2. 

2.  Given  l<^  1234  -  3.0913;  find  log  ^1234.    Find  log  v'1234. 
8.  Given  log  5  -  0.6990;  find  log  5^;  find  log  5''^ 

4.  Simplify  the  expression  log  30/^210  . 
Express  by  the  principles  established  in   £$137-139  the  following 
logarithms  in  as  simple  a  form  as  possible: 

6.  log  (</9  -i-  VS). 

6.  log  {Vl2  -!-  V6). 

7.  log  {«W  -^  u^). 

8.  log  [lOa'b'/a^  b'). 

8.  Show  that  log  (11/15)  +  log  (490/297)  -  2  log  (7/9)  =  log  2. 

10.  Findanexpressionfor  the  value  of  X  from  the  equation  3'  =  567. 
SoLUTJONi    Take  the  logarithm  of  each  aide 

a;  lc«  3  =  log  567 
But  log  567  =  log  (3'  X  7)  =  4  log  3  +  log  7 
therefore: 

a:  log  3  =  4  log  3  +  log  7 

x=i  +  (log  7)/(log  3). 

11.  Find  an  expression  for  x  in  the  equation  5'  =  375. 

12.  Given  log  2  -  0.3010  and  log  3  =  0.4771,  find  how  many 
digits  in  6'°. 

13f  Find  an  expression  for  x  from  the  equation : 
Z'  X  2'+'  =  -i/bU. 
u  14.  Prove  that  log  (75/16)  -  2  log  (5/9)  +  1(«  (32/243)  =  log  2. 

110.  CluracteriBtic  and  Mantissa.  The  common  logarithm 
of  a  number  ia  always  written  so  that  it  consists  of  a  positive 
decimal  part  and  an  integral  part  which  may  be  either  positive 
or  negative.  Thus  It^  0.02  =  log  2  -  log  100  =  0.3010  -  2. 
lA}g  0.02  is  never  wrilkn  -  1.6990. 

When  a  logarithm  of  a  number  is  thus  arranged,  special  names 
are  given  to  each  part.  The  positive  or  n^ative  int^ral  part  is 
called  the  chaiacteristic  of  the  logarithm.  The  positive  decimal 
part  is  called  the  mantissa.  Thus,  in  lc%  200  =  2.3010,  2  is 
the  characteristic  and  3010  is  the  mantissa.  In  ](%  0.02  — 
0.3010  —  2,  ( —  2)  is  the  characteristic  and  3010  is  the  mantissa. 

Since  1<^  1  =  0  and  \o%  10  =  1,  every  number  lying  between  I 
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and  10  has  for  its  common  It^arithm  a  proper  fraction — ^that 
is,  the  characteristic  is  0.  Thus  log  2  =  0.3010,  lc«  9.99  — 
0.9996,  log  1.91  ■=  0.281.    Startiog  with  the  equation: 

log  1. 91  =  0.2810 
we  have,  by  §137, 

1(«  19.1    =  log  1.91  +  log  10      =  0.2810  +  1 
1»«  191    =  log  1.91  +  log  100    -  0.2810  +  2 
Ic^  1910  =  log  1.91  +  log  1000  =  0.2810  +  3,  etc. 
Likewise,  by  §138, 

log  0.191  =  log  1.91  -  log  10  =  0.2810  -  1 
log  0.0191  =  log  1.91  -  log  100  =  0.2810  -  2 
log    0.00191  =  log  1.91  -  log  1000  =  0.2810  -  3,  etc. 

Since  the  characteristic  of  the  common  logarithm  of  any  number 
having  its  first  significant  figure  in  units  place  is  zero,  and  since 
moving  the  decimal  point  to  the  right  or  left  is  equivalent  to 
multiplying  or  dividing  by  a  power  of  10,  or  equivalent  to  adding 
an  integer  to  or  subtracting  an  integer  from  the  logarithm, 
(§136):  (1)  the  value  of  the  characteristic  is  dependent  merely 
upon  the  position  of  the  decimal  point  in  the  number;  (2)  the 
value  of  the  mantissa  is  the  same  for  the  logarithms  of  all 
numbers  that  differ  only  in  the  position  of  the  decimal  point. 
In  particular,  we  derive  therefrom  the  following  rule  for  finding 
the  characteristic  of  the  common  logarithm  of  any  number: 

The  characteriHic  of  the  common  logarithm  of  a  number  equals 
the  number  of  places  the  first  significant  figure  of  the  number  ia 
removed  from  units'  place,  and  is  positive  if  the  first  significant 
figure  stands  to  the  left  of  units'  place  and  is  negative  if  it  stands 
to  the  right  of  units'  place. 

Thus  in  log  1910  =  3.2810,  the  first  figure  lis  three  places  from 
units'  place  and  the  eharaeteristio  ia  3.  In  log  0.0191  =  0.2810 
~  2  the  first  significant  figure  1  is  two  places  to  the  right  of  units' 
place  and  the  characteristic  is  —  2.  A  computer  in  determining 
the  characteristic  of  the  l(^arithm  of  a  number  first  points  to 
units  place  and  counts  zero,  then  passes  to  the  next  place  and 
counts  one  and  so  on  until  the  first  s^nificant  figure  is  reaohed. 

Lc^arithms   with   negative    characteristics,  like   0.3010  —  1, 
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0.3010  —  2,  etc.,  are  frequently  written  in  the  equivalent  form 
9.3010  -  10,  8.3010  -  10,  etc. 


Exercises 

1.  What  numbers  have  0  for  the  characteristic  of  their  logarithm? 
What  numbers  have  0  for  the  mantissa  of  their  logarithms? 

2.  Find  the  characteristics  of  the  logarithms  of  the  following 
numbers:  1234,  6,678,910,  212,  57.45,  345.543, 7,  7.7,  0.7,  0.00000097, 
0,00010097. 

3.  Given  that  log  31.416  =  4.4971,  find  the  logarithms  of  the 
following  numbers:  314.16,  3.1416,  3,141,600,  0.031416,  0.31416, 
0.00031416. 

4.  Given  that  log  746  =•  2.8727,  write  the  numbers  which  have  the 
following  logarithms;  4.8727,  1.8727,  0.8727  -  3,  0.8727  -  1,  3.8727, 
0.8727  -  4. 

141.  Logarithmic  Tables.  A  table  of  logarithms  usually  con- 
tains only  the  mantissas  of  the  logarithma  of  a  certain  con- 
venient sequence  of  numbers.  For  example,  a  four  place  table 
will  contain  the  mantissas  of  tho  logarithms  of  numbers  from 
100  to  1000;  a  five  place  table  will  usually  contain  the  mantissas  of 
the  Ic^arithms  of  numbers  from  1000  to  10,000,  and  bo  on.  Of 
course  it  is  unnecessary  to  print  decimal  points  or  characteristics. 

A  table  of  logarithms  should  contain  means  for  readily  obtaining 
the  logarithms  of  numbers  intermediate  to  those  tabulated,  by 
means  of  tabular  differences  and  proportional  parts. 

The  tabular  differences  are  the  differences  between  successive 
mantissas.  If  any  tabular  difference  be  multiplied  successively 
bythenumbersO.l, 0.2,0.3,  .  .  .  , 0.8, 0.9, the  results  are  caUed 
the  proportional  parts.  Thus,  from  a  four  place  table  we  find 
I(^  263  =  2.4200.  The  tabular  difference  is  given  in  the  table 
as  16.  If  wo  wish  the  logarithm  of  263.7,  the  proportional 
part  0.7  X  16  or  11.2  is  added  to  the  mantissa,  givii^,  to  four 
places,  log  263.7  =  2.4211.  This  process  is  known  as  interpola- 
tioD.  Corrections  of  this  kind  are  made  with  great  rapidity  after 
a  little  practice.  It  is  obvious  that  the  principle  used  in  the 
correction  is  the  equivalent  of  a  geometrical  assumption  that 
the  graph  of  the  function  is  nearly  straight  between  the  successive 
values   of  the  argument  given  in  the  table.      The   corrections 
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should  invariably  be  added  mentally  and  all  the  work  of  interpolation 
should  be  done  mentaUy  if  the  finding  of  the  proportional  parts 
by  mental  work  does  not  require  multiplication  beyond  the  range  of 
12  X  12.  To  make  interpolations  mentally  is  an  essential  practice, 
if  the  student  ia  to  learn  to  compute  by  Ic^arithms  with  any  skill 
beyond  the  most  rudimentary  requirements. 

A  good  method  to  follow  is  as  follows:  Suppose  teg  13.1S-  is 
required.  First  write  down  the  characteristic  1;  then,  with  the 
table  at  your  left,  find  137  in  the  number  column  and  mark  the 
corresponding  mantissa  by  placii^  your  thumb  above  it  or  your 
first  finger  below  it.  Do  not  read  this  mantissa,  but  read  the 
tabular  difference,  32.  From  the  p.  p.  table  find  the  oorreetion, 
26,  for  8.  Now  return  to  the  mantissa  marked  by  your  finger, 
and  read  it  increased  by  26,  i.e.,  1393;  then  place  1393  after 
the  characteristic  1  previously  written  down. 

The  accuracy  required  for  nearly  all  engineering  comput;ations 
does  not  exceed  3  or  4  s^nifieant  figures.  Four  figure  accuracy 
means  that  the  errors  permitted  do  not  exceed  1  percent  of 
1  percent.  Only  a  small  portion  of  the  fundamental  data 
of  science  is  reliable  to  this  degree  of  accuracy. '  The  usual  meas- 
urements of  the  testing  laboratory  fall  far  short  of  it.  Only 
in  certain  work  in  geodesy,  and  in  a  few  other  special  fields  of 
er^ineering,  should  more  than  four  place  logarithms  be  used. 

142.  Anti-logarithms.  If  we  wish  to  find  the  number  which 
has  a  given  logarithm,  it  is  convenient  to  have  a  table  in  which 
the  logarithm  is  printed  before  the  number.  Such  a  table  is  known 
as  a  table  of  anti-logarithms.  It  is  usually  not  best  to  print 
tables  of  anti-l(%arithms  to  more  than  four  places;  to  find  a  number 
when  a  five  place  logarithm  is  given,  it  is  preferable  to  use  the 
table  of  Ic^arithms  inversely,  as  the  lat^e  number  of  pages  required 
for  a  table  of  anti-lc^arithms  is  a  disadvantage  that  is  not  com- 
pensated for  by  the  additional  convenience  of  such  a  table. 

1  Fundsmontal  oomlants  upon  which  much  of  tha  calculation  in  applied 
sraoDoa  miut  be  baaed  ara  not  often  known  to  four  fiiuree.  The  mechanical 
equivalent  of  heat  is  hardly  known  to  1  percent.  The  epeoific  beat  ol  super- 
heated eteam  is  even  less  accurately  known.  The  tcnailo,  tortional  and  com- 
pressive etrength  of  no  structural  material  would  be  HBSUmed  to  be  known  to  a 
ireater  accursey  than  the  above-named  conatanta.      01   courae   no  oaloulated 
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143.  Cologoritluns.  Any  computation  involvii^  multiplica- 
tion, division,  evolution  aad  involution  may  be  performed  by 
the  addition  of  a  single  column  of  logarithms.  This  possibility 
is  secured  by  using  the  cologariQim,  instead  of  the  logarithm,  of 
aU  divisors.  The  cologarithm,  or  complementary  logarithm, 
of  a  number  n  is  defined  to  be  (10  —  log  n)  —  10.  The  part 
(10  —  log  n)  can  be  taken  from  the  table  just  aB  readUy  as  log  n, 
by  nMracting  m  order  all  the  figures  of  Uk  logarithm,  including  the 
characteristic,  from  9,  except  the  last  figure,  which  must  be  taken 
from  10.  The  subtraction  should,  of  course,  be  done  mentally. 
Thus  log  263  =  2.4200,  whence  colog  263  =  7.5800  -  10.  It 
is  obvious  that  the  addition  of  (10  —  log  n)  —  10  is  the  same 
as  the  gublradion  of  log  n. 

The  Gonvenience  arising  from  this  use  may  be  illustrated  as 
follows: 
Suppose  it  is  required  to  find  x  from  the  proportion 

37.4' :x::  647  :    Vo.582. 

We  then  have 

2  log  37.4  =  3.1458 
(1  /2)  log  0.582  =  9.8826  -  10 
eolog  647  =  7.1891  -  10 
log  [1.650]  =  0.2174 

Therefore  a;  =  1.650. 

It  is  a  good  custom  to  enclose  a  computed  result  in  square 
brackets. 

144.  Arrangement  of  Work.  All  logarithmic  work  should  be 
arranged  in  a  vertical  column  and  should  be  done  with  pen  and 
ink.  Study  the  formula  in  which  numerical  values  are  to  be 
substituted  and  decide  upon  an  arrar^ement  of  your  work  in  the 
vertical  column  which  will  make  the  additions,  subtractions,  etc., 
of  Ic^arithms  as  systematic  and  easy  as  possible.  Fill  out  the 
vertical  column  with  the  names  and  values  of  the  data  before 
turning  to  the  table  of  logarithms.  This  is  called  blocking  out 
the  work.  The  work  is  not  properly  blocked  out  unless  every 
entry  in  the  work  as  laid  out  is  carefully  labelled,  stating  exactly 
the  name  and  value  of  the  magnitude  whose  It^anthm  is  taken. 
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and  unless  the  computation  sheet  bears  a  formula  or  statement 
fully  explainii^  the  purpose  of  the  work. 

Computation  Sheet,  Form  M7,  is  suitable  for  general  logarithmic 
computation. 

Exercises 

1.  From  a  four  place  table  find  the  logarithms  of  the  following 
numbers:  342,  1322,  8000,  872.4,  35.21,  0.00213,  3.301,  325.67, 
2},  3.1416,  0.0186,  250.75,  0.0007,  0.33333. 

3.  Find  the  numbers  corresponding  to  each  of  the  following 
logarithms:  0.3250,  2.1860,  0.8724,  1.1325,  3.0075,  8.3990  -  10, 
9.7481  -  10,  4.0831,  7.0091  -  10,  0.5642. 

3.  Compute  by  logarithms  the  value  of  the  following:  2.56  X  3.11 
X  421;  7.04  X  0.21  X  0.0646;  3215  X  12,82  -^  864.  

4.  Compute  the  following  by  logarithms:  81*  -h  17';  158V^B2; 
(343/892)';  Vl893  Vl912/446'. 

5.  Compute  the  following  by  logarithms:  (2.7182)'-*";  (7.41)-5  ; 
(8.31)=-". 

S.  Solve  the  following  equations:  5*  =  10;  3'"'  =  4;  log,  71  =  1.21 
log^  5  =  logio  4.822. 

7.  Find  the  amount  of  S550  in  fifteen  years  at  5  percent  com- 
pound interest. 

8.  A  corporation  is  to  repay  a  loan  of  $200,000  by  twenty  equal 
annual  payments.  How  much  will  have  to  be  paid  each  year,  if 
money  be  supposed  to  be  worth  5  percent? 

Let  X  be  the  amount  paid  each  year.  Ae  the  debt  of  $200,000  is 
owed  mno,  the  present  value  of  the  twenty  equal  payments  of  x  dollars 
each  must  add  up  to  the  debt  or  $200,000.  The  sum  of  x  dollars 
to  be  paid  n  years  hence  has  a  present  worth  of  only 

005)^ 
if  money  be  worth  5  percent  compound  interest.     The  present  value, 
then,  of  X  dollars  paid  one  year  hence,  x  dollars  paid  two  years  hence. 


1.06  "^  (105)' "^  {1.05)»  "^    ■    ■    *    "^(1.05)" 
This  is  a  geometrical  progression. 

The  result  in  this  case  is  the  value  of  an  annuity  payable  at  the 
end  of  each  year  for  twenty  years  that  a  present  payment  of  $200,000 
will  purchase. 
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9.  It  is  estimated  that  a.  certain  power  plant  coating  t220,000  will 
become  entirely  woTthlesB  except  for  a  scrap  value  of  S20,000  at  the 
end  of  twenty  years.  What  annual  sum  must  be  set  aside  to  amount 
to  the  cost  of  replacement  at  the  end  of  twenty  years,  if  5  percent 
compoimd  interest  is  realized  on  the  money  in  the  depreciation 
fund? 

Let  the  annual  amount  set  aside  be  x.  In  this  case  the  twenty 
equal  payments  are  to  have  a  value  of  $200,000  twenty  years  hence, 
while  in  the  preceding  problem  the  payments  were  to  be  worth 
$200,000  now.     In  this  case,  therefore, 

1(1.05)"  +  i(1.05>''  +  *Cl-05)"  +  .    .    . 

+a:{1.06)«  +  x(im)  +x  =  $200,000. 

The  geometrical  progression  is  to  be  summed  and  the    resulting 
equation  solved  for  x. 

10.  The  population  of  the  United  States  in  1790  was  3,930,000  and 
in  1910  it  was  93,400,000.  What  was  the  average  rate  percent  in- 
crease for  each  decade  of  this  period,  assuming  that  the  population 
increased  in  geometrical  progression  with  a  uniform  ratio  for  the  entire 
period. 

11.  Find  the  surface  and  the  volume  of  a  sphere  whose  radius  is 
7.211. 

12.  Find  the  weight  of  a  cone  of  altitude  9.64  inches,  the  radius 
of  the  base  being  5.36  inches,  if  the  cone  is  made  of  steel  of  specific 
gravity  7.93. 

13.  Find  the  weight  of  a  sphere  of  cast  iron  14.2  inches  in  diameter, 
it  the  specific  gravity  of  the  iron  be  7.30. 

14.  In  twenty-four  hours  ot  continuous  pumping,  a  pump  discharges 
450  gallons  per  minute;  by  bow  much  will  it  raise  the  level  of  water  in 
a  reservoir  having  a  surface  of  I  acre?     (1  acre   -  43560  sq.  ft.) 

146.  Trigonometric  ComputationB.  Logarithms  of  the  trig- 
onometric functions  are  used  for  computing  the  numerical  value 
of  expressions  containing  trigonometric  functions,  and  in  the 
solution  of  triangles.  The  right  triangles  previously  solved  by 
use  of  the  natural  functions  are  often  more  readily  solved  by 
means  of  logarithms.  (See  §66.)  The  tables  of  logarithmic  func- 
tions contain  adequate  explanation  of  their  use,  so  that  de- 
tailed instructions  need  not  be  given  in  this  place.  Two  new 
matters  of  great  importance  are  met  with  in  the  use  of  the  Ic^a- 
rithnts  of  thfl  trigonometric  functions  that  do  not  arise  in  the  use 
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of  a  table  of  logarithms  of  numbers,  which,  on  that  account,  require 
especial  attention  from  the  student: 

(1)  In  interpolating  in  a  table  of  logarithms  of  trigonometric 
functions,  the  corrections  ta  the  logarithms  of  all  co-functions  must 
be  subtracted  and  not  added.  Failure  to  do  this  is  the  cause  of 
most  of  the  errors  made  by  the  beginner. 

(2)  To  secure  proper  relative  accuracy  in  computation,  the 
:S  and  T  functions  must  be  used  in  interpolating  for  the  sine  and 
tangent  of  small  angles. 

In  the  following  work,  four  place  tables  of  logarithms  are 
supposed  to  be  in  the  hands  of  the  students. 


y^  A  right  prism,  whose  base  is  a  square  17,45  feet  on  a  side,  is 
cut  by  a  plane  making  an  angle  of  27°  16'  with  a  face  of  the  prism. 
Find  the  area  of  the  section  of  the  prism  made  by  the  cutting  plane. 

5.  The  perimeter  of  a  regular  decagon  ia  24  feet.  Find  the  area  of 
the  decagon. 

3.  To  find  the  distance  between  two  points  B  and  C  on  opposite 
banks  of  a  river,  a  distance  CA  is  measured  300  feet,  perpendicular 
to  CB.  At  A  the  angle  CAB  is  fou&d  to  be  47°  27'.  Find  the 
distence  CB. 

y£  In  running  a  line  18  miles  in  a  direction  north,  2"  13.2'  east, 
how  far  in  feet  does  one  depart  from  a  north  and  south  line  passing 
through  the  place  of  beginning? 

0.  How  far  is  Madison,  Wisconsin,  latitude  43°  5',  from  the  earth's 
axis  of  rotation,  assuming  that  the  earth  is  a  sphere  of  radius  3960 
miles? 

6.  Find  the  length  of  the  belt  required  to  connect  an  8-faot  and  a 
3-foot  pulley,  their  axes  being  21  feet  apart. 

7.  A  man  walking  east  7°  15'  north  along  a  river  notices  that  after 
passing  apposite  a  tree  across  the  river  he  walks  107  paces  before  he 
is  in  line  with  the  shadow  of  the  tree.  Time  of  day,  noon.  How  far 
ia  it  across  the  river? 

8.  Solve  the  right-angled  triangle  in  which  one  leg  =  2\/3  and  the 
hypotenuse  =  2». 

y^  The  moon's  radius  is  1081  miles.  When  nearest  the  earth,  the 
moon's  apparent  diameter  {the  angle  subtended  by  the  moon's  disk  as 
seen  from  the  position  of  the  earth's  center)  is  32.79'.    When  farthest 
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from  the  earth,  her  apparent  diameter  is  only  28.73'.    Find  the 
nearest  and  farthest  distances  of  the  moon  in  miles. 

10.  A  pendulum  39  inches  long  vibrates  3°  5'  each  side  of  its  mean 
position.  At  the  end  of  each  swing,  how  tai  is  the  pendulum  bob 
above  its  lowest  position? 

11.  If  the.  deviation  of  the  compass  be  2°  1.14' east,  how  many  feet 
does  magnetic  north  depart  from  true  north  in  a  distance  of  1  mile 
true  north? 

15.  Solve: 

X  ;  1.72  =  427  :  V2gk 

if  S  =  32.2  and  k  =  78.2. 

13.  The  four  strings  of  a  violin  axe  tuned  in  fifths;  that  is,  for  two 
vibrations  of  any  string  there  are  three  vibrations  of  the  next  higher 
string.  If  the  lowest  or  G  string  vibrates  196  times  per  second,  find 
the  number  of  vibrations  pei  second  of  the  highest  string. 

14.  A  substance  containing  20  percent  of  impurities  is  to  be  purified 
by  crystallization  from  a  mother  liquid.  Each  crystallization  reduces 
the  impurity  88.6  percent.  How  many  crystallizations  will  produce 
a  substance  0.9999  pure? 

2x 
IB.  Compute  the  value  of  {1  —  ae'*')"  where  o  =  15.6,  b  =  -t-> 

\  =  lQ,n  =2,y  =  2,5. 

16.  Find  the  volume  of  a  cone  if  the  angle  at  the  apex  be  15*  38' 
and  the  altitude  17.48  inches. 

IT.  The  angle  subtended  by  the  sun's  diameter  as  seen  from  the 
earth  is  32' .06.  Find  the  diameter  of  the  sun  in  miles,  if  the  distance 
from  the  earth  to  the  sun  be  92.8  million  miles. 

IB.  Compute  by  It^arithms  four  values  of  p  from  the  equation 
p  =  32.2d"",  for  d  -  2,  3,  4,  5. 
19.  Solve  3'  -  405  for  the  value  of  x. 
>Sft.  Compute: 

23.07  X  0.1354  X  V234 
13.64 

f  the  denomi- 

14S.  Logarithmic  and  Exponential  Curree.  The  graphical 
construction  of  the  exponential  curve  has  already  been  explained, 
It  was  noted  that  curves  whose  equations  are  of  the  form  y  =  r' 
pass  through  the  point  (0,  1)  and  that  the  slope  of  the  curves 
for  positive  values  oi  x\»  steeper  the  larger  thp  yalue  selected  for 
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the  number  r.  See  Fig.  94.  In  a  system  of  exponential  curves 
y  =  r'  pasBing  through  the  point  (0,  1)  or  the  point  M  of  Pig. 
94,  we  shall  assume  that  there  ia  one  curve  passing  through  M 
with  alope  1.  The  equation  of  this  particular  curve  we  shall  call 
y  =  e',  thereby  defining  the  number  e  ae  that  value  of  r  for  which 
the  curve  y  =  r'  -pasaea  through  the  point  (0,  1)  with  slope  1.  This 
is  a  second  definitioa  of  the  number  e;  we  shall  show  in  this  section 
that  it  is  consistent  with  the  first  definition  of  e  given  in  §130. 


Fio,  9t. — Definition  of  Tangent 


The  exercises  of  |130  developed  experimentally  the  charac- 
teristic property  of  the  exponential  curve  to  the  base  e: 
The  slope  of  Ike  curve  y  =  e'  at  any  point  is  equal  to  the  ordinate 
of  that  point.  This  fact,  developed  experimentally  in  §130, 
will  now  be  shown,  to  follow  necessarily  from  the  definition  of  e 
just  given. 

Select  the  point  P  on  the  curve  y  =  e'  at  any  point  desired. 

Draw  a  line  through  P  cutting  the  curve  at  any  neighboring 
point  Q.  (Fig.  94.)  A  line  like  PQ  that  cuts  a  curve  at  two  points 
is  called  a  secant  line.  As  the  point  Q  is  taken  nearer  and  nearer 
to  the  point  P  (P  remaining  fixed),  the  limiting  position  ap- 
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proached  by  the  sec&nt  PQ  is  called  the  tangent  to  the  curve  at 

the  point  P.    This  is  the  generic  definition  of  the  tangent  to  any 

curve. 

The  elopa  of  the  secant  joining  P  to  the  neighboring  point  Q 

is  HQ/PH.    Aa  the  point  Q  approaches  P  this  ratio  approaches 

the  slope  of  the  tai^ent  to  y  =  e'  at  the  point  P.    Let  OD 

=  X  and  PH  =  ft;  then  OE  =  x  +  k,  also  DP  =  e'  and  EQ  = 

e'+'.    Since  HQ  is  the  y  of  the  point  0  minus  the  y  of  the 

point  P,  we  have: 

HQ  _  €•*■"-€'  _     e*-l 

PH  ~       h       ~  *'    ft 

Now  the  slope  of  y  =  e'  ait  P  is  the  limit  of  the  above  expression 

as  Q  approaches  P  or  as  ft  approaches  zero.    That  is: 

,         ,        ,  D         limit  e*  - 1 
slope  of  e'  at  P  —  e",  ^  . — ^ —  (1) 

We  now  seek  to  find 

limit  e*  -  1 

ft=^0      k 
if  such  limit  exists.    Since  P  is  any  point,  consider  the  point  M 
where  x  =  0.    The  slope  there  is: 

u  limit  e*  —  1 

*    A*0     A 
That  is,  the  slope  oi  y  =  e'  at  Af  is: 

limit  e*  -  1 

ft  *  0      A 
But  by  the  definition  of  e,  the  slope  of  ^  =  e'  at  M  is  1.    Hence 
we  must  conclude  that  the  required  limit  exists  and  that 

lirdt     ^-l  _  .  . 

ft  =  0       ft     -  ^  ^''' 

Substituting  this  result  in  equation  (I),  we  have 

Slope  at  P  =  «'  (3) 

This  expresses  the  fact  that  the  slope  oi  y  =  e'  at  any  point  is  e', 
or  is  the  ordinate  y  of  that  point,  a  fact  that  was  first  indicated 
experimentally  in  §130.  At  that  same  place  the  approxi- 
mate value  of  e  was  seen  to  be  2.7.  A  more  exact  value  is  known 
to  be  2.7183,  as  will  be  computed  later. 
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In  Fig.  94  the  alope  oiy  =  6'  at  P  is  given  by  PD  measured  by 
the  unit  OM.  The  distance  TD,  called  the  subtangent,  is 
constant  for  all  positions  of  the  point  P. 

The  slope  ot  y  =  t'  at  any  point  is  readily  found.  There 
exists  a  number  m  such  that  e"  =  r.  Hence  y  =  r'  may  be 
written  y  =  (e"*)'  =  e"'.  Now  this  curve  is  made  from  y  =  e" 
by  substituting  mx  for  x,  or  by  multiplying  all  of  the  abscissas 
of  the  latter  by  1  /m.  Therefore  the  side  TD  of  the  triangle  PDT 
in  F^.  94  will  be  multiplied  by  I  jm,  the  other  side  DP  remaining 


0  the  Natural  Baae  e   = 

the  same.  Therefore  the  slope  of  the.  curve,  or  DP/TD  wUl  be 
multiplied  by  m,  since  the  denominator  of  this  fraction  is  multi- 
plied by  1  jm.  Hence  the  slope  oiy  =  t'  at  any  point  is  m  times 
the  ordinate  of  that  point,  where  m  satisfies  the  equation  e"  =  r. 

The  curve  y  =  e~'  ia,  of  course,  the  curve  y  =  e'  reflected  in 
the  y-axia.'  This  curve,  as  well  as  the  curve  y  =  log.  x  and  its 
symmetrical  curve,  are  shown  in  Fig.  95.  Sometimes  the  curve 
y  =  e'  is  called  the  exponential  curve  and  the  curve  y  =  log,  x 
is  called  the  logarithmic  cuire.    This  distinction,  however,  has 

>See  $21. 
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little  utility,  aa  the  equation  of  either  locus  can  be  expressed  in 
either  notation. 

The  notation  y  >e  In  Z  is  often  used  to  indicate  the  natuTcd  loga- 
rithm of  X  and  the  notation  y  =  Ig  x  or  y  =  log  x  is  used  to  stand 
for  the  common  logarithm  of  x. 

TABLE  IV. 

The  following  table  of  powers  of  e  is  useful  in  sketching  exponential 


r> 


\i- 


€"•'  =    1.2214 

e-o- 

=  0.8187 

«'■•  =    1.4918 

«"•■ 

-  0.6703 

€<•■'  =    1.8221 

e-o- 

=  0.5438 

e»''  =    2.2255 

«""■ 

=  0.4493 

e      -    2.7183 

e-' 

=  0.3679 

e»     -    7.3891 

«-' 

-  0.1353 

e'     =  20.0855 

«-* 

=  0.0498 

e'     =  54.5982 

«-* 

=  0.0183 

e^ 

= 

.6487 

= 

1.3956 
.2840 

.2214 

\*,     \\\    If  I     * 
\*    \  \  1   /  /  /    ■*/ 


Fia.  96.— A  Family  of  Eiponentials,  y  — fep' 
Ezercisea 
1.  Draw  the  curve  y  =  ^  +  e~'.    Show  that  y  is  ai 
'  X,  that  is,  that  y  does  not  chaoge  when  the  sign  of  x 


even  function 
s  changed. 
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2.  Draw  the  curve  j  =  e"  —  t~'.  Show  that  this  is  an  odd  func- 
tion of  z,  that  is,  that  the  function  changes  sign  but  not  absolute  v&lue 
when  the  sign  of  x  is  changed. 

3.  Draw  the  graphs  of  y  —  e"",  and  y  "  e"', 

4.  Draw  the  graphs  of  ^  —  e"',  and  y  —  e~"'. 

6.  Compare  the  curves:  j/  =  e"'*,  y  =  e'",  y  =  e",  y  =  e**. 

6.  Sketch  the  curves  y  =  l",  y  =  2',  y  =  3»,  y  =  i',  y  -=  5', 
y  =e',y  =  8',y  =  IC,  from  x  =  -3toi  =  +3. 

7.  From  the  graphs  of 

y  -  X' 


solve  the  equation 


y  =  log  lox  +  1.8 


8.  Solve  graphically  the  equation 

61ogj-(l/2)i  +  2  = 

9.  Solve  graphically: 


10.  Solve  graphically 

11.  Solve  graphically 

12.  Solve  graphically: 

13.  Solve  graphically 

14.  Solve  analytically 


147.  The  Exponential  Curve  and  the  Theorems  on  Loci.  It  has 
already  been  shown  (§  146)  that  the  curve  y  =  a'  can  be  derived 
from  the  curve  y  =  e'  (a>e)  by  multiplying  the  abscissas  of 
the  latter  curve  by  1  /m  (m  >  1),  that  is,  by  orthographic  projection 
oS  y  =  e'  upon  a  plane  passing  through  the  F-axis.  There  exists 
a  number  m  (m>l)  such  that  a  =  e".  Hence,  y  =  a'  may  be 
written  y  —  e-"  and,  by  §27,  the  tatter  curve  may  be  made 
from  j;  =  e'  by  multiplying  its  abscissas  by  I  /m.  Also  note  that 
the  slope  of  the  curve  y  =  c  at  any  point  is  equal  to  the  ordinate 
of  the  point,  and  that  the  slope  of  i/  =  a'  at  any  point  is  m 
times  the  ordinate  of  that  point.  The  nuv^>eT  1  fm  is  called  the 
modulus  of  the  logarithmic  system  whose  base  is  a. 
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The  modulus  of  the  common  system  is  the  reciprocal  of  the  value 
of  m  that  satisfies  e"  =  10,  or  it  is  the  value  of  M  that  satisfies 
e'/"  -  10,  or  that  satisfies  e  =  lO".  That  is,  the  modulus  M  of 
the  common  system  is  the  logarithm  of  e  to  the  base  10,  or,  to  four 
figures,  equals  0.4343.  The  value  of  m  or  1  /Jlf  =  2.3026.  Thus 
we  have  the  fundamental  formulas: 

100-""  =  el 


(1) 


log,o^  =  0.4343  log  JV 
logJV  =  2.3026  loginATJ 


(2) 


Another  remarkable  property  of  the  logarithmic  curve  ap- 
pears from  comparing  the  curves  y  =  a'  and  y  =  a'+',  or,  more 
generally,  the  curves  y  =  a'  and  y  =  a'+*.  The  second  of  theae 
curves  can  be  derived  from  y  =  a'  by  translating  the  latter  curve 
the  distance  1  (in  the  general  case  the  distance  h)  to  the  left. 
But  y  =  o'*'  may  be  written  y  =  aa^,  and  y  =  a'*'  may  be 
written  y  =  a^a'.  From  these  it  can  be  seen  that  the  new  curves 
may  also  be  considered  as  derived  from  y  =  a'by  multiplying  all 
ordinates  oi  y  =  a'  by  a,  or  in  the  general  case,  by  a*. 

Translating  the  exponential  curve  in  iiie  x-direction  is  the  same  as 
mulli-plying  all  ordinates  by  a  certain  fixed  nurnber,  or  is  equivalent 
to  a  certain  orthographic  projection  of  the  original  cwroe  upon  a  plane 
through  the  X-axis. 

Changing  the  sign  of  h  changes  the  sense  of  the  translation  and 
changes  eloi^ation  to  shortening  or  vice  versa. 

The  exponential  curve  might  be  defined  as  the  locus  that 
possesses  the  above-described  fundamental  property.  There  are 
numerous  ways  in  which  this  jwoperty  may  be  stated.  Another 
form  is  this:  Any  portion  of  the  exponential  curve  included  within 
any  interval  of  x,  may  be  made  from  the  portion  of  the  curve 
included  within  any  other  equal  interval  of  i,  by  the  elongation 
(or  shortening)  of  the  ordinates  in  a  certain  ratio,  or,  in  other 
words,  by  orthographic  projection  upon  a  plane  passing  throi^h 
the  a;-axis.  This  is  illustrated  by  Fig.  97,  which  is  a  graph  of  an 
exponential  curve  drawn  to  base  2.  If  the  portions  of  the  curve 
PiPi,  PiPa,  P»Pt,  .   .   ■  corresponding  to  equal  intervals  1  of  z 
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be  changed  by  shortenii^  all  ordiaates  of  PiPi  measured  above  the 
height  of  Pi  in  the  ratio  1/2,  by  shortening  all  ordinates  of  PiPt 
measured  above  Ps  in  the  ratio  1/4,  by  shortenii^  all  ordinates  of 
PjP*  measured  above  Pi  in  the  ratio  1  /8,  ,  .  .  the  reaulta  are 
the  curves  PjPi,  PiPi,  PiFi,  .  .  .  which  are  identical  with  the 
portion  PJ'i  of  the  ordinal  curve. 
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Flo.'BT.— lUuatratic 


This  is  also  illustrated  by  Fig.  93,  which  is  a  small  portion  of  the 
curve  X  =  logio  y  drawn  on  a  large  scale,  and,  for  convenience,  with 
the  vertical  unit  1  /lO  the  horizontal  unit.  From  this  small  portion 
of  the  curve  we  may  read  the  logarithms  of  all  numbers.  For  the 
distances  along  the  x-axIs  may  be  designated  0.0,  0.1,  0.2,  .  .  . 
or  1.0,  l.i,  1.2,  .  .  .  or  2.0,  2.1,  2.2,  .  .  .,  etc.,  in  which  case 
wereadl,2,3,  .  .  .  or  10, 20, 30,  .  .  .  or  100, 200, 300,  ,  .  . 
etc.,  respectively,  along  the  {/-axis.  This,  it  will  be  observed,  is 
merely  a  geometrical  statement  of  the  fact  that  a  table  of  man- 
tissas for  the  numbers  from  1.000  to  9.999  is  sufficient  for  deter- 
minii^  the  Ic^arithms  of  all  four-figure  numbers. 
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Exercises 

^/  State  the  difference  between  the  ourvea  y  =  e*  and  y  =  10'. 

2.  Graph  y  -  e"""  where  e  =  2,7183. 

3.  Graph  the  logarithmic  spiral  p  —  e',  B  being  measured  in 
radians. 

Notr:  The  radiaa  measure  in  the  margin  of  Form  M3  ahokild  be 
used  for  this  purpose. 

4.  Graph  p  =  e"'. 

^PThe  pressure  of  the  atmosphere  is  given  in  milhmeters  of  mer- 
cury by  the  formula; 

y  =  760-6-" »""" 
where  the  altitude  x  is  measured  in  meters  a^ye  the jMifevel.     Pro- 
a  table  of  otfwuce  for  the  altitudes  x'^ii^^^ri^^^  200;  300; 
(Jm^OOO^  ^^"^    ^^■^ 

n  thedata  of  the  last  problem,  find  the  pressure  at  an  alti- 
tude of  25,000  feet. 

7.  Show  that  the  relation  of  Exercise  5  may  be  written : 

X  =  18,421  Oog  760  -  log  y). 

8.  Determine  the  value  of  the  quotient  -, — -  for  the  following 
values  of  x:  2,  3,5,  7. 

9.  How  large  is  e"""  approximately? 

10.  What  is  the  approximate  value  of  10°  °°'? 

148.  Logarithmic  Double  Scale.  The  relation  between  a  num- 
ber and  its  logarithm  can  be  shown  by  a  double  scale  of  the  sort 
discussed  in  §§S  and  8.  In  constructing  the  double  scale, 
one  may  select  for  the  uniform  scale  cither  the  one  on  which  the 
numbers  are  to  be  read,  or  the  one  on  which  the  logarithms  are  to 
be  read.  A  scale  having  a  most  remarkable  and  useful  property 
results  if  the  logarithms  are  laid  off  on  a  uniform  scale  and  the 
corresponding  numbers  are  laid  off  on  a  non-uniform  scale,  as 
shown  in  the  double  scale  of  Fig.  98.  This  scale  is  constructed 
for  the  base  10.  The  distances  measured  on  the  B-sca!e,  although 
it  is  the  scale  on  which  the  numbers  are  read,  are  pToportional  to 
the  common  hgarUkms  o!  the  sitccesswe  numfeers;  that  is,  if  the 
total  length  of  the  scale  be  called  unity,  the  distance  on  the  B 
scale  from  the  left  end  to  the  mark  2  is  0.3010,  the  distance  to  the 
mark  3  is  0.4771,  etc.;  also  the  distance  on  this  scale  from  the  left 
end  to  the  mark  6  is  the  sum  of  the  distance  from  the  left  end  to 
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the  mark  2  and  the  like  distance  to  the  mark  3;  also  the  distance 
to  8  is  just  treble  the  distance  to  2. 
Since  log  lOr  =  1  +  log  x,  it  follows  that,  if  the  scales  A  and  B, 

,  Fig.  98,  were  extended  another  unit  to  theright, 

this  second  unit  would  be  identical  to  the  first 
r  one,  except  in  the  attached  numbers.      The 

—3  numbers  on  the  ^-scale  would  be  chained  from 

1^  0.0,  0.1,  0.2,   ...    1.0  to  1.0,  1.1,  1.2,   .    .    ., 

2.0,  whUe  those  on  the  non-uniform,  or  £-scale, 
—3  would  be  changed  from  1,  2,  3,  .   .    . ,  10  to 

I  10,  20,  30,   .    .    .    100. 

Passing  along  this  scale  an  integral  number 
~5  -^  of  unit  intervals  corresponds  thus  to  ch&nge  of 
I.  i»  characteristic  in  the  logarithms,  or  to  change 
:  .  3  of  decim^  point  in  the  numbers, 
i"'^  «  It  is  not,  however,  necessary  to  construct 
'-  o  more  than  one  block  of  this  double  scale,  since 
Lg  J  ^®  ^^  ^*  liberty  to  add  an  integer  n  to  the 
■g  numbers  of  the  uniform  scale,  provided  at  the 
-  g    same  time  we  multiply  the  numbers  of  the 

L-  "f  non-uniform  scale  by  10".  In  this  way  we 
CO  may  obtain  any  desired  portion  of  the  extended 
f  ^  scale.  Thus,  we  may  chaise  0.1, 0.2,0.3,  .  .  ., 
L-s  S  1.0  on  A  to  3,1,  3.2,  3.3,  .  .  .,  4.0,  by  addii^ 
■_  3  to  each  number,  provided  at  the  same  time 

2-^1  we  change  the  numbers  on  the  B-soale  1,  2,  3, 

I  2  ^-si         4,  .    .    .,  10  to  1000,  2000,  3000,  4000,  .   .    . 
I  10,000   by  multiplying  them   by  10".     If  n  is 

^         negative  (say  —  2)  we  may  write,  as  in  the 
3|  case  of  logarithms,   8.0  -  10,  8.1  -  10,  8.2  - 

*         10,    .   .   . ,  9.0  —  10,  or,  more  simply,  —  2,  — 
■S  1.9,  -  1.8,  —  1.7,   .    .    .,   -  1,0,  changing  the 

■"  numbers  on  the  non-uniform  scale  at  the  same 

time  to  0.01,  0.02,  0.03,   .    .     ,0.10. 

To  produce  the  scale  of  distances  proportional  to  the  logarithms 
of  the  successive  numbers  as  used  above,  it  is  merely  necessary  to 
draw  horizontal  lines  throi^h  the  points  I,  2,  3,  .  .  ,  of  the 
y-Axis  in  Fig.'  99,  and  then  draw  vertical  lines  through  the  points 
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Pt,  Pi,  P(  .    .    .   where  the  horizootal  lines  meet  the  curve;  the 
intercepts  on  the  x-axis  are  then  proportional  to  log  x. 

149.  The  Slide  Rule.  By  far  the  moat  important  application 
of  the  non-uniform  scale  ruled  proportionally  to  log  x,  is  the  com- 
puting device  known  as  the  slide  rule.  The  principle  upon  which 
the  operation  of  the  slide  rule  is  based  is  very  simple.    If  we  have 


Fio.  99. — A  Method  of  Conatrueting  the  Logorithroic  Scale. 

two  scales  divided  proportionally  to  log  x  (A  and  B,  Fig.  100), 
so  arranged. that  one  scale  may  slide  along  the  other,  then  by  stid- 
iog  one  scale  (called  the  slide)  until  its  left  end  is  opposite  any 
desired  division  of  the  first  scale,  and,  selecting  any  desired  division 
of  the  slide,  as  at  R,  Fig.  100,  taking  the  reading  of  the  original 
scale  beneath  this  point,  as  N,  the  product  of  the  two  factors 
whose  logarithms  are  proportional  to  AB  and  BR  can  be  read 
directly  from  the  lower  scale  at  N;  for  AN  is,  by  construction, 
the  sum  of  AB  and  BR,  and  since  the  scales  were  laid  ofT  propor- 
tionally to  log  X,  and  marked  with  the  numbers  of  which  the  dis- 
tances are  the  logarithms,  the  process  described  adds  the  logarithms 
mechanically,  but  indicates  the  results  in  terms  of  the  numbers 
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themselves.    Sy  this  device  all  of  the  op^ations  commonly  carried 

out  by  use  of  a  logarithmic  table  may  be  performed  mechanically. 

a-^  Full  description  of  the  use  of  the  slide  rule 

B^  need  not  be  given  in  detail  at  this  place,  as 

J  complete  instructions  are  found  in  the  pamph- 

"M  l^ts   furnished  with  each  shde  rule.     A  very 

brief  amount  of  individual  instruction  given  to 

the  student  by  the  instructor  will   insure   the 

rapid  acquirement  of  skill  in  the  use  of  the 

instrument.     In  what  follows,  the  four  scales  of 

the  slide  rule  are  designated  from  top  to  bottom 

of  the  rule,  A,  B,  C,  D,  respectively.     The  ends 

of  the  scales  are  called  the  indices. 

S        An  ordinary  10-inch  slide  rule  should  give 

^    results   accurate   to    three  significant  figures, 

I    which  is  accurate  enoi^h  for  most  of  the  pur- 

s    poses  of  applied  science. 

S        An  exaggerated  idea  sometimes  prevails  con- 
5    coming  the  d^ree  of  accuracy  required  by  work 
t.-    in  science  or  in  applied  science.     Many  of  the 
S    fundamental  constants  of  science,  upon  which  a 
^    large  number  of  other  results  depend,  are  known 
H     only   to  three  decimal  places.      In  such  cases 
I.     greater  than  three  figure  accuracy  is  impossible 
5     even  if  desired.     In  other  cases  greater  accuracy 
jj     is  of  no  value  even  if  possible.     The  real  deaid- 
^     eratum  in  computed  results  is,  first,  to  know  by  a 
suitable  check  that  the  work  oj  computation  is  correct, 
and,  second,  to  know  to  what  order  or  degree  of 
accuracy  both  the  data  and  the  result  are  dependtAle. 
The  absurdity  of  an  undue  number  of  decimal 
places  in  computation  is  illustrated  by  the  orig- 
inal tables  of  logarithms,  which  if  now  used 
would  enable  one  to  compute  from  the  radius 
of  the  earth,  the  circumference  correct  lo  1  /10,000 
part  of  an  inch. 

The  followii^  matters  should  be  emphasized 
in  the  use  of  the  slide  rule; 
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(1)  All  numbers  for  the  purpose  of  computation  should  be  con- 
sidered as  given  with  the  first  figure  in  units  place.  Thus  517 
X  1910  X  0.024  should  be  considered  as  5.17  X  1.19  X  2.4  X 
10'  X  10'  X  10"'.  The  result  should  theo  be  mentally  approxi- 
mated (say  24,000)  for  the  purpose  of  locating  the  decimal  point, 
and  for  checking  the  work. 

(2)  A  proportion  should  always  be  solved  by  one  setting  of  the 
slide. 

(3)  A  oombined  product  and  quotient  like 

«  X  6X  e Xd 
T  XsXt 
should  always  be  solved  as  follows: 

Place  runner  on  a  of  scale  D. 

Set  r  of  scale  C  to  a  of  scale  D; 

Runner  to  6  of  C; 

s  of  C  to  runner; 

Runner  toe  of  C; 

i  of  C  to  runner; 

at  d  of  C  find  on  D  the  s^nificant  figures  of  the  result. 

(4)  The  runner  must  be  set  on  the  first  half  of  A  for  square 
roots  of  odd  numbered  numbers,  and  on  the  second  half  of  A  for 
the  square  roots  of  even  numbered  numbers. 

(5)  Use  judgment  so  as  to  compute  results  in  most  accurate 
manner — -thus  instead  of  computing  264  /233,  compute  31  /233  and 
hence  find  264/233  =  1-1-31/233.' 

(6)  Besides  checking  by  mental  calculation  as  si^gested  in  (1) 
above,  also  check  by  computing  several  neighbo^iI^!  values  and 
graphing  the  results  if  necessary.  Thus  check  5.17  X  1.91  X  2.4 
by  computii^  both  5.20  X  19.2  X  2.42  and  5.10  X  1.90  X  2.38. 

EzerciseB 
Compute  the  following  on  the  slide  rule. 

1.  3.12  X  2.24;  1,89  X  4.25;  2.88  X  3,16;  3,1  X  236. 

2.  8,72/2.36;  4,58/2.36;  6,23/2,12;  10/3,14. 

8.  32.5  X  72.5;  0.000116  X  0.00135;  0.0392/0,00114, 
4.  3,967i000  -i-  367,800,000, 
6,54  X  42,6.    8,75X5.25 
"32.5       *     "     32,3   " 
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78  5  X  36.6  X  20.8 

6.75  X  29.5 

6.46  X  57.5  X  8.55 

3.26  X  266  X  0.642" 

8.  Solve  the  proportion 

x:l.T2:-  liMWigh 
where  g  =  32.2  and  h  -  78.2, 
,  Vm  X1.41. 
6.7  X  4.5 

10.  The  following  is  an  approrimate  formula  for  the  area  of  a  seg- 
ment of  a  circle: 

A  -  h'/2e  +  2ck/Z 
where  e  is  the  length  of  the  chord  and  h  is  the  altitude  of  the  segment. 
Test  this  formula  tor  segments  of  a  circle  of  unit  radius,  whose  arcs 
are  i/3,  ir/2,  and  »  radians,  respectively. 

11.  Two  steamers  start  at  the  same  time  from  the  same  port;  the 
first  sails  at  12  miles  an  hour  due  south,  and  the  second  sails  at  16 
miles  an  hour  due  east.  Find  the  bearing  of  the  first  steamer  as  seen 
from  the  second  (1)  after  one  hour,  (2)  after  two  hours,  and  compute 
their  distances  apart  at  each  time. 

The  following  exercises  require  the  use  of  the  data  printed  herewith. 
An  '  acre-foot"  means  the  quantity  of  water  that  would  cover  1 
acre  1  foot  deep.  "Seoond-foot"  means  a  discharge  at  the  rate  of  1 
cubiofootof  water  per  second.  By  the  "run-ofi"of  any  drainage  area 
is  meant  the  quantity  of  water  flowing  therefrom  in  its  surface  stream 
or  river,  during  a  year  or  other  interval  of  time. 

1  square  mile  =  640  acres 

1  acre  =  43,560  square  feet. 

1  day  =  86,400  seconds. 

1  second  foot  =  2  acre  feet  per  day. 

1  cubic  foot  —  7i  gallons, 

1  cubic  foot  water  ■■  62}  pounds  water. 

1  h.p.  =  550  foot  pounds  per  second. 

450  gallons  per  minute  =  I  second  foot. 
Each  of  the  following  problems  should  behandled  on  the  slide  rule  as 
a  continuous  piece  of  computation. 

IS.  A  drainage  area  of  710  square  miles  has  on  annual  mn-ofl  of 
120,000  acre  feet.  The  average  annual  rainfall  is  27  inches.  Find 
what  percent  of  the  rainfall  appears  as  run-K>S. 

18.  A  centrifugal  pump  dischai^es  750  gallona  per  minute  agiunst 
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a  total  lift  of  28  feet.  Find  the  theoretical  horae  power  required. 
Alao  daily  discharge  in  acre  feet  if  the  pump  operates  fourteen  hours 
per  day. 

14.  What  is  the  theoretical  horse  power  represented  by  a  stream 
diacharging  550  second  feet  if  there  be  a  fall  of  42  feet? 

16.  A  district  containing  25,000  acres  of  irrigable  land  ia  to  be  sup- 
plied with  water  by  means  of  a  canal.  The  average  annual  quantity 
of  water  required  is  3i  feet  on  each  acre.  Find  the  capacity  of  the 
canal  in  second  feet,  if  the  quantity  of  water  required  is  to  be  delivered 
uniformly  during  an  irrigation  season  of  five  months. 

16,  A  municipal  supply  amounts  to  35,000,000  gallons  per  twenty- 
four  hours.    Find  the  equivalent  in  cubic  feet  per  second. 

17.  A  single  rainfall  of  3.9  inches  on  a  catchment  area  of  210  square 
miles  is  found  to  contribute  17,500  acre  feet  of  water  to  a  storage 
reservoir.    The  run-off  is  what  percent  of  the  rainfall  in  this  case? 
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Fio.  101.— The  Theory  of  the  XTse  of  Semi-logBrithmic  Paper. 

150.  Semi-logarithmic  CoSrduuite  Paper.  Fig.  101  represents 
a  sheet  of  rectangular  coordinate  paper,  on  which  ON  has  been 
chosen  as  the  unit  of  measure.    Along  the  r^ht-haad  edge  of  this 
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sheet  ie  constructed  a  logarithmic  scale  LM  of  the  type  diseuBsed 
in  S  148,  i.e.,  any  number,  say  4,  on  the  scale  LM  stands  opposite 
the  logarithm  of  that  number  (in  the  case  named  opposite  0.6021) 
on  the  uniform  scale  ON. 

Let  us  agree  always  to  dea^nate  by  capital  letters  distances 
measured  on  the  uniform  scales,  and  by  lower  case  letters  dis- 
tances measured  on  the  logarithmic  scale.  Thus  Y  will  mean  the 
ordinate  of  a  point  as  read  on  the  scale  ON,  while  y  will  mean  the 
ordinate  of  a  point  as  read  on  the  scale  LM.  In  othec  words,  we 
agree  to  plot  a  function,  using  logarithms  of  the  values  of  the 
function  as  ordinates  and  the  natural  values  of  the  argument  or 
variable  as  abscissas. 

Let  PQ  be  any  straight  line  on  this  paper,  and  let  it  be  required 
to  find  its  equation,  referred  to  the  uniform  a;-scale  OL  and  the 
logarithmic  y-scale  LM.    We  proceed  as  follows: 

The  equation  of  this  line,  referred  to  the  uniform  X-axis  OL 
and  the  uniform  F-axis  ON,  where  0  is  the  origin,  is 

Y  =  mX  +  B 
m  being  the  slope  of  the  line,  and  B  its  y-intercept.    Now,  for  the 
line  PQ,  m  =  0.742  and  B  =  0.36,  so  that  the  equation  of  PQ  is 
Y  =  0.742X  +  0.36  (1) 

To  find  the  equation  of  this  curve  referred  to  the  scales  LM  and 
OL,  it  is  only  necessary  to  notice  that 
Y  =  \ogy 
80  that  we  obtain: 

log  y  =  0.7421  +  0.36  (2) 

The  intercept  0.36  was  read  on  the  scale  ON,  and  is  therefore  the 
logarithm  of  the  number  corresponding  to  it  on  the  scale  LM. 
That  is,  0.36  =  log  2.30.  Substituting  this  value  in  equation  (2) 
we  obtain: 

log  J/  =  0.742a;  +  1(«  2,30 
which  may  be  written 

1(^  !/  -  log  2.30  =  0.7421 
or, 
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On  changiag  to  esponential  notation  this  becomes: 
J-  .  10. '». 


y  -  2.30(10''"'.) 


(3) 
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In  general,  if  the  equation  of  a  straight  hne  referred  to  the 
scales  OL  and  ON  is 

y  =  mX  +  B  (4) 

its  equation  referred  to  the  scales  OL  and  LM  may  be  obtained  by 
replacing  Y  by  log  y  and  B  by  log  6  in  the  manner  described  above, 
giving 

logy  =  mx  +  logb  (5) 
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which,  as  above,  may  be  reduced  to  the  form 

y  =  MO""  (6) 

This  is  the  general  equation  of  the  exponential  curve.  Hence: 
Any  exponential  curve  can  be  re-presented  by  a  straight  line,  proirided 
ordinales  are  read  from  a  suitable  logarithmic  scale,  and  abscissas 
are  read  from  a  uniform  scale. 


Via.    103.— Exponential  Cutvbb  on  Form   M5.     The  curve  —  .   .  .    is 
V  =  10-";  —  .  is  1/  =  10-";  —  .    .   ia  w  =  10". 

Fig.  102  represents  the  same  line  PQ  {y  =  (2.30)10"'"'),  as 
Fig.  101.  The  two  figures  differ  only  in  one  respect:  in  Fig.  101 
the  rulings  of  the  uniform  scale  ON  are  extended  across  the  page, 
while  in  Fig.  102  these  rulii^  are  replaced  by  those  of  the  scale 
LM. 

Coordinate  paper  such  as  that  represented  by  Fig.  102  is  known 
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as  Bemi-logaiithn  c  paper.    It  affords  a  convenient  coordinate 
system  for  work  t  th  the  exponential  function. 

Every  point  on  'Q  (Fig.  102)  satisfies  the  exponential  equation 
/  =  2.30(10« '«') 
Thus,  in  the  case   f  the  point  R, 

=  2.30(10"'"}'"" 
=  2.30(10'"") 

The  slope  of  anjHMe  on  the  eemirlogarithmic  paper  may  be  read 
or  determined  by  means  of  the  uniform  scales  BC  and  AB  of  form 
M5.  The  scale  AD  of  form  M5  is  the  scale  of  the  natural  loga- 
rithms, so  that  any  equation  of  the  form  y  =  e-'  can  be  graphed 
at  once  by  the  use  of  this  scale.  Thus,  the  line  y  =  e'  (Fig. 
103)  passes  throu^  the  point  A  or  (0,  1),  and  a  point  on  BC  op. 
posite  the  point  marked  1.0  on  AD.  Note  that  1.0  on  scale  AD 
.  2.718  on  the  non-«niform  scale  of  the  main  body  of  the  paper 
and  0.4343  on  tha  scale  BC  all  fall  together,  as  they  should. 

To  draw  the  liije  y  =  10-',  the  comer  D  of  the  plate  may  be 
taken  as  the  point  (0,  1).  On  the  line  drawn  once  across  the  sheet 
representing  y  =  aO"',  y  has  a  range  between  1  and  10  only. 
To  represent  the  range  of  y  between  10  and  100,  two^  more  sheets 
of  form  M5  may  &e  pasted  together,  or,  preferably,  th«^ntinua- 
tion  of  the  line  may  be  shown  on  the  same  sheet  by  suitably 
changing  the  numbers  attached  to  the  scales  AB  and  BC.  Thus 
Fig,  103  shows  in  this  manner  y  =  10''  and  y  =  10'*. 

Remember  that  the  hne 

y  =  blO"'  (7) 

passes  through  the  point  (0,  b)  with  slope  m.    Note  tliat 


Ijasses  through  the  point  (a,  b)  with  slope  m. 
Exercises 
On  aemi-logarithmio  paper  draw  the  following : 
1.  3/  -  10",  y  -  10",  1/  -  10-,  V  =  10-',  y  =  lO"", 

^  ar  -  log  y,  (1/2)1  =  log  y. 


(8) 


J,.;,-z.d=,G00gk' 


256        ELEMENTARY  MATHEmAcAL  ANALYSIS       [|161 

i.  y  =  lO-^',  y  =  IC'i". 

S.  Graph;,  -2(10)' and  |  =  IG--^- 

ISl.  The  Compound  Interest  Law.  Logarithmic  Increment. 
The  law  expressed  by  the  exponential  curve  was  called  by  Lord 
Kelvin  the  compound  interest  law  and  since  that  time  this  name 
has  been  generally  used.  It  is  recalled  that  the  exponential  curve 
was  drawn  by  usii^  ordinates  equal  to  the  successive  terms  of 
a  geometrical  progression  which  are  uniformly  spaced  along  the 
X-axis;  since  the  amount  of  any  sum  at  compound  interest  is  given 
by  a  term  of  a  geometrical  progression,  it  is  obvious  that  a  sum  at 
compound  interest  accumulates  by  the  same  law  of  growth  as  is 
indicated  by  a  set  of  uniformly  spaced  ordinates  of  an  expo- 
nential curve;  hence  the  term  "compound  interest  law,"  from 
this  superficial  view,  is  appropriate.  The  detailed  discussion 
that  foUows  will  make  this  clear: 

Let  $1  be  loaned  at  r  percent  per  annum  compound  interest. 
At  the  end  of  one  year  the  amount  is:  (1  +  r/100). 
At  the  end  of  two  years  the  amount  is:  (I  -|-  r/iOO)' 
and  at  the  end  of  (  years  it  is:  (1  +  r/100)'. 
If  interest  be  compounded  semi-annually,  instead  of  annually, 
the  amount  at  the  end  of  ( years  is:  (1  -|-  r/200)" 
and  if  compounded  monthly  the  amount  at  the  end  of  the  same 
period  is:  (1 -|- r/1200)"' 

or  if  compounded  n  times  per  yew  ^  =  (1  -|-  r/lOOn)"' 
where  (  is  expressed  in  years.  Now  if  we  find  the  limit  of  this 
expression  as  n  is  increased  indefinitely,  we  will  find  the  amount  of 
principle  and  interest  on  the  hypothesis  that  the  interest  was 
compounded  continuously.  For  convenience  let  r/lOOn  =l/u- 
Then: 

y=  (1 -hi /«)"""'"  .   ■  (1) 

where  the  limit  is  to  be  taken  as  u  or  n  becomes  infinit«.    Calling 

(i  +  iM"=/C«)  (2) 

and  expanding  by  the  binomial  theorem  for  any  integral  value  of 

u,  we  obtain: 

-lM/2i-|-(l-l/«)(l-2/«)/3!-t-  .    .    .(3) 
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In  the  calculus  it  is  shown  that  the  limit  of  this  series  as  u  becomes 
infinite  is  the  limit  of  the  series 

1+  1  +  1/21  +  1/3!+  ...  (4) 

The  limit  of  this  series  is  easily  found;  it  is,  in  fact,  the  Napierian 
base  e.  It  is  shown  in  the  c&lculus  that  the  restriction  that  u 
shall  be  an  integer  may  be  removed,  so  that  the  limit  of  (3)  may 
be  found  when  w  is  a  continuous  variable. 

It  is  easy  to  see  that  the  limit  of  (4)  is  >  2J  and  <  3,  The  sum 
of  the  first  three  terms  of  the  series  (4)  equals  2i;  the  rest  of  the 
terms  are  positive,  therefore  e  >  2J.  The  terms  of  the  series  (4), 
after  the  first  three,  are  also  observed  to  be  less,  term  for  term,  than 
the  terms  of  the  progression: 

(1/2)=  + (1/2)'+  ...  (5) 

But  this  is  a  geometrical  progression  the  limit  of  whose  sum  is  1/2. 
Therefore  (3)  is  always  less  than  2i  +  |  or  3.  The  value  of  e  is 
readily  approximated  by  the  foUowii^  computation  of  the  first 
8  terms  of  (4): 

2.00000=  1  +  1 
3|0. 50000  =  1/2! 
4|0. 16667  =  1/3! 
5|0. 04167  =  1/4! 
6|  0.00833  =  1/5! 
7 10. 00139  =  1/6! 
0,00020  =  1/7! 
Sum  of  8  terms  =  2 .  71826 

The  value  of  e  here  found  is  correct  to  four  decimal  places. 

Retumii^  to  equation  (1)  above,  the  amount  of  |1  at  r 
percent  compound  jnterest  compounded  continuously  is: 

Thus  SlOO  at  6  percent  compound  interest,  compounded  annually, 
amounts,  at  the  end  of  ten  years,  to 

y  =  100(1.06)"  =  $179.10 
The  amount  of  $100  compouTided  con(ini«msZj;  for  ten  years  is 

y  =  lOOe"  •  =  J182.20 
The  difference  is  thus  S3.10. 


i.vCoogIc 


ELEMENTAKY  MATHEMATICAL  ANALYSIS      IJISI 

The  compound  interest  law  is  one  of  the  important  laws  of 

nature.  As  previously  noted,  the  slope  or  rate  of  increase  of  the 
exponential  function 

at  any  point  is  always  proportional  to  the  ordinate  or  to  the  value 
of  the  function  at  that  point.  Thus  when  in  nature  we  find  any 
function  or  magnitude  thai  increases  at  a  rale  ■projtorlional  to  itself 
we  have  a  case  of  the  expontential  or  compound  interest  law. 
The  law  is  also  frequently  expressed  by  saying,  as  has  been  re- 
peatedly stated  in  this  book,  that  (fee  ^rst  of  two  magnitudes  varies 
in  geometrical  progression  while  a  second  magnitude  varies  in  arith- 
metical progression.  A  familiar  example  of  this  is  the  increased 
friction  as  a  rope  is  coiled  around  a  post.  A  few  turns  of  the  haw- 
sers about  the.bitts  at  the  wharf  is  sufficient  to  hold  a  lai^e  ship, 
because  as  the  number  of  turns  increases  in  arithmetical  progres- 
sion, the  friction  increases  in  geometrical  progression.  Thus  the 
following  table  gives  the  results  of  experiments  to  determine  what 
weight  could  be  held  up  by  a  one-pound  weight,  when  a  cord 
attached  to  the  lirst  weight  passed  over  a  round  peg  the  number 
of  times  shown  in  the  first  column  of  the  table: 


i;"o;sS,'L;'a 

■:^aais"' 

Log»  of  preoedina 

d  -  loc«rithmic 

one-pound  weight 

numbera 

inorement 

1/2 

1 

1.6 

3.0 

0.204 
0.477 

0,273 

u 

5.1 

0,709 

0.231 

2 

8.0 

0.903 

0.195 

2i 

14.0 

1.146 

0.243 

3 

23.0 

1.362 

0.216 

Average  logarithmic  increment  —  0.23 

If  the  we^hts  sustained  were  exactly  in  geometrical  progression, 
their  logarithms  would  be  in  arithmetical  progression.  The  test 
for  this  fact  is  to  note  whether  the  differences  between  logarithms 
of  successive  values  are  constant.  These  differences  are  known 
as  logarithmic  increments  or  in  case  they  are  negative,  as  loga- 
rithmic decrements.  In  the  table  the  logarithmic  increments 
fluctuate  about  the  mean  value  0.23. 
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The  equation  conneoting  n  and  w  is  of  the  form 
w  =  IO°/"orn  =  mlog  to 
By  graphing  columns  I  and  3  on  squared  paper,  the  value  of  m  is 
determined  and  we  find 

w  =  10»«'orB  =  2,2  log  2 
Another  way  is  to  graph  columns  1  and  2  on  semi-lc^arithmic 
paper. 

An  interesting  example  of  the  compound  interest  law  is  Weber's 
law  in  psychology,  which  states  that  if  stimuU  are  in  geometrical 
progression,  the  sense  perceptions  are  in  arithmetical  progression. 
162.  Modulus  of  Decay,  Logarithmic  Decrement  In  a  very 
large  number  of  cases  in  nature  the  "compound  interest"  law 
appears  as  a  decreasing  function  rather  than  as  an  increasing 
function,  so  that  the  equation  is  of  the  form 

S-oe-'.  (1) 

where  —  b  is  essentially  negative.  The  following  are  example)  of 
this  law: 

(1)  If  the  thickness  of  panes  of  glass  increase  in  arithmetical 
precession,  the  amount  of  light  transmitted  decreases  in  geo- 
metrical progression.     That  is,  the  relation  is  of  the  form 

L  =  ae-"  (2) 

where  (  is  the  thickness  of  the  glass  or  other  absorbing  material 
and  L  is  the  intensity  of  the  tight  transmitted.  Since  when  I  =  0 
the  l^ht  transmitted  must  have  its  initial  intensity,  Lo,  (2) 
becomes 

L  -  £,oe-"  (3) 

The  constant  b  must  be  determined  from  the  data  of  the  problem. 
Thus,  if  a  pane  of  glass  absorbs  2  percent  of  the  incident  light, 

U  =  100,  L  =  98  for  t  =  1, 
then:  98  =  lOOe-' 

or  It^  98  -  log  100  =  -  b  log  e. 

Therefore:  b  =  ^'J^^^  =  0.02 

The  light  transmitted  by  ten  panes  of  glass  is  then 
Lio  =  lOOe-'of* «'  -  lOOe-*' 
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or,  by  tlie  table  ot  |14fl, 

Lit  =  100/1.2214  =.  82  percent 

(2)  Variation  in  atmospheric  pressure  with  the  altitude  is 
usually  expressed  by  H alley's  Law: 

p  =  TeOe-*"'"" 
where  h  is  the  altitude  in  meters  above  sea  level  and  p  is  the  at- 
mospheric pressure  in  millimeters  of  mercury.    See  §147,  Exer- 
cises 5,  6,  7. 

(3)  Newton's  law  of  coolii^  states  that  a  body  surrounded  by  a 
medium  of  constant  temperature  loses  heat  at  a  rate  proportional 
to  the  difference  in  temperature  between  it  and  the  surroundii^ 
medium.  This,  then,  is  a  case  of  the  compound  interest  law. 
If  6  denotes  temperature  of  the  cooling  body  above  that  of  the 
surrounding  medium  at  any  time  (,  we  must  have 

The  constant  a  must  be  the  value  of  0  when  (  =  0,  or  the  initial 
temperature  of  the  body. 

EzerciseB 
1.  A  thermometer  bulb  initially  at  temperature  19° .3  C.  is  exposed 
w     to  the  air  and  its  temperature  $  observed  to  be  14°  .2  C.  at  the  end  of 
P    twenty  seconds.     If  the  law  ot  cooling  be  given  by  tf  =  floe"*  where 
t  is  the  time  in  seconds,  find  the  value  of  B  and  b. 

Solution:  The  condition  of  the  problem  gives  9  =  19.3  when 
I  -  0,  hence  6,  =  19.3.    Also,  14.2  =  19.3e-»*.    This  gives 

log  19.3  -  20E>log  e  =  log  14.2 
from  which  b  can  be  readily  computed. 
,-j      2.  If  li  percent  of  the  incident  light  is  lost  when  light  is  directed 
i/A  through  a  plate  of  glass  0.3  cm.  thick,  how  much  light  would  be 
lost  in  penetrating  a  plate  of  glass  2  cm.  thick? 

3.  Forty  percent  of  the  incident  light  is  lost  when  passed  through 
■y    a  plate  of  glass  2  inches  thick.     Find  the  value  of  o  in  the  equation 
'      L  =  Liie~^'  where  (  is  thickness  of  the  plate  in  inches,  L  is  the  per- 
cent of  light  transmitted,  and  to  =  100. 

4.  As  1  descend  a  mountain  the  pressure  of  the  air  increases  each 
foot  by  the  amount  due  to  the  weight  ot  the  layer  of  air  1  foot  thick. 
As  the  density  ot  this  layer  is  itself  proportional  to  the  pressure,  show 
that  the  pressure  as  I  descend  must  increase  by  the  compound  interest 
law. 
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6.  Power  is  tranamitted  in  a  clock  through  a  train  of  gear  wheels 
n  in  number.  If  the  loss  of  power  in  each  pair  of  gears  is  10  percent, 
draw  a  curve  showing  the  loss  of  power  at  the  nth  gear. 

Notk:  The  graphical  method  of  {134,  Figs.  S8,  S9,  may  appro- 
priately be  used, 

6.  Given  that  the  intensity  of  light  is  diminished  2  percent  by 
passing  through  one  pane  of  glass,  find  the  intensity  /  of  the  light 
after  passing  through  n  panes. 

7.  The  number  of  bacteria  per  cubic  centimeter  of  culture  increases 
under  proper  conditions  at  a  rate  proportional  to  the  number  present . 
Find  an  expression  for  the  number  present  at  the  end  of  time  ( if  there 
are  1000  per  cubic  centimeter  present  at  time  zero,  and  8000  per 
cubic  centimeter  present  at  time  10. 

8.  The  temperature  of  a  body  cooling  according  to  Newton's  law 
fell  from  30°  to  18°  in  six  minutes.  Find  the  equation  connecting  the 
temperature  of  the  body  and  the  time  of  cooling. 

163.  Empirical  Curves  on  Semi-logariQunic  CoSrdinate  Paper. 
One  of  the  moat  important  uses  of  semi-logarithmic  paper  is  in 
determining  the  functional  relation  between  observed  data,  when 
such  data  are  connected  by  a  relation  of  the  exponential  form. 
Suppose,  for  example,  that  the  following  are  the  results  of  an 
experiment  to  determine  the  law  connecting  two  variables  x  and  y '. 
X  I  0.04  0.18  0.36  0.51  0.685  0.833  0.97 
y  I     5.3         4.4  3.75       3.1  2.6  2.33        1.9 

If  the  equation  connecting  x  and  y  is  of  the  exponential  form,  the 
points  whose  coordinates  are  given  by  corresponding  values  of  x 
and  y  in  the  table  will  lie  in  a  straight  line,  except  for  such  slight 
errors  as  may  be  due  to  inaccuracies  in  the  observations.  Plotting 
the  points  on  semi-logarithmic  coordinate  paper,  we  find  that  they 
lie  nearly  on  the  linePQ  (Fig.  104).  Assuming  that,  if  the  data 
were  exact,  the  points  would  lie  exactly  on  this  line,'  we  may  pro- 

'  Wa  would  not  be  st  liberty  to  make  aucb  so  sBsumption  if  the  TsrititJaD  of  the 
poiclB  away  ftom  the  Une  was  of  a  eharactar  similar  to  that  repreaented  by 
the  dota  near  Che  top  of  Ti».  104.  These  points,  although  Dot  departiuscreaely 
from  the  line  shown,  depart  (torn  it  sysMiaHtically.     That  is.  they  lie  below  it  at 
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ceed  to  determine  the  equation  of  this  line  as  approximately  repre- 
senting the  relation  between  x  and  y. 

It  is  easy  to  find  the  equation  of  such  a  iioe  referred  to  the  uni- 
form scales  Ah  and  BV,  of  form  Af5.  We  may  imagine  that  all 
rulings  are  erased  and  replaced  by  extensions  of  the  uniform  AB 
scale,  as  in  Fig.  101.     The  equation  of  the  line  FQ  is  then 
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Fia.  104. — Empirical  Equations  Determined  by  Use  of  Form  MS. 


where  m  is  the  slope,  and  B  is  the  i/-intercept.    Now,  for  PQ,  ^- 

m 0.447  and  B  =  0.730  =  log  5.37.    Equation  (1)   of  PQ 

becomes,  therefore: 

K  =  -  0.447X  +  0.730 
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or,  replacing  Y  by  log  y  and  0.730  by  log  5.37,  in  order  to  refer 
the  curve  to  the  scales  AB  and  LM, 

1(^  1/  -  log  5.39  =  —  0.447i 
whence 

y  =  5.39(10-'>"'-}  (2)    , 

If  it  is  desired  to  express  the  relation  to  the  base  e  instead  of 
base  10,  we  may  note  10  =  e*^°"  (§143,  equation  (1)),  w,  sub- 
stituting in  (2), 

y=  5.39  (e=  "')-*■"" 
=  5.39e-'""'  (3) 

The  same  result  might  have  been  obtained  directly  by  use  of 
the  uniform  scale  AD,  at  the  left  of  form  Mb.  This  scale  is  so 
constructed  that  the  length  1  on  AB  corresponds  to  the  length 
2.3026  on  AD.  Now,  we  know  that  «=  '"^f  _  iq^  hence  we  may 
replace  10  in  10-^  by  e  if  we  make  m  in  10—  2.3026  times  as 
great  as  before.  This  is  readily  done  by  measurii^  the  slope  of 
PQ  by  the  use  of  the  uniform  scale  AD  instead  of  the  uniform 
scale  BC.  Computing  the  slope  of  PQ  by  use  of  the  scale  AD 
we  find: 

y  of  Q  =  0.653 

YoiP  =  1.681 

Difference  =  -  1.028 
Since  AB  =  1,  this  is  the  slope  of  the  line,  measured  to  the  scale 
AD,  and  is  therefore  the  value  of  m  in  the  equation 

y  =  04"'  (4) 

Hence  the  equation  of  PQ  is 

y  =  5.39e-'°'»' 
which  agrees  with  the  equation  previously  obtained. 

154.  Change  of  Scale  on  Semi-logarithmic  Paper.  A  sheet  of 
aemi-logarithmic  paper,  form  MS,  is  a  square.  It  sheets  of  this 
paper  be  arranged  "checker-board  fashion"  over  the  plane,  then 
the  vertical  non-uniform  scale  will  be  a  repetition  of  the  scaXeLM, 
Fig.  104,  except  that  the  successive  segments  of  length  LM  must 
be  numbered  1,  2,  3,  .  .  . ,  9  for  the  original  LM,  then  10,  20, 
30,  ,  .  . ,  90  for  the  next  vertical  segment  of  the  checker-board, 
then  100,  200,  300,  .  .  . ,  900,  for  the  next,  etc.  It  is  obvious, 
therefore,  that  the  initial  point  ^  of  a  sheet  of  semi-logarithmic 
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pap^  may  be  said  to  have  the  ordinate  1,  or  10,  or  100,  etc.,  or 
10~',  10*^*,  etc.,  as  may  be  most  convenient  for  the  particular 
graph  under  consideration.  The  horizontal  scale  being  a  uniform 
scale,  any  values  of  x  may  be  plotted  to  any  convenient  scale  on 
it,  as  when  using  ordinary  squared  paper.  However,  if  the  hori- 
zontal unit  of  length  (the  length  AB,  form  MS)  be  taken  as  any 
value  different  from  unity,  then  the  slope  m  of  the  line  PQ  drawn 
on  the  semi-logarithmic  paper  can  only  be  found  by  dividing  its 
apparent  slope  by  the  acale  value  of  the  side  AB.  That  is,  the 
correct  value  of  m  in 

y  =■  olO— 
is,  in  all  cases, 

_  apparent  slope  of  PQ 

~      scale  value  of  AB 
The  "apparent  slope"  of  PQ  is  to  be  measured  by  applying  any 
convenient   uniform   scale  of   inches,  centimeters,  etc.,  to   the 
horizontal  and  vertical  sides  of  a  right  triangle  of  which  PQ  is  the 
hypotenuse. 

Exercises 

^  1.  A  thermometer  bulb  initially  at  temperature  19.3°  C.  is  exposed 
to  the  air  and  its  temperature  $  noted  at  various  times  t  (in  seconds) 
as  follows: 


B   I      19.3     X4,2      10.4     7.6     5.6     4.1     3,0 
Plot  these  results  on  semi-logarithmic  paper  and  test  whether  or  not 
B  follows  the  compound  interest  law.     It  bo,  determine  the  value  of 
So  and  6  in  the  equation  0  =  dte'*'.     Note  that  the  last  point  given 
by  the  table,  namely  t  >  120,  8  ^  3.0,  goes  into  a  new  square  if  the 
scale  AB  be  called  0—100.    If  the  scale  AB  be  called  0 — 200  then  all 
entries  can  appear  on  a  single  sheet  of  form  MS. 
-X    8.  Graph  the  following  on  semi-logarithmic  paper: 
n    I     1/2      1        1}       2        2}         3 
u    I       1.6     3.0     5.1     S.O      14.0     23.0 
Show  that  the  equation  connecting  n  and  w  is  w  =  IC-*'". 

Soogebtion:    The  scale  AB,  form  M5,  may  be  called  0 — 5  for  the 
purpose  of  graphing  n. 
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V  6.  Graph  the  following  on  Bemi-logarithmic  paper,  and  find  the 
equation  connecting  n  and  id. 

n  I      0.2       0.4      0.6       0.8       1.0       1.2       1.4       1.6 

to  I     2.60       3.41    4.45     5.75     7.56    9.85     1.30     16.6 

M  4.  A  circular  disk  ia  suspended  by  a  fine  wire  at  its  center.  When 
at  rest  the  upper  end  of  the  wire  is  turned  by  means  of  a  supporting 
knob  through  30°.  The  successive  angles  of  the  torsional  swings  of 
the  disk  from  the  neutral  point  are  then  read  at  the  end  of  each  Bwing 

as  follows : 

Swing  numberl       1|^       I      ^l        *     \      ^     \        6'|7 

Angle        I  26°.4  |  23°.2  |  20''.6  |    18°.0  |  15°.9  |  14°.0   j   12''.3 

Show  that  the  angle  of  the  successive  swings  follows  the  compound 
interest  law  and  find  in  at  least  two  different  ways  the  equation 
connecting  the  number  of  the  swing  and  the  angle.  Show  by  the 
slide  rule  that  the  compound  interest  law  holds. 

166.  The  Power  Function  Compared  vith  the  Exponential 
Function.  It  has  been  emphasized  in  this  book  that  the  fucdar 
mental  laws  of  natural  science  are  three  in  number,  namely:  (1) 
the  parabolic  law,  expressed  by  the  power  function  y  =  oar- 
where  n  may  be  either  positive  or  negative;  (2)  the  harmonic  or 
periodic  law,  y  =  a  sin  ni,  which  ia  fundamental  to  all  periodically 
occurring  phenomena;  and  (3)  the  compound  interest  law  dis- 
cussed in  this  chapter.  While  there  are  other  important  laws  and 
functions  in  mathematics,  they  are  secondary  to  those  expressed 
by  these  fundamental  functions.  The  second  of  the  functions 
above  named  will  be  more  fully  discussed  in  the  chapter  on  waves. 
The  discussion  of  the  compound  interest  law  should  not  be  closed 
without  a  careful  comparison  of  power  functions  and  exponential 
functions. 

The  characteristic  property  of  the  power  function 

V^ax'  (1) 

ia  that  at  x  changes  by  a  constant  factor,  y  changes  by  a  constant 
factor  also.    Take 

y  =  ax'=.fix)  (2) 
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Let  X  change  by  a  constant  factor  m,  so  that  the  new  value  of  x 
is  mx.    Call  y'  the  new  value  of  ij.    Then 

j/'  =  a(mx)"=/(m)  (3) 

That  is: 

y'  ax" 

which  shows  th&t  the  ratio  of  the  two  y's  ia  independent  of  the  value 
of  X  used,  or  is  constant  for  constant  vrdites  of  m. 

Another  statement  of  the  law  of  the  power  function  is:  As  x 
increases  in  geometrical  progression,  y,  or  the  power  function,  in- 
creases in  geotnelrical  progression  also. 

Let  m  be  nearly  I,  say  I  +  r,  where  r  is  the  percent  change  in  x 
and  is  small,  then  we  have: 

y  "        fix)       -  aa:»  -  d  +  0    -  1  +  nr      (5) 

by  the  approximate  formula  for  the  binomial  theorem  (§111)- 
Hence,  replacing   1   on   the  right  side  of   (5)   by  ^.-,    and 

transposing: 

y'-y     f(.x  +  rx)  -  fix)  _ 
y     -    '      fix) 


(6) 


The  fraction  in  the  first  member  is  the  percent  change  in  y  or  in  fix) . 
The  number  r  is  the  percent  change  in  the  variable  x.  Therefore 
(6)  states  that  for  small  changes  of  the  variable  the  percent  of 
change  in  the  function  is  n  times  the  percent  of  change  in  the  variable. 
Let  the  exponential  function  be  represented  by 

y  =  ae"  =  Fix)  (7) 

As  already  noted  in  the  preceding  sections,  increasing  x  by  a  con- 
slant  term  increases  y  or  the  function  by  a  constant  factor.     Thus 

y  Fix)  ae^' 

which  is  independent  of  the  value  of  x  or  is  constant  for  constant  k. 
The  expression  e"  is  the  factor  by  which  y  or  the  function  is  in- 
creased when  X  is  increased  by  the  term  or  increment  h.     See  also 
S147  and  Fig.  97, 
In  other  words,  as  x  increases  in  arithmetical  prt^ression,  jf 


(8) 
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or  the  exponential  function  increases  in  geometrical  progression. 
The  percent  of  change  is: 

Fix)  -e  1  W 

which  is  constant  for  constant  increments  h  added  to  the  variable  z. 

If  X  change  by  a  constant  percent  from  a;  to  x(l  +  t),  it  will  be 
found  that  the  percent  change  in  the  function  is  not  constant,  but 
is  variable. 

The  above  properties  enable  one  to  determine  whether  measure- 
ments taken  in  the  laboratory  can  be  expressed  by  functions  of 
either  of  the  types  discussed;  if  the  numerical  data  satisfy  the 
test  that  if  the  argument  change  by  a  constant  factor  the  function 
also  changes  by  a  constant  factor,  then  the  relation  may  be  repre- 
sented by  a  power  function.  If,  however,  it  is  found  that  a  change 
of  the  argument  by  a  constant  increment  changes  the  function 
by  a  constant  factor,  then  the  relation  can  be  expressed  by  an 
equation  of  the  exponential  type. 

We  have  already  shown  bow  to  determine  the  constants  of  the 
exponential  equation  by  graphing  the  data  upon  semi-logarithmic 
paper.  In  case  the  equation  representing  the  function  is  of  the 
form: 

y  =  ae-  +  c  (10) 

then  the  curve  is  not  a  straight  hne  upon  semi-logarithmic  paper. 
If  tabulated  observations  satisfy  the  condition  that  the  function 
leas  (or  plus)  a  certain  constant  increases  by  a  constant  factor  as 
the  argument  increases  by  a  constant  term,  then  the  equation  of 
the  type  (10)  represents  the  function  and  the  other  constants  can 
readUy  be  determined. 

The  determination  of  the  equations  of  curves  of  the  parabolic 
.  and  hyperboUc  type  is  best  made  by  plotting  the  observed  data 
upon  logarithmic  coordinate  paper  as  explained  in  the  next 
section. 

166.  Logarithmic  Coordinate  Paper.  If  coordinate  paper  be 
prepared  on  which  the  uniform  x  and  y  scales  are  both  replaced 
by  non-uniform  scales  divided  proportionately  to  log  x  and  log  y 
respectively,  then  it  is  possible  to  show  that  any  curve  of  the  para- 
bolic or  hyperbolic  type  when  drawn  upon  such  coordinate  paper  will 


>;,l,ZDdbyG00gle 


268        ELEMENTARY  MATHEMATICAL  ANALYSIS      (§156 

be  a  alraigJU  line.    This  kind  of  squared  paper  is  called  logaiitiimic 
paper,  and  is  illustrated  in  Fig.  105. 

To  tind  the  equation  of  a  linePQ  on  Buch  paper,  we  imt^^e,  as 
in  the  case  of  semi-logarithmic  paper,  that  all  rulings  are  erased 
and  replaced  by  continuations  of  the  uniform  scales  ON  and  MN, 
on  which  the  length  ON  or  MN  is  taken  as  unity.    Denoting,  as 


Slufle  Idcirlfhnls,  Botlt  ot  0< 


nmiin  Looiuttluiu  Id  Mju^hi 


before,  distances  referred  to  these  uniform  scales  by  capital  letters, 
we  may  write  as  the  general  equation  of  a  stra^ht  line: 

Y  =  mX  +  B  (1) 

_  In  the  case  of  the  line  PQ,  m  =  0.505,  B  =  0.219,  and  hence 

Y  -  0.505X  +  0.219 

But,  Y  =  hg  y,  X  =  tog  X,  where  y  and  x  represent  distances 

,  ;)    ,  Cookie 
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measured  on  the  scales  LM  and  LO  respectively,  and  0.219  = 
log  1.65.    Hence: 

log  y  =  0.505  log  X  +  log  1.65 
or, 

log  y  —  log  1.65  =  0.505  log  x 
This  may  be  written  in  the  form 

whence 

1.65   ^  ^ 
or, 

y=  IMx"-""'  (2) 

In  general,  if  B  =  log  b,  we  may  write  the  equation  (1)  in  the 
form 

y  =  bx~  (3) 

If  the  stra^ht  line  on  logarithmic  paper  passes  through  the 
point  (1,  1)  its  Cartesian  equation  is 

Y  '=mX  (4) 

or,  referred  to  the  logarithmic  scales, 

1(^  y  =  m  log  X 

y  =  x':  (5) 

If  the  straight  line  on  Ic^arithmic  paper  passes  through  the  point 
(a,  b)  with  slope  m,  its  equation  referred  to  the  l(%arithmic  scales  is 

On  logarithmic  paper,  form  Mi,  the  numbers  printed  in  thelower 
and  in  the  left  margin  refer  to  the  non-uniform  scale  in  the  body 
of  the  paper.  By  calling  the  left-hand  lower  corner  the  point 
(1,  10),  (10,  10),  (10,  I),  (10,  100),  (I,  100)  or  (100,  100),  .  .  ., 
instead  of  (I,  1),  these  numbers  may  be  changed  to  10,  20,  30, 
.    .    .  or  to  100,  200,  300,  .   .    . ,  etc. 

In  the  following  exercises  the  graphs  are  to  be  carefully  con- 
structed upon  logarithmic  paper,  and  the  values  of  the  various 
graduations  and  all  other  necessary  information  indicated  on  the 
paper  in  terms  of  the  proper  concrete  units. 
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If  the  range  of  any  variable  is  to  extend  beyond  any  of  the  sii^e 
decimal  intervals,  1—10,  10—100,  100—1000,  .  .  .,  the 
"multiple  paper,"  formjtffi,  maybe  used,  or  several  straight  lines 
may  be  drawn  across  form  Mi  corresponding  to  the  value  of  the 
function  in  each  decimal  interval,  1 — 10,  10 — 100,  .  .  . ,  so 
that  as  many  straight  lines  will  be  required  to  represent  the  func- 
tion on  the  first  sheet  as  there  are  intervals  of  the  decimal  scale  to 
be  represented.  However,  if  the  exponent  m  in  y  ■=  bx"  be  a 
rational  number,  say  n/r,  then  the  lines  required  for  all  decimal 
intervals  will  reduce  to  r  different  straight  lines. 

One  of  the  most  important  uses  of  logarithmic  paper  is  the  de- 
termination of  the  equation  of  a  curve  satisfied  by  laboratory 
data.  If  such  data,  when  plott«d  on  l(%arithmic  paper,  appear 
as  a  straight  line,  an  equation  of  the  parabolic  type  satisfies  the 
observations  and  the  equation  is  readily  found.  The  exponent 
m  ifl  determined  by  measuring  the  slope  of  the  line  with  an  ordi- 
nary uniform  scale.  The  equation  of  the  line  is  best  found  by 
noting  the  coordinates  of  any  one  point  (a,  b)  and  substituting 
these  and  the  slope  m  in  the  equation 


Exercises 
Draw  the  following  on  single  or  multiple  logarithmic  paper,  forms 
Mi  or  MG: 

1.  y  -  X,  y  ='  2x,  y  =  Bx,  y  =■  ix,  .    .    . 

2.  y  =  X,  y  -  X',  y  -  X',  y  =■  x;   .    .    . 
Z.  y  =  l/i,  y  =  l/x\  y  =  l/x>,   .    .    . 

..  *-J  =x^^,  V'=x^,y  =i'S  .    .    . 

S.  A  =  rr'. 
^«fc  p  =  0.003(1*,  where  p  is  the  pressure  in  pounds  per  square  foot 
on  a  flat  surface  exposed  to  a  wind  velocity  ot  v  miles  per  hour. 

1.  V  =  cVrs  for  c  =  110  and  r  -  1. 

8.  /  =  V2gh  for  g  =  32.2. 

8.  C  -  B/E  where  B  =  UO  volts. 

10.  s  =  <l/2)gt'  where  g  =  32.2. 

11.  T  =  TVLfg,  where  g  =  32.2. 
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IS.  p/po  -  {p/po)'''",  where  p<,  =  0.075,  the  weight  of  1  cubic 
foot  of  air  in  pounds  at  70°  F.  and  at  pressure  po  of  14.7  pounds  per 
square  inch. 

"CjuDg;^  -^^,  for  D  =  5000,  10,000,  15,000  30,000,  whera  C  = 
225,  D  is  displacement  in  tona  and  S  is  speed  in  knots. 
a^l4.  H  -  ^,  for  N  =  100,  200,  300,  400,  500,  600,  700,  800, 
/OOO,  1000.    d  is  the  diameter  of  cold  rolled  shafting  in  inches;  the 
line  should  be  graphed  for  values  of  d  between  d  =  1  and  d  =  10. 


Fio.    106.— A   Weir  Formula  Graphed   on   Multiple  Logarithmit  Paper. 

15.  F  =  0.000341  JPKiV',  where  N  ia  revolutions  per  minute,  fi  is 
radius  in  feet,  W  is  weight  in  pounds,  and  F  is  centrifugal  force  in 
pounds. 

16.  q  =  3.37LA*'  for  L  =  0.1,  0.2,  0.3,  0.4,  0.5,  0,6,  0.7,  0.8,  0.9, 
1.0.     See  Fig.  106. 

17.  H  =  ~~ji-ii~i  where  V  is  the  velooity  of  water  in  feet  per 
second  under  the  head  of  H  feet  per  10,000  feet  in  clean  cast-iron  pipe 
of  diameter  d  feet.    See  Fig.  108. 

18.  The  relation  between  electrical  resistance  and  amount  of  total 
solids  in  solution  for  Arkansas  River  Valley  water  at  70?  F.  is  given 
by  the  following  table: 
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S  ■  total  solids  in  solution  aa  porta  per  1,000,000: 

1,000,  800,  600,  400,  300.  200 
It  =  resistance  in  ohms:     215,  260,  340,  480,  616,  860. 

Plot  the  results  on  form  Mi  and  find  from  the  graph  the  equation 
oonneoling  S  and  R. 
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Via.  107. — Capacity  in  Cubic  Feet  per  Second  of  Trapezoidal  Smooth 
Concrel*  Flumes  for  Varioua  Gradienta  <S)  and  for  Varioua  DimensionB  (d)  _ 

19.  Replot  the  curyes  of  Pig.  107.  On  the  new  diagram  draw  the 
lines  corresponding  to  slopee  of  7,  8,  and  9  feet  per  10,000  respectively. 

30.  Explain  the  periodic  character  of  the  rulings  on  Figs.  106 
and  108. 

167.  Sums  of  EqraneDtiat  Fimctioiis.  Functions  consisting  of 
the  sum  of  two  different  exponential  functions  are  of  frequent 
occurrence  in  the  application  of  mathematics,  especially  in  eleo- 
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tricfll  science.  Types  of  fundamental  importance  are  e*  +e-" 
and  e"  —  e~"  which  are  so  important  that  the  forms  (e»  +e-»)  /2 
and  (e"  —  e-")  /2  have  been  given  special  names  and  tables 
of  their  values  have  been  computed  and  printed.    The  first  of 


these  is  called  the  hyperbolic  cosine  of  u  and  the  second  is  called  the 
liyperbolic  sine  of  u;  they  are  written  in  the  following  notation: 

cosh  «  =  Cc"  +  e-"}  /2,  sinh  u  =  (e-  -  e-")  /2 

18 
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If  X  =  a  cosh  u  and  y  =  a  sinh  u,  then  equarii^  and  subtracting 
x>  —  y»  =  o>(cosli'  u  —  sinh'  u) 

,  re'-  +  2  +  e-'-  _  e'--2+e-H 
■°"°    L  4  4  J 


Therefore  the  hyperbolic  fuuctions 
X  =  a  cosh  «,  J/  = 


Fia.  109. — The  Curves  of  tbe  Hyperbolic  Sine  and  Cosine. 

appear  in  the  parametric  equations  of  a  rectangular  hyperbola 

X*  -y*  =  a', 
just  OB  the  circular  functions 

X  ^  acosO,y  =  a  sin  fl 
appear  in  the  parametric  equations  of  the  circle 


The  graphs  oiy  =  a  cosh  x  and  y  =  a  sinh  x  -viete  called  for  in 
exercises  1,  2,  §146.  They  are  shown  in  Fig.  109.  The  first 
of  these  curves  is  formed  when  a  chain  is  suspended  between  two 
points  of  support;  it  is  called  the  catenary.    These  two^curvea 
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are  best  drawn  by  BverE^;ing  the  ordinates  of  y  =•  c  and  y  =€-*, 
and  the  ordinates  of  j/  =  c  and  j/  —  —  e-'. 

Curves  whose  equations  are  of  the  fonn  y  —  oe"'  +  he"  take 
on  quite  a  variety  of  forms  for  various  values  of  the  constants.  A 
good  idea  of  certain  important  types  can  be  had  by  a  c(»nparison  of 
the  curves  of  Fig.  110  whose  equations  are: 
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FiQ.  110. — CombiDBtionB  of  Two  Exponential  Curves.     After  Steinmetz. 
y  =  e-'-\-  0.5e-"' 


•  -  0.5e-'' 

■  -  0.8e-'' 


The  student  should  arrange  in  tabular  form  the  necessary 
numerical  work  for  the  construction  of  these  curves. 
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If  the  second  exponent  be  increased  in  absolute  value,  the  pointe 
of  intersection  with  the  j/-axia  remain  the  same,  but  the  region  of 
close  approach  of  the  curves  to  each  other  is  moved  along  the  curve 
y  =  e-'  to  a  point  much  nearer  the  y-axis.  To  show  this  the  fol- 
lowing curves  have  been  drawn  and  shown  in  Fig.  111. 
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— Combinations  of  Two  ExpoDeotial  Curves.     After  Steinmeti. 

y  ^e-'  +  0.5e-"' 

y  =  e-'  -  O.le-"' 
y  =  e~-  -  0.5*-"' 


y  =  €-•  —  l.Se-'"', 

168.*  Damped  Vibratiitnis.    It  a  body  vibrates  in  a  medium  like 

A  gas  or  liquid,  the  amplitude  of  the  swii^s  are  found  to  get  smaller 

and  smaUer,  or  the  motion  slowly  (or  rapidly  in  some  cases)  diea 

out.     In  the  case  of  a  pendulum  vibrating  in  oil,  the  rate  of 
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decay  of  the  amplitude  of  the  9wlt^s  is  rapid,  but  the  ordinary 
rate  of  the  decay  of  such  vibrations  ia  air  is  quite  slow.  The  ratio 
between  the  lei^^ths  of  the  successive  amplitudes  of  vibration  is 
called  the  damping  factor  or  the  modulus  of  decay. 

The  same  fact  is  noted  in  case  the  vibrations  are  the  torsional 
vibrations  of  a  body  suspended  by  a  fine  wire  or  thread.  Thus  a 
Tisctoneter,  an  instrument  used  for  determinii^  the  viscosity  of 
lubricating  oils,  provides  means  for  determining  the  rate  of  the 
decay  of  the  torsional  vibration  of  a,  disk,  or  of  a  circular  cylinder 
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Fia.   112.— The  Curve  j/  =  e""'  sin  i. 

suspended  in  the  oil  by  a  fine  wire.  The  "amplitude  of  swii^" 
is  in  this  case  the  angle  tlurough  which  the  disk  or  cylinder  turns, 
measured  from  its  neutral  position  to  the  end  of  each  swing. 

In  aU  such  cases  it  is  found  that  the  logarithms  of  the  successive 
amplitudes  of  the  swings  differ  by  a  co-lain  constant  amount  or,  as 
it  is  said,  the  logarithmic  decrement  is  constant.  Therefore  the 
amplitudes  must  satisfy  an  equation  of  the  form 

A  =  ««-" 

where  A  is  ampUtude  and  ( is  time.  The  actual  motion  is  given 
by  an  equation  of  the  form 

y  =  ae-*'  sin  ct 

A  study  of  oscillations  of  this  type  will  be  more  fuUy  taken  up  in 
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the  calculus,  far  the  present  it  will  suffice  to  graph  a  few  examples 
of  this  type.    Let  the  expression  be 

y  =  fi-'/fsin  (  (1) 

A  table  of  values  of  t  and  y  must  first  be  derived.  There  are  three 
ways  of  proceeding:  (1)  Assign  successive  values  to  ( irrespective 
of  the  period  of  the  sine  (see  Table  V  and  F^,  112).  (2)  Select 
for  the  values  of  ( those  values  that  give  aliquot  parts  of  the  period 
2t  of  the  sine  (see  Table  VI  and  Fig.  113).  (3)  Draw  the  sinu- 
soid y  =  sin  (  carefully  to  scale  by  the  method  of  gM;  then  draw 
upon  the  same  coordinate  axes,  usii^  the  same  units  of  measure 
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adopted  for  the  sinusoid,  the  exponential  curve  y  >  e~' '';  finally 
multiply  together,  on  the  shde  rule,  corresponding  ordinates  taken 
from  the  two  curves,  and  locate  the  points  thus  determined. 

The  first  method  involves  very  much  more  work  than  the  second 
for  two  principal  reasons:  First,  tables  of  the  Ir^rithms  of  the 
tr^ouometric  functions  with  the  radian  and  the  decimal  divisions 
of  the  radian  as  argument  are  not  available;  for  this  reason  57.3° 
must  be  multiplied  by  the  value  of  ( in  each  case  so  that  an  ordinary 
trigonometric  table  may  be  used;  second,  each  of  the  values  written 
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in  column  (3)  of  the  table  must  be  separately  determined,  while 
if  the  periodic  character  of  the  sine  be  taken  advantage  of,  the 
numerical  values  would  be  the  same  in  each  quadrant. 

The  second  method,  because  of  the  use  of  aliquot  divisions  of 
the  period  of  the  sine,  Buch  as  ir/6  orr/12  or  ir/IS  or  t/20,  etc., 
possesses  the  advantage  that  the  values  used  in  column  (3)  need 
be  found  for  one  quadrant  only  and  the  values  required  in  column 
(2)  are  quite  as  readily  found  on  the  slide  rule  as  in  the  first 
method. 

TABLE  V 

Table  of  the  fuDction  y  ••  e~'^*  ain  ( 


1 

\            z             \            .            \            ,             \ 

(iurwliuli 

i-(,fx» 

iDldnlorloc 

■in  57.31  if  ( u 

iade«r»a 

- 

« 

0.0 

-0,0000 

+  0,000 

0.5 

-0.0434 

9.6807 

9,6372 

+  0.434 

1.0 

-  0,0869 

9.9250 

9.8381 

+  0.689 

1.5 

-0,1303 

9,9989 

9.8686 

+  0.739 

2.0 

-0,1737 

9.9587 

9,7850 

+  0.610 

2.5 

-  0,2172 

9,7771 

9.5599 

+  0.363 

3.0 

-0,2606 

9,1498 

8.8892 

+  0.077 

3.5 

-0.3040 

9.5450 

9,2410 

-  0. 174 

4,0 

-  0.3474 

9.8790 

9,5312 

-0.340 

4.5 

-0.3909 

9.9901 

9,6992 

-0.397 

fi.O 

-  0.4343 

9,9818 

9,5475 

-0.353 

5.5 

-0,4777 

9.8485 

9.3708 

-0.235 

6.0 

-0.5212 

9.4464 

8,9252 

-0,084 

6.5 

-0.5646 

9.3322 

8.7679 

+  0.059 

7,0 

-0.6080 

9.8175 

9.2095 

+  0. 162 

7.5 

-0.6515 

9.9722 

9,3207 

+  0.209 

8.0 

-  0,6949 

9,9954 

9,3005 

+  0.200 

8.5 

-  0.7383 

9,9022 

9,1634 

+  0.146 

9.0 

-0.7817 

9,6149 

8.8332 

+  0,068 

9.5 

-  0.8252 

8,8760 

8,0508 

-0,011 

10.0 

-0,8686 

9.7356 

8,8670 

-0,074 

10.5 

-0,9120 

9.9443 

9,0323 

-0,108 

11.0 

-  0,9555 

9.9999 

9,0444 

-0,111 

11.5 

-0,9989 

9.9422 

8.9433 

-0,088 

12.0 

-  1,0424 

9.7296 

8,6872 

-0.049 
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TABLE  VI 

Table  of  the  function  y  =  e"'''  ain  ( 


1 

2 

3               1              * 

s 

»  -  (in 
»/e"«£.iis 

"^W^r. 

lot.  nn  Ri-/e 

loiv 

" 

0 

-0.0000 

0.000 

1 

-  0,0455 

9.6990 

9.6535 

+  0,450 

2 

-  0.0910 

9.9375 

9.8465 

+  0.702 

3 

-  0.1364 

0.0000 

9.8636 

+  0.731 

4 

-0.1816 

9.9375 

9.7556 

+  0.570 

5 

-0.2274 

9.6990 

9.4716 

+  0.266 

6 

-0.2729 

+  0.000 

7 

-0,3184 

9.6990 

9.3806' 

-0.240 

8 

-  0.3638 

9.9376 

9.6737 

-  0.375 

9 

-  0.4093 

0.0000 

9.6907 

-0.390 

10 

-  0.4548 

9.9375 

9.4827 

-0.304 

n 

-0.5003 

9.6990 

9.1987 

-0.158 

12 
13 

-0.5458 
-  0.5912 

0.000 

+  0.128 

9.6990 

9.1078 

14 

-  0.6367 

9,9375 

9,3008 

+  0.200 

15 

—  0.6822 

0.0000 

9.3178 

+  0.208 

16 

-  0.7277 

9.9375 

9.2098 

+  0.162 

17 

-  0,7732 

9.6990 

8.9258 

+  0.084 

18 

-0,8186 

0.000 

19 

-0.8641 

9.6990 

'sissw  " 

-0.068 

20 

-  0.9016 

9.9375 

9.0279 

-  0. 107 

21 

-  0.6551 

0.0000 

9.0449 

-0.111 

22 

-1.0006 

9,9375 

8.9369 

-0.087 

23 

-1.0460 

9.6990 

8.6530 

-0.045 

24 

-  1,0915 

0.000 

The  third  method  is  perhaps  more  desirable  than  either  of  the 
others  if  more  than  two  figures  accuracy  is  not  required.  The 
curve  can  readily  be  drawn  with  the  scale  units  the  same  in 
both  dimensions,  as  is  sometimes  highly  desirable  in  scientific 
applications. 

In  Figs.  112  and  113  a  larger  unit  has  been  used  on  the  vertical 
scale  than  on  the  horizontal  scale.  In  Fig.  113  the  horizontal  unit 
is  incommensurable  with  the  vertical  unit.  To  draw  the  curve 
to  a  true  scale  in  both  dimensions  it  is  preferable  to  lay  off  the 
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coordinates  on  plain  drawii^  paper  and  not  on  ordinary  squared 
paper.  Rectangular  coordinate  paper  is  not  adapted  to  the  proper 
construction  and  discussion  of  the  sinusoid,  or  of  curves,  like  the 
present  one,  that  are  derived  therefrom. 

Curves  whose  equations  are  of  the  form  y  =  }e"""  sin  t  or 
y  =  Se"'''  sin  (,  etc.,  are  readily  constructed,  since  the  Constanta 
1/2,  3,  etc.,  merely  multiply  the  ordinatea  of  (1)  by  1/2,  3, 
etc.,  as  the  case  may  be.  Likewise  the  curve  y  =  e~'"  sin  ex  is 
readily  drawn  since  sin  ex  can  be  made  from  sin  x  by  multi- 
plying all  abscissas  of  sin  z  by  1  /c. 
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A.  FURTHER  TRIGONOMETRIC  IDENTITIES 


1S9.  Proof  that  p  =  acos9  +  bs 
rical  Explanation.  We  know  (§64) 
equation  of  a  circle  of  diameter  a, 
direction  with  the  polar  axis  OX, 


Fio.  114. — ComblaatioQ  of  the  Cir- 
oles  p  =  a  coi  6  and  p  =  b  sin  S  into  a 
Single  Circle  p  ■■  a  cob  0  +  A  Hia  tf. 

a  circle  (the  circle  OC,  Fig.  114) 
other  words  we  shall  show  that: 

p  =  a  cos  fl  + 
is  the  equation  of  a  circle. 

282 


in  0  is  a  Circle.    I.  Geomet- 

that  pi  =  a  cos  0  is  the  polar 
the  diameter  coinciding  in 
for  example,  the  circle  OA, 
Fig.  114.  Likewise,  pi  = 
b  sin  d  is  a  circle  whose  dia- 
meter is  of  length  5  and 
makes  an  angle  of  +  90° 
with  the  polar  axis  OX,  as 
the  circle  OB,  Fig.  114, 
Also,  p  =  c  COS  (fl  —  ffi)  is 
a  circle  whose  diameter  c 
has  the  direction  angle  0i. 
See  equation  (4),  |68.  We 
shall  show  that  if  the  radii 
vectores  corresponding  to 
any  value  of  9  in  the  equa- 
tions pi  =  ffl  cos  9  and  pi  = 
6  sin  I?  be  added  t(%ether  to 
make  a  new  radius  vector 
p,  then,  for  all  values  of  6, 
the  extremity  of  p  hes  od 
of    diameter   Vo'  +  &'■     Ii 

bsm$  (1) 
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In  Fig.  114,  pi  =  acos  0  will  be  called  the  a-circk  OA;  fit  — 
b  sin  d  will  be  called  the  b-drcle  OB.  For  any  v^ue  of  the  angle 
8  draw  radii  vectores  OM,  ON,  meeting  the  a-  and  fr-circlea 
respectively  at  the  points  M  and  N.  If  P  be  the  point  of  inter- 
section of  MN  produced  with  the  circle  whose  diameter  is  the 
diagonal  OC  of  the  rectangle  described  on  OA  and  OB,  we  shall 
show  that  OM  +  ON  =  OP,  no  matter  in  what  direction  OP  be 
drawn. 

Let  the  circle  last  mentioned  be  drawn,  and  project  BC  on  OP. 
Since  ONB  and  OPC  are  right  angles,  NP  ia  the  projection  of 
BC  (=  a)  upon  OP.  But  OM  also  is  the  projection  of  a  (=  OA) 
upon  OP.  Hence  NP  ~  OM  because  the  projections  of  equal 
parallel  lines  on  the  same  line  are  equal.  Therefore,  for  all  values 
of  6,  NP  =  pi  and  OP  ^ON  +  NP  =  pi  +  p,,  which  is  the  fact 
that  was  to  be  proved. 

Designating  the  ai^e  AOC  by  9i,  the  equation  of  the  circle  OC  is 
by  168 

p  =  Vo'  +  b'  cos  (0  -  $i)  (2) 

ThevaJueof  0t  is  known,  for  its  tangent  is  -.  It  should  be  observed 
that  there  is  no  restriction  on  the  value  of  0.  As  the  point  P 
moves  on  the  circle  OC,  the  circumference  is  twice  described  as  9 
varies  from  0°  to  360°,  but  the  diagram  for  other  positions  of  the 
point  P  is  in  no  case  essentially  different  from  Fig.  114. 

The  above  reasonii^  and  the  diagram  involve  the  restriction 
that  both  a  and  b  are  positive  numbers.  While  it  is  possible  to 
supplement  the  reasoning  to  cover  the  cases  in  which  this  restric- 
tion is  removed,  it  will  be  unnecessary  as  the  analytical  proof  at 
the  end  of  this  section  is  applicable  for  aU  values  of  a  and  b. 

Example:  From  the  above  we  know  that  the  equation 
/3  =  6  cos  0  +  8  sin  0  is  a  circle.  The  diameter  of  the  circle  is 
v'a'  +  b'  =  V6°  +  8'  =  10,  so  that  the  equation  of  the  circle 
may  also  be  written  in  the  form  p  =  10  cos  (0  —  00,  in  which  6i 

is  the  angle  whose  tangent  is  -  =  ^  =  J.33.    From  a  table  of  tan- 
gents  $1  =  53°  8',  so  that  the  equation  of  the  circle  may  be 
written  p  =  10  cos  (0  -  53°  8'). 
II.  Analytical  Proof.    We  shall  prove  analytically  that  p  ^ 
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a  cos  0  +  6  siq  d  iaa,  circle,  without  imposing  conditiooa  upon  the 
algebraic  signs  of  a  and  b.    Multiply  both  members  of 

p  =  acos  0  +  6sin  0  (1) 

by  p,  and  obtain 

p»  =  op  cos  9  +  bp  sin  0  (5) 

By  $70,  the  expression  p  cos  tf  is  the  value  in  polar  co- 
ordinates of  the  Cartesian  abscissa  x;  also  p  sin  d  is  the  value  in 
polar  coordinates  of  the  ordinate  y.  Likewise  p'  =  x'  +  y*. 
After  the  substitution  of  these  values,  (5)  becomes 

x'  +  y^  =  ax  +  by  (6) 

Transposing  and  completii^  the  squares: 

This  is  the  Cartesian  equation  of  a  circle  with  center  at  the  point 
2'  2  '  ^^^  "^  radius  §\/a'  +  bK  The  circle  pasaea  through 
the  origin,  since  the  coordinates  (0,  0)  satisfy  the  equation,  and 
also  passes  through  the  point  (a,  b)  since  these  coordinates 
satisfy  (6). 

Since  (4)  is  now  known  to  represent  a  circle  passing  through  the 
origin,  its  polar  equation  can  be  written  in  any  of  the  forma  (3)- 
(6)  of  |68.  Calling  0i  the  direction  angle  of  the  diameter 
of  (7),  (no  matter  what  direction  OC  actually  occupies)  we  can 
write  the  eqation  of  the  circle  in  the  form 

p  =  s/a^+b^  coa  i$  -  $1)  (8) 

in  which  the  direction  angle  6l  ia  the  angle  AOC,  Fig.  114,  or  the 
ai^e  whose  tai^ent  iab  -i-  a.  If  a  and  6  are  not  both  positive, 
the  angle  61  is  still  easily  deteimined.  For  example,  if  a  =  —  1, 
and  b  =  —  1,  then  0i  =  angle  of  third  quadrant  whose  tai^nt 
is  1,  or  =  225°,  so  that  equation  (8)  becomes: 

p  -  v^  coa  (i9  -  225') 
This  may  also  be  written 

p  =  y/2coB($+  135") 
since  the  resulting  circle  may  be  thought  of  as  p  =  V2  cos  $ 
rotated  negatively  through  135°. 
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The  equation  o!  the  circle  OC  in  any  position,  that  is,  for  any 
values  of  a  and  b,  positive  or  negative,  may  also  be  written  in 
the  f  onn 

p  =  \/a'  +  h  '  sin  {B  +  Bi)  (9) 

in  which  0;  is  the  angle  BOC  in  Pig.  114.    See  §68,  equations 
(5)  and  (6). 

It  has  been  emphasized  above  that  6,  &i,  tfj,  are  any  armies — 
that  is,  angles  not  restricted  in  size  or  sign.  The  distinction  be- 
tween them  need  not  be  lost  sight  of,  however.  0  is  any  angle  be 
cause  it  is  the  variable  vectorial  angle  of  any  point  of  the  locus,  and 
ranges  positively  and  negatively  from  0°  to  any  value  we  please. 
ffi  is  anj  angle  (positive  or  negative)  because  it  is  the  direction 
angle  of  the  diameter  OC.  It  is  a  constant,  but  a  general,  or 
unrestricted,  angle,  but  would  usually  be  taken  leas  than  360° 
in  absolute  value.  By  construction,  ffj  is  also  any  constant 
angle. 

The  result  of  this  section  should  also  be  interpreted  when  the 
variables  are  x  and  y  in  rectangular  coSrdinatea,  and  not  p  and 
Q  of  polar  coordinates.  Thus,  y  =  o  cos  x  is  a  sinusoid  with 
highest  point  or  crest  at  x  =  0,  2t,  4n-,  .  .  .  Likewise,  y  =• 
6  sin  X  is  a  sinusoid  with  crest  at  x  =  g'  -s-'  -s— '  .  .  .  The 
above  demonstration  shows  that  the  curve 

is  identical  with  the  sinusoid 

y  =  Vo'  +  b"  cos  (i  -  k,)  =  Va'  +  6'  sin  (x  +  A,) 

of  amplitude  \/fflM-  b^  and  with  the  crest  located  at  x  —  hi,  or  at 

2  —  Aj,  where  hi  is,  in  radians,  the  angle  whose  tangent  is  -,  and 

ht  is,  in  radians,  the  angle  whose  tangent  is  r* 

Exercises 

1.  Put  the  equation  ^  —  2  cos  9  +  2-^/3  sin  B  in  the  form 
(x  -  h)'  +  l.y  -  fc)'  ^  h'  +  k';  also  in  the  form  p  »  a  cos  (8  -  *i) 
and  find  the  value  of  fli.     See  equation  (7)  above. 

2.  Find  the  value  of  Si  if  p  =  cos  fl  —  V^  sin  S. 
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5.  Put  the  equation   p  ••  4  coa  0  +  ^y/%  sin  0  in   the   forms 

{x  -  A)>  +  (ff  -  fc)»  -  A'  +  t'  and  p  -  aooe  (fl  -  fli), 

4.'  Put  the  equation  p>-—  4coBe— 4eineiathe  form 
(a  —  ky  +  (i/  —  fc)'  =  A'  +  fc*  and  find  the  value  of  8»  when  the 
given  equation  is  written  in  the  form  p  —  a  sin  (0  +  Si)< 

^  Put  the  equation  p  =  2v'3  coa  B  +  2  sin  9  in  the  form 
(i  -  fi»)  +  (!/  -  fc)'  =  A'  +  fc';  also  in  the  form  p  -  o  cos  (*  -  fl,). 

6.  Put  the  equation  p  =  3  coa  B  +  \  sin  6  in  the  form  p  — 
a  sin  (0  4-  Bi).  Put  the  same  equation  in  the  form  p  =  a  cos 
(fl  -  9i).  ((,  is  the  angle  AOC,  Pig.  114. 

^  Put  the  equation  p  =  5  coa  9  +  12  ain  tf  in  the  form  p  = 
a  sin  (e  +  fli);  also  in  the  form  p  =  ooos  (fl  —  fli). 

8.  Put  p  =  3  cos  fl  +  4  ain  fl  in  the  form  (x  -  A)»  +  {y  -  t)'  = 
A»  +  *;'. 

\  Put  p  -  5  cos  fl  +  12  sin  fl  in  the  form  (i  -  A)>  +  (j/  -  fc)'  = 
A'  +  ifc». 

10.  Put  the  equation  (i  —  1)'  +  (^  —  1)'  -  2  in  the  form  p  — 
a  sin  (fl  +  a)  and  determine  a  and  <t. 

"H;  Put  the  equation  {x  +  1)'  +  (y  -  V3)'  -  4  in  the  form 
p  —  a  sin  {fl  —  o)  and  determine  a  and  a. 

IS.  Put  the  equation  (i  +  !)•  +  (»  +  Vs)*  =  4  in  the  form  p  - 
a  sin  (fl  —  a)  and  determine  a  and  «, 

M;  Put  the  equation  {x  +  D'  +  (y  +  1)'  -  2  in  the  form  p  - 
a  cos  (fl  +  or)  and  determine  a  and  a. 

14.  Put  the  equation  (i  +  1)'  ■\-  {y  +  Vs)'  -  4  in  the  form  p  - 
a  cos  (fl  +  o)  and  determine  a  and  a. 

Ifr  Find  the  maximum  value  of  cos  fl  —  Vs  Bin  fl,  and  determine 
the  value  ot  fl  for  which  the  eTtpresaion  is  a  maximum. 

SuaoEBTioK :  Call  the  expression  p.  The  maximum  value  of  p  is  the 
diameter  of  the  circle  p  =  cos  fl  —  Vs  sin  B,  The  direction  cosine  of 
the  diameter  is  the  value  of  a  when  the  equation  is  put  in  the  form 
p  =  a  coa  (fl  -  a). 

H.  Find  the  value  of  fl  that  renders  p  -  iVs  cos  fl  -  ^  ain  fl  a 
maximum  and  determine  the  maximum  value  of  p. 

1^.  Find  the  maximum  value  of  3  cos  (  +  4  sin  i. 

160.  Addition  Formulas  for  the  Sine  and  Cosine.     From  the 
.     precedingsection,  equations  (1),  (8)  and.(9),  we  know  that  theequa- 
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tii^aM/ijie/iiicla  0C,  Fig.  US,"  may  be  written  in  any  o 

ae  of  the 

p.iic<«»  +  6sine 

(1) 

P  -  c  sin  (8  -  «,) 

(2) 

p  -  C  C08  (»  -  «,) 

(3) 

Hence,  for  al  values  ot  «,  »„  and  »,, 

In  each  of  theee  equations  c  =  y/a'  +  b'.  The  letters  a  and  b 
stand  for  the  co6rdJiiateB  of  C  irrespective  of  their  signs  or  of 
the  position  of  C. 


.       A 

A"'. 

Y 

6               /*" 

f 
1 

V      ^ 

B 
Y 

Pio.  115.— The  Circle  c  -  c  cob  («-  »i)  or  «  -  sin  ((  -  (,,)  used  in 
the  Proof  of  the  Addition  FormulsB.  Note  that  »i  =  90°  +  d  which  ifl 
also  true  for  negatite  anglee,    namely  Si  —  90°  +  it 

Since  (4)  and  (5)  are  true  for  all  values  of  0,  they  are  true  when 
fl  =  0°  and  when  d  =  90°. 

First,  let  ff  =  0°  in  (4)  and  (5). 

then  from  (4):   a/c  =  sin  (-  6.)  =  -  sin  fli  by  $68  (6) 

From  (5):       a/c  =  cos  (-  Pi)  =  cos  ff,        by  {68  (7) 
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SetonA,   let    fl  -  90°  in  (4)  and  (5). 
thenfrom(4):6/c  =  sin  (90°  —  9,)  =  cos  fit  (8) 

From  (5):       6/c  =  cos  (90°  -  S,)  =  sin  ff,  (9) 

Substituting  (6)  and  (8)  in  (4);  also  (7)  and  (9)  in  (5),  we  have 
ain  (9  -  fli)  =  sin  9  cos  S;  -  cos  9  sin  tfj  (10) 

cos  (9  -  Si)  =  COS  ff  cos  fli   +  sin  tf  sin  fli  (11) 

Since  these  are  true  for  all  values  of  ffi  and  ffi,  put  fli  =-  (— «i) 
and  fl,  =  (-«,).    Then  by  gM,  (10)  and  (11)  become 

AA        sin  (9  +  «i)  =  sin  ff  cos  (2  +  cos  fl  sin  «j  (12) 

COB  ifi  +  «i)  =  CM  fl  cos  ei  -  sin  9  sin  ci  (13) 

To  aid  in  committing  these  four  important  formulas  to  memory, 

'    it  is  best  to  designate  in  each  case  the  angles  by  a  and  ^,  and 

write  (12)  and  (13)  in  the  form 

I  gl^        sin  (a  +  /9)  -  sin  a  cos  (3  +  cos  a  sin  (3  (14) 

""'"^       COB  (a  +  (3)  -  cos  a  cos  /3  -  sin  a  sin  /9  (15) 

and  also  write  (10)  and  (11)  in  the  form 

sin  (a  —  /3)  =  sin  a  cos  &  —  cos  a  sin  j3  (16) 

cos  {a  —  p)  =  COB  a  cos  |3  +  sin  a  sin  j3  (17) 

The  four  formulas  (14),  (15),  (16)  and  (17)  must  be  committed  to 
memory.  They  are  called  the  addition  formulas  for  the  sine  and 
cosine.  The  above  demonstration  shows  that  the  addition 
formulas  are  true  for  all  values  of  a  and  j8. 

By  the  above  formulas  it  is  possible  to  compute  the  sine  and  cosine 
of  75°  and  15°  from  the  following  data: 

sin  30°  =  1/2  ain  45°  -  iV2 

cos  30°  =  Ws  cos  45°  =  W2 

Thus: 


sin  75=  =  i 

Bin  (30°  +  46°)  =  sin  30°  cos  45°  + 

=  i  W2  +  iV3-iV2 

-  iV2  (V3  +  I) 

Likewise: 

sin 

15°  -  sin  (45°  -  30°)  -  iV2  (Vs 
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161.  Addition    Fonnula    for    the    Taii£enL    Dividing     the 

members  of  (14)  $160  by  the  members  of  (15)  we  obtain: 
+a„  /     J.  fli  -  sin  (a  +  g)      sin  a  coa  g  +  cos  g  sin  B 
^^^"  +  PI  -  cob(„  +  8)      COS  a  cos  p  -  sin  a  sin  3    ^^> 
.Dividing  numerator  and  denominator  of  the  last  fraction   by 
coa  a  cos  j3 

sin  a  cos  fl     ,     cos  g  sin  g 


cos  a  COB  g 
COS  aCOB  0 


1  —  tan  a  tan  fi 
Likewise  it  can  be  siiown  'rom  (16)  and  (17),  5160,  that: 


""  ^"      ^'  -  1  +  tan  « tan  g  ^'' 

Equations  (3)  and  (4)  are  the  addition  formvilas  for  the  tangent 


1.  Compute  COB  76"  and  cos  15°. 

2.  Compute  tan  75°  and  tan  16°. 

8.  Write  in  simple  form  the  equation  of  the  circle 
^_^  p=8infl  +  coa«. 

4.  Put  the  equation  of  the  circle  p  =  3  sin  tf  +  4  cos  $  in  the  form 
p  —  Cain  (9  +  fli)  and  find  from  the  tables,  or  by  the  slide  rule,  the 
value  of  Si. 

6.  Derive  a  formula  for  cot  (a  +  g). 

6.  Prove  cos  (b  +  0  cos  (a  -  ()  =  oo8>  s  -  sin'  (. 

7.  Express  in  the  form  c  cos  (a  —  6)  the  binomial  3  cos  a  + 

hS.  Express  in  the  form  c  sin  (a  +  b)  the  binomial  5  cos  a  +  12  sin  a. 
0.  Find  the  ooSrdinates  of  the  maximum  point  or  crest  of  the  sinu- 
soid V  —  sin  I  +  ■V3  cos  I.     [First  reduce  the  equation  to  the  form 
.sin  (*  +  «)]. 

10,  Prove  the  addition  foimulas  in  the  following  manner:    (1) 
>s  {6  -  6,)  =-  co8#  +  -sin  6,  show  that  a/c  =  cos  6i,  b/c  = 
IB 
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ain  01,  for  all  values  of  0i.  (2)  Find  cos  (8  +  Sy)  by  replacing  6i 
by  (-0i).  (3)  Find  sin  {«  +  Si)  by  the  substitution  in  (1)  of 
e  =  {t/2  -  *).     (4)  Find  sin  (9  -  9,)  by  replacing  ffi  by  (-  *,). 

1S2.  FunctioiiB  of  Composite  Angles.  The  sine,  cosine,  or 
tai^entof  the  angles  (90°  -  B),  (90°  +  6),  (ISO"  -  9),  (180°  +  9), 
(270°  —  d),  (270°  +  0)  can  be  expressed  in  terms  of  functions 
of  0  alone  by  means  of  the  addition  formulas  of  gS^^  ^^^  l^^- 
If  9  be  an  angle  of  the  first  quadrant,  it  is  easy,  however,  to  obtain 
all  the  relations  by  drawing  the  triangles  of  reference  for  the 
various  ai^es  and  then  comparing  homologous  sides  of  the  similar 


right  triangles  of  reference.  Let  the  terming  side  of  the  angle  0 
be  OP  (Fig.  116  B),  and  let  P  be  the  point  (A,  k).  Let  the 
terminal  sides  of  the  angles  (90°  -  0),  (90°  +  #),  (270°  -  $),  etc.', 
be  cut  by  the  circle  of  radius  a  at  the  points  Pi,  Pi,  Pj,  .  ,  . 
Then  the  cofirdinates  of  Pi  are  {k,  h);  ot  Pi  are  (—  fc,  A);  of  Pi  are 
{-k,  -A),  etc.     Hence  sin  fl  =  k /a,  coa  0  =  k  fa,  ain  {90' +  0)  = 

A/a,cos(90°  +  e) fc /a,  sin  (270°  -  fl)  =  -  ft /o,  cos  (270°  -  fl) 

=  —  fc/o,  etc.,  which  lead  to  the  equalities: 

sin  (90°  +  ff)  =  cos  9  (1) 

cos  (90°  +  0) sin  0  (2) 

sin  (270°  -  fl) cos  e  (3) 

cos  (270°  -  fl)  =  -  sin  ff  (4) 


etc. 
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By  division  of  (1)  by  (2)  and  (3)  by  (4), 

tan  (90=  +  fl)  =  -  cot  fl  (5) 

tan  (270*"  -  9)  =  cot  fl  (6) 

Also  from  Fig.  116  A,  coa  (180°  -  tf)  -  -  A/a,  ein  (180°  +  tf) 

=  -fc/a,co8(l80°  +  fl)  -  -A/o,  8in{-  fl) k/a.cosi-  8) 

=  ft /a,  whence  there  results: 

sin  (180°  -  fl)  =  sin  6  (7) 

cos  (180°  -  e)  =  -  cos  i9  (8) 

and  by  division 

tan  (180°  -  ff)  =  -  tan  e  (9) 

also 

sin  (180°  +  ff)  =  -  sin  ff  (10) 

cos  (180°  +  ff)  =  -  cos  e  (11) 

and  by  division 

tan  (180°  +  fl)  =  tan  fl  (12) 

In  the  above  work  the  angle  d  is  drawn  as  an  angle  of  the  first 

quadrant.    The  proof  that  the  results  hold  for  all  values  of  S  ia 

best  given  by  means  of  the  addition  formulas  of  §$160  and  161. 

The  method  will  be  outlined  in  the  next  section. 

The  results  are  brought  together  in  the  followii^  table.  No 
effort  should  be  made  to  commit  these  results  to  memory  in  this 
form.  The  statements  in  the  form  of  theorems  given  below  offer  a 
ready  means  of  remembering  all  of  the  results. 

TABLE  VII 

Funetiona  of  8  Covpkd  wilh  an  Even  or  with  an  Odd  Number  of 


'  -. 

90°- el  90=  +fl[l80°-9 

180°  +  tf270°-  9  270"+  el 

tan 

-  tane 

coee 
sin  a 
cot« 

ooe  e 
-sin  ff 
-cot  fl 

BJntf 

-  C09# 

-  tan  9 

-  sin  e  <  -  COB  e 

-  cos  fl    -  sin  e 
tan  e       cot  e 

-  cosfl 

sine 

-cote 

For  completeness  of  the  table  the  functions  of  ( —  fl)  and  of 
(90°  —  8)  have  been  inserted  in  columns  1  and  2. 

All  of  the  above  results  can  be  included  in  two  simple  state- 
ments.   For  this  purpose  it  ia  convenient  to  separate  into  different 
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elaaaes  the  composite  angles  that  are  made  by  couplii^  6  irith 
an  odd  number  of  right  angles,  as  (90°  + fl),( 9  -  90''),(270' -  ff), 
(450°  +  0),  etc.,  and  those  composite  angles  that  are  made  by 
coupling  S  with  an  even  number  of  right  aisles,  as  (180°  +  ff), 
(180°  -  0),  (360°  —  $),(.-  ^,  etc.  Note  that  0  is  an  even  num- 
ber, so  that  (  —  9)  or  (0°  —  fl)  falls  into  this  class  of  composite 
angles.    We  can  then  make  the  following  statements: 

Theorems  on  Functions  of  Composite  Angles 

Think  of  the  original  angle  0  as  an  angle  of  the  first  quadrant : 

I.  Any  function  of  a  composite  angle  made  by  coupling  B  {by 
addition  or  eubtracHon)  with  an  even  numiier  of  right  angles,  is 
equal  to  the  same  function  of  the  original  angle  0,  with  an  algebraic 
sign  the  samx  as  the  sign  of  the  function  of  the  composite  angle  in 
its  quadrant. 

II,  Any  function  of  a  composite  angle  made  by  coupling  0  {by 
addition  or  SMfe/roch'on)  leith  an  odd  number  of  right  angles,  is  equal 
to  the  co-function  of  the  original  angle  6,  with  an  algebraic  sign 
the  same  as  the  sign  of  the  function  of  the  composite  angle  in  its 
quadrant. 

For  example,  let  the  original  angle  be  0,  and  the  composite  angle 
be  (180°  +  0).  Then  any  function  of  (180°  +  ff),  say 
tan  (180°  +  fl),  is  equal  to  +  tan  ff,  the  sign  +  being  the  sign  of  the 
tangent  in  the  quadrant  of  the  composite  angle  (180°  +  ff)  or 
third  quadrant.  Likewise  cot  (270°  +  ff)  must  equal  the  negative 
co-function  of  the  original  angle,  or  —  tan  ff,  the  algebraic  sign 
being  the  sign  of  the  cotangent  in  the  quadrant  of  the  composite 
angle  (270°  +  ff),  or  fourth  quadrant.  In  the  above  work  it  has 
been  assumed  that  the  angle  ff  is  an  angle  of  the  first  quadrant. 
The  results  stated  in  italics  are  true,  however,  no  matter  in 
what  quadrant  9  may  actually  lie. 

163.  Functions  of  Composite  Angles.  General  Proof:  All 
of  the  results  given  by  Table  VII  or  by  theorems  I  and  II  above 
can  be  deduced  at  once  from  the  addition  formulas,  with  the 
especial  advantage  that  the  proof  holds  for  all  values  of  the  angle 
ff.     Thus,  write 

sin  (a  +  )3)  =  sin  a  cos (3  +  cos  «sin  (3  (1) 

cos  («  +  g)  =  cos  ocos  p  —  sin  a  sin  ff  (2) 
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,  and  ^  ™  ±  tf;  then  (1)  and  (2)  become,  re- 


Put  a  = 
spectively; 

sin  (180°  ±  fl)  =  +  sin  9  (3) 

COS  (180°  ±  0)  =  -coee  (4) 

Also  in  (1)  and  (2)  put  a  =  90°,  and  )3  =  ±  fl,  then  (1)  and  (2) 
become,  respectively: 

sin  (90°  ±  8)  =       cos  ff  (5) 

cos  (90°  ±  fl)  =  T  sin  fi  (6) 

In  a  similar  manner  all  of  the  results  given  in  the  table  may  be 
proved  to  be  true. 

164.  Ao^e  that  a  Given  Line  Makes  with  Another  Line.    The 
slope  m  of  tlie  straight    line  y  =  mx  +  b  is  the  tangent  of  the 


Fio.  117. — The  Angle  «  that  a.  Line  Li  makes  nithXi. 


direction  angle,  that  i8,the  tangent  of  the  angle  that  the  line  makes 
with  OX.  If  Li  and  Li  are  any  two  lines  in  the  plane,  the  angle 
tliat  Li  makes  with  Lj  is  the  positive  angle  through  which  Li 
must  be  rotated  about  their  point  of  intersection  in  order  that  Lj 
may  coincide  with  Li.  Represent  the  direction  ai^es  of  two 
straight  lines 

y  =  niix  +  bi  (1) 

y  =  mtx  +  bt  (2) 

by  the  symbols  ffi  and  0%.  Then,  through  the  intersection  of  the 
lines  pass  a  hne  parallel  to  the  OX-axis,  aa  shown  in  Fig.  117, 
Call  it>  theanglethatthelineZiimakeswithLt;  that  is,  the  positive 
angle  through  which  Ls,  considered  as  the  initial  line,  must  be 
turned  to  coincide  with  the  terminal  position  given  by  Li.    If 
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ff,  >  fl,,  then  ii>  =  01-  ffj,  but  if  fl,  >  fl,,  then  if>  =  ISO"  -  (flj  - 
6,).    In  either  case  (by  equations  (9),  $162,  &nd  (3),  $08): 

tan  *  =  tan  (ffi  -  fl.)  (3) 

That  is: 

,       ,        tan  0,  -  tan  ff. 


The  condition  that  the  given  lines  (1)  and  (2)  are  parallel  is 
obviously  that 

mi  =  mi  (6) 

Thus  the  lines  y  =  5x  +  7  and  v  =  lix  —  11  are  parallel. 

The  condition  that  the  given  Unes  (1)  and  (2)  are  perpendicular 
to  each  other  is  that  tan  <^  shall  become  infinite;  that  is,  that  the 
denominator  of  (5)  shall  vanish.  Hence  the  condition  of  perpen- 
dicularity is 

1  +  miwij  =  0 
or, 

"'  =  "  m,  *^' 

Therefore,  in  order  thai  two  Unes  may  be  perpendicular  to  each 
other,  the  slope  of  one  line  muet  be  Hie  negative  reciprocrU  of  the  slope 
(^  the  other  line. 

Thus  the   Unes  y  =  (2/3}a;  -  4  and  y (3/2)a;  +  2   are 

perpendicular. 

Exercises 
1.  Find  the  tangent  of  the  &i^le  that  the  first  line  makes  with 
the  second  line  of  each  set: 


X  (a)  y  -  2^  +  3, 

V-x+2. 

(6)  1/  -  ai-  3, 

1/  =  2s  +  1. 

(c)  y  =  4*  +  5, 

y  =  3x-4:. 

(d)  y  =  l(te  +  1. 

y  "  llx  -) 

3.  Find  the  angle  that  the  first  line  of  each  pair  nukes  with  the 
second: 
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la)  y  t  X  +  5,  y  =   -  X  +6. 

(6)  V  -  (1/2)1  +  6,  v=  -2i. 

(c)  jr  =  21  +  4,"  y  =  T  +  1. 

(d)  2x  +  dy  =  1,  (2/3)1  +  !/  -  1. 

(e)  2x  +  iy  =3,  3i  +  6y  =  7. 
(/)  2i  4-  4y  =  3,  fli  -  3!/  -  7. 

3.  Find  the  ai^le,  in  each  o£  the  following  caaee,  that  the  first-  line 
makes  with  the  second: 

(a)  y  =  x/Vl  +  *,  y  =  ^3  a  +  2. 

(6)  y  =  x/\/S  +  1,  y  -  V3  s  -  4. 

(c)  If  -  v'3  a  -  6,  y  ^  V3x  -3. 

4.  Find  the  angle  that  2y  -  6t  +  7  =0  makes  with  y  +  2z  + 
7  —  0  and  also  the  angle  that  the  second  line  makes  with  the  first. 

166.  The   FunctionB   of   the   Double   Angle.    The    addition 
formulas  for  the  sine,  cosine  and  tangent  reduce  to  fonnulaa  of 
great  importance  for  the  special  case  j3  =  «. 
Thus:  sin  («+«)=  sin  a  cos  a  +  cos  a  sin  a 

or:  sin  2a:  =  2  sin  a  cos  a  (1) 

Also:  cos  (o!  +  a)  =  cos  a  cos  a  —  sin  «  sin  a 

which  can  be  written  in  the  three  fonns: 


cos  2 

a  =  cos'  a  —  sin'  a 

(2) 

cos  2 

a  =  2  cos'  a  -  1 

(3) 

cos  2 

a  =  1  -  2  sin'  a 

(4) 

Forma  (3)   and    (4)    are  obtained    from    (2) 

respectively,  ain'  or  =  1  -  coa'  a  and  cos*  a  = 

Equations  (3)  and  (4)  are  frequently  useful  ir 

by   substituting, 
=  1  -  sin*  «. 
I  the  forms: 

cos 

,           1  +  COS  2  a 
"                 2 

(5) 

Bin 

1  -  cos  2a 
"                 2 

(6) 
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166.  The  FunctiDiis  of  the  Half  Angle.  From  (6)  and  (6)  of 
§166  we  obtain,  after  replacing  a  by  w/2  and  eirtraeting  the 
square  root,  __________ 


sin  (u/2)  =  ±V(1  -  cosu)/2 

(1) 

COS  (11/2)  -   ±V(l  +  co8ii)/2 

(2) 

Dividing  (I)  by  (2),  we  obtain: 

i,.nf.. '"\       1     /1-cosu          1-cosu             sinu 

(3) 

t«n(»/2)       l^,  +  „,„       ±      ,^„          J-i  +  cosu 

Formulas  (1),  (2)  and  (3)  have  many  important  applications  in 
mathematics.    As  a  simple  example,  note  that  the  functions  of  16° 
may  be  computed  when  the  functions  of  30°  are  known.    Thus: 
cos  30°  =  (1 12]  Vg 


therefore:      sin  15°  =  \/(l  -  cos  30°) /2  =  ■>/l/2  -  (1/4)V3 
Also:  cos  15°  =  Vl/2  +  Cl/4)v'3 

Likewise  by  (5) : 

1/2 
(V\  Ezerdses 

^\  1.  Compute  sin  60°  from  the  sine  and  cosine  of  30°. 

2.  Compute  sine,  cosine,  and  tangent  of  23J°. 
,  '  3.  If  sin  3:  =  2/5,  find  the  numerical  value  of  sin  2x,  and  cos  2x 

tan  2*,  if  I  be  the  first  quadrant. 

4.  Show  by  expanding  sin  (i  +  2i)    that  sin  Sa;  =  3  sin  x  — 


6.  Prove  tan  3 


-  3  tan'  I     ■ 

,  .  ^"  6.  Show  that  sin  2e/Bin  fl  -  cos  2fl/eoa  6  =  |sec  8. 

7.  Show  that:  "' 

(.^|  +  c„0'..+.i«.. 
\:^'  8.  Show  thatr  cos  2a(l  +  tan  28  tan  fl)  -  1. 

».  If  sin  A  =  3/5,  calculate  sin  (A/2). 

10.  Prove  that  tan  {x/4  +  fl)  -  [^S' 

11.  Prove  that  tan  (t/4  -  fl)  =  (1  -  tan  fl)/(I  +  tan  fl). 
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12.  Show  tliat  eeae  +  Ian  B  =•        ^7—- 

13.  Show  that  —  f  ^"."f  °  =  coa  a  +  ama 

14.  Show  that  sec  e  +  tan  e  =  tanj  i  +  s   ' 
tan  A  +  tan  f 
cot  A  +  cot  i 

16.  Prove  that  cos  (s  +  0  coa  (a  -  1)  +  sin  (»  +  1)  ain  {«-()  = 


16.  Show  that "  "-^-^'^-i  =  tan  A  tan  £ 


167.  Sums  and  Differences  of  Sines  and  of  Cosines  Expressed 
as  Products.  The  following  formulas,  which  permit  the  substi- 
atution  of  a  product  for  a  sum  of  two  sines  or  of  two  cosines,  are 
important  in  many  transformations  in  mathematics,  especially  in 
the  calculus.  They  are  immediately  derivable  from  the  addition 
formulas;  thus,  by  the  addition  formulas  (14)  and  (16),  §160,  we 
obtain: 

sin  (a  +  6)  +  ain  (a  -  6)  -  2  sin  a  cos  b 
Likewise  by  subtraction  of  the  same  formulas: 

sin  (a  +  b)  —  sin  (a  —  b)  =  2  cos  a  sin  b 
By  the  addition  and  subtraction,  respectively,  of  the  addition 
formulas  for  the  cosine  there  results: 

cos  (a  +  6)  +  cos  (a  —  6)  =  2  cos  a  cos  6. 

cos  (a  +  b)  ~  cos  (a  —  i>)  =  —  2  sin  a  sin  6. 
R^resent  (a  +  6)  by  a  and  (a  —  b)  by  ^. 
Then  a  =  (a  +  (3)  /2  and  fc  =  (a  -  /9)  /2 
Hence  the  above  formulas  become: 

sina  +  sin^  =  2sin  — s —  cos  ~—z —  (1) 


.^±1 


(2) 


COSa  +  C08/3-  2C0B- 


-C09^=  — 2^- 


The  principal  use  of  these  formulas  is  in  certain  transformations 
in  the  calculus.  A  minor  use  is  in  adapting  certain  formulas  to 
logarithmic  work  by  replacing  sums  and  differences  by  products. 
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16B.  Graph  of  y  =  sin2z,T  =  siniix,  etc.  Since  the  substi- 
tutioa  of  nx  for  X  in  any  equation  multiplies  the  abscissas  of  the 
curve  by  1  /n,  or  («  >  1)  shortens  or  contracts  the  abscissas  of  all 
pointsof  the  curve  in  the  uniform  ration:!,  thecurvey  =  sin2x 
must  have  twice  as  many  crests,  nodes  or  troughs  in  a  given 
interval  of  a;  as  the  sinusoid  y  =  gin  x.  The  curve  j/  =  sin  2a:  is 
therefore  readily  drawn  from  Fig.  59  as  follows:  Divide  the  axis 
OX  into  twice  as  many  equal  intervals  as  shown  in  Fig.  59  and 
draw  vertical  lines  through  the  points  of  division.  Then  in  the 
new  diagram  there  are  twice  as  niany  small  rectangles  as  in  the 
ordinal.  Startii^  at  0  and  sketching  the  diagonals  (curved  to 
fit  the  alignment  of  the  points)  of  successive  cornering  rectangles, 
the  curve  y  •»  sin  2x  is  constructed.  It  is,  of  course,  the  ortho- 
graphic projection  o!  y  ^  sin  x  upon  a  plane  passing  through 
the  y-SkXis  and  making  an  angle  of  60°  (the  angle  whose 
cosine  is  1/2)  with  the  xy  plane.  The  curve  j/  =  cos  2x  is  simi- 
larly constructed.  In  each  of  these  cases  we  see  that  the 
period  of  the  function  is  v  and  not  2v. 

169.  Graph  of  p  =  ^2d,p  =  cos  2d,  etc.  The  curve  p  =  cos  9 
is  the  circle  of  diameter  unity  coinciding  in  direction  with  the  axis 
OX.  We  have  already  emphasized  that  as  d  varies  from  0°  to 
360°  the  drck  is  twice  drawn,  so  that  the  curve  consists  of  two 
superimposed  circular  loops.  Now  p  =  coa  20  will  be  found  to 
consist  of  four  loops,  somewhat  analogous  to  the  leaves  of  a  four- 
leafed  clover,  but  each  loop  is  described  but  once  as  0  varies  from 
0°  to  360°.  The  curve  p  =  cos  3ff  is  a  three-looped  curve,  but  each 
loop  is  twice  drawn  as  S  varies  from  0°  to  360°.  Also  p  =  cos  llfi 
has  eleven  loops,  each  twice  drawn,  while  p  —  cosI2ff  has 
twenty-four  loops,  each  one  described  but  once,  as  8  varies  from 
0°  to  360°. 

The  curves  p  =  cob  26,  p  =  sin  3fl,  p  =  sin  fl  /2  should  be  drawn 
by  the  student  upon  polar  coordinate  paper. 

By  changing  the  scale  of  the  vectorial  angle,  the  circle  of  diame- 
ter unity  may  be  used  as  the  graph  of  the  equation  p  =  sin  n8. 
However  if  two  such  equations  are  to  be  represented  at  the  same 
time,  this  expedient  is  not  available,  for  the  vectorial  angles  of  the 
points  of  each  curve,  for  the  purpose  of  comparison,  must  be 
drawn  to  a  true  scale. 
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170.  Grapli  of  y  =>  un*  z,  y  =  cos'  z.  The  graphs  y  >°  sii^  x 
and  y  —  cob'  x  have  important  applications  in  science.  The  fol- 
lowing graphical  method  offers  an  ea^  way  of  constructing  the 
curves  and  it  illustrates  a  number  of  important  properties  of  the 
functions  involved.  We  shall  iirst  construct  the  curve  y  =  cos'  x. 
At  the  leftof  a  sheet  of  8}  X  11-inch  paper,  draw  a  circle  of  radius 

r-   (=  2.30)  inches,  (OA,  P^.  118).    Lay  off  the  angles  0  from 

OA,  Tig.  US,  as  initial  line,  corresponding  to  equal  intervals  (say 
10°  each)  of  the  quadrant  APE  as  shown  in  the  figure.  Let  the 
point  P  mark  any  one  of  these  equal  intervals.  Then  dropping 
the  perpendicular  AB  from  A  upon  OP,  the  distance  OB  is  the 
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Fia.  118.— The  Graph  ot  y  ~  cob>  z. 

cosine  of  0,  if  OA  be  called  unity.  Droppii^  a  perpendicular  from 
B  upon  OA,  the  distance  OC  is  cut  off,  which  is  equal  to  OB* 
or  co8=  e,  since  in  the  right  triangle  OBA,  OB*  =  OC'OA  -  OC-l. 
Making  similar  constructions  for  various  values  of  the  angle  0, 
say  for  every  10°  interval  of  the  arc  APE,  the  line  OA  is  divided  at 
a  number  of  points  proportionally  to  cos*  $.  Draw  horizontal 
lines  through  each  point  of  division  of  OA.  Next  divide  the  axis 
OX  into  intervals  equal  to  the  intervals  of  0  laid  off  on  the  arc  APE ; 
since  the  radius  of  the  circle  OA  was  taken  to  be  (36  /5ir)  inches,  an 
interval  of  10°  corresponds  to  an  arc  of  length  2/5  inch,  which 
therefore  must  be  the  length  of  the  equal  intervals  laid  ofF  on  OX. 
Through  each  of  the  points  of  division  of  OX  draw  vertical  lines. 
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thua  dividing  the  plane  into  a  large  number  of  small  rectangles. 
Starting  at  A  and.  sketching  the  diagonals  of  successive  cornering 
rectangles,  the  locus  ARS  of  y  =  cos'  x  is  constructed. 

From  Fig.  118,  it  is  seen  that  B  always  lies  at  the  vertex  of  a 
right-angled  triangle  of  hypotenuse  OA.  Thus  as  P  describes  the 
circle  of  radius  OA,  B  describes  a  circle  of  radius  OA  /2.  Therefore 
the  curve  AHSX  is  related  to  the  small  circle  ABO  in  the  same 
manner  that  the  curve  of  Fig.  59  is  related  to  its  circle;  conse- 
quently the  curve  ARSX  of  Fig.  118  ia  a  sinusoid  tangent  to  the 
X-axis.  Thus  the  graph  y  =  coa'  x  ia  a  cosine  curve  of  amplitude 
I  /2  and  wave  length  or  period  ir,  lying  above  the  x-axis  and  tangent 
to  it. 

In  Fig.  lis,  OC  =  OH  +  OC  =  OH  +  HB  cos  29  = 
1/2  +  (1/2)  coa  2e.  Therefore  the  curve  .AflS  has  also  the 
equation: 

y  =  1/2+  (1/2)  cos  2x  (1) 

Hence  we  have  a  geometrical  proof  that 

eoa'x=  1/2  +  (1/2}cob2x  (2) 

which  is  formula  (5)  of  §166.  Note  that  (1)  ia  the  curve  y  = 
coa  2x  with  its  ordinates  multiplied  by  1/2  then  tranalated  1/2 
unit  upward. 

The  curve  y  =  sin'  x  ia  readily  drawn  in  a  manner  similar  to  that 
above,  by  laying  off  the  angle  6  from  OX  as  initial  line.     The  curve 

is  the  same  as  that  of  Fig.  118,  moved  the  distance  j  to  the  right. 

B.  PLAITE  TRIAHGLES :  CONDITIONAL  EQUATIONS 

171.  Law  of  Sines.  The  first  of  the  condition^  equations  per- 
taining to  the  oblique  triangle  is  a  proportion  connecting  the  sines 
of  the  three  angles  of  the  triangle  with  the  lengths  of  the  respect- 
ive sides  lying  opposite.  Call  the  angles  of  the  triangle  A,  B,  C, 
and  indicate  the  opposite  sides  by  the  small  letters  a,  b,  c,  respect- 
ively. From  the  vertex  of  any  angle,  drop  a  perpendicular  p 
upon  the  opposite  side,  meeting  the  latter  (produced  if  necessary) 
at  D.  Then,  from  the  properties  of  right  triangles,  we  have,  from 
either  Fig.  119  (1)  or  119  (2) 

p  -  c  sin  DAB  =  a  sin  C  (I) 
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a  A  Fig.  119(1) 

n  (180°  -  -1)  Fig.  119  (2) 


Therefore:  p  =  cain  A  =  asin  C  (2) 

Or:  a/^A  =^  c/sinC  (3) 

In  like  manner,  by  dropping  a  perpendicular  from  A  upon  a,  we 
can  prove: 

b/sinB  =  c/fiin  C  (4) 

Therefore:        a/sin  A  =  b/sin  B  =  c/sin  C  =  2R  (5) 

Stated  in  words,  the  formula  says:  In  any  oblique  triangle  the 
sides  are  proportional  to  the  nnes  of  the  opposite  angles. 


Fio.  119. — Derivation  of  the  Law  of 


the  Law  of  Coaiues. 


Geometbicai.lt:  Calling  each  of  the  ratios  in  (5)  2R,  it  is  seen 
from  Fig.  119  (2)  that  R  is  the  radius  of  the  circumscribed  circle, 
and  that  c/sin  C  =  2fl  can  be  deduced  from  the  triangle  BAE, 
Similar  construction  can  be  made  for  the  angles  B  and  A. 

172.  Law  of  CotineE.  From  plane  geometry  we  have  the  theo- 
rem: The  square  of  any  side  opposite  an  acute  angle  of  an  oblique 
triangle  is  equal  to  the  sum  of  the  squares  of  the  other  two  sides  di- 
minished by  livice  the  product  of  one  of  those  sides  by  the  projection 
of  the  other  side  on  it.     Thus  in  Fig.  119  (1): 

a'  =  6'  +  c»  -  2bd  (1) 

Now:  d  =  c  cos  A 

Thwefore:  a'  =  b«  +  c*  -  2i>o  cos  A  (2) 
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Likewise  we  learn  from  geometry  that  the  square  of  any  side  oppo- 
site an  obtuse  angle  of  an  oblique  triangle  is  equal  to  the  sum  of 
Uk  squares  of  the  other  two  sides  increased  by  twice  the  product  of  one 
of  those  sides  by  the  prtgec^ion  of  the  other  on  it.  Thus  in  Fig.  119 
(2): 

a'  =  6*  +  c*  +  2bd  (3) 

Now;        d  ™  c  cos  DAB  «  c  cos  (180  —  il)  =  —  c  cos  ^ 
Therefore  (3)  becomes: 

a'  -  1)>  +  c'  -  2bc  cos  A  (4) 

This  is  the  same  as  (2),  so  that  the  tr^onometric  form  of  the  geo- 
metrical theorwi  is  the  same  whether  the  aide  first  named  is  oppo- 
site an  acute  or  opposite  an  obtuse  angle. 
In  the  same  way  we  may  show  that,  in  any  triangle: 

b'  =  C  +  a'  -  2ca  cos  B  (5) 

c>  =  a>  +  b>  -  8ab  cos  C  (6) 

Independently  of  the  theorem  from  plane  geometry,  we  note  from 
Fig.  119  CD: 

ffl>  -  (6  -  dy  +  p»  -  (6  -  d)'  +  c*-d' 

=  b^  +  c'-2bd 

=  (»'  +  c»  -  26c  cos  A 
From  lift  (2) :        a»  =  (6  +  d)'  +  p«  =  (6  +  d)»  +  c'  -  d' 

=  b*+c*+2bd 

=  6*  +  c»  +  2(«  COS  DAB 

=  b^  +  c*  —  2bccos  A 
since  DAB  =  180°  -  A  and  cos  (180°  —  A)  =  ~  coa  A 

Second  Proof:  Since  any  side  of  an  oblique  triangle  is 
the  sum  of  the  projections  of  the  other  two  sides  upon  it,  the 
angles  of  projection  being  the  angles  of  the  triangle,  we  have: 

a  =  b  cos  C  +  c  cos  B 

b  =  G  cos  A  +  ft  cos  C  (7) 

G  =  a  cos  B  +  b  cos  A 

Multiply  the  first  of  these  equations  by  a,  the  second  by  6, 
the  third  by  c,  and  subtract  the  second  and  third  from  the  first. 
The  result  is; 
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—  be  cos  A  —  ab  cos  C 

-  ca  cos  B  -be  coa  A 
=•  —  2bc  cos  A 

or:  ffl>  =  6>  +  c>  -  26c  coa  A 

173.  Law  of  Tangents.  An  important  relation  results  if  we 
take  formula  (5)  §171  by  composition  and  division.  First 
write  the  law  of  sines  in  the  form: 

b       sin  B  "-'^ 

Then,  by  composition  and  division,  the  sum  of  the  first  anteced- 
ent and  consequent  is  to  their  difference  as  the  sum  of  the  second 
antecedent  and  consequent  is  to  their  difference;  that  is: 


o-  6  ""  sinA -Binit  ^^^ 

Expressing  the  sums  and  difference  on  the  right  side  of  (2)  by 
products  by  means  of  the  formulas  (1)  and  (2)  of  §167,  we 
obtain: 

a  +  b  _  2  sin  i(A  +  B)  cos  jjA  -  B) 
a  -b       2  cos  J(A  +  B)  sin  i(A  -  B)  ^^' 

or  simplifying  and  replacing  the  ratio  of  sine  to  cosine  by  the 
tangent,  we  obtain: 

a  +  b      tan  \{A  +  B) 

a  -  b  "  tan  4CA  -  B) 
In  like  manner  it  follows  that: 

b  +  c  _  tan  i(B  +  C) 

b  -  c  ~  tan  i(B  -  C) 

c+^  _  tan  KC  +  A) 

c  -  a  -  tap  i(C  -  A) 
Expressed  in  words:  In  any  triangle,  the  sum  of  two  sides  is  to 
their  difference,  as  the  tangent  of  half  the  sum  of  the  angles  opposite 
is  to  the  tangent  of  half  of  ffteiV  difference. 

Geometrical  Pboof:  From  any  vertex  of  the  triangle  as 
center,  say  C,  draw  a  circle  of  radius  equal  to  the  shortest  of  the 
two  sides  of  the  triangle  meeting  at  C,  as  in  F^.  120.  Let 
the  circle  meet  the  side  a  at  fi  and  the  same  side  produced  at 


(4) 

(5) 
(6) 
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:,  /3,  as  shown.    Then 


E.    Dmw  AE,AR.    Call  the  angles  at  A,  < 

BE  =  a  +  b  and  BR  =  a  -  b.     Also: 
a  +  P^A 
andr     Z  CRA  =  ff  +  B    (the    external    angle   of    a    triangle 
RAB  is  equal  to  the  sum  of  the  two  interior  opposite  angles), 
or  «  -  ^  -  B. 
Therefore: 


Draw  RS  \\  to  EA. 
By  similar  triangles: 


a  =  i{A+  B) 

^  =  i(^  -  B) 

L  EAR  =   Z  ARS  = 


BE/BR  =  AE/SR 
_AE      8R 
AR       AR 
But  BE  =  a  +  b  BOidBR  =  a-b, 

while 

AE      ^  ,SR^^ 

^  =  tan«and^  =  tan^ 

C^^    t;,      (        «  +  ''       tan    i(A  +  B) 

\7      Therefore: r  =  i rrr' — m 

a  —  0       tan    i{A  —  a) 

Fio.  i20.-GeometricaiDeriva-      174.  The  foUowing  special  f«in- 
tion  of  Law  of  Tangents.       ulas  are  readily  deduced   from  the 
sine  formulas  and   are  sometimes 
useful  as  check  forKkulaa  in  computation.    They  are  closely  re- 
lated to  the  law  of  tangents.      From  the  proportion: 

a:b:c  =  sin  A: sin  B: sin  C 
by  composition: 

c sin  C 

a  +  b  ~  sin  A  +  sin  B 
Now  by  |166  (1)  and  §167  (1)  this  may  be  written: 

c 2  sin  jC  cos  ^C 

tT+b  -  2  sin   i(A  +  B)   cos   i(A  -  B) 
Since  C  =  180°  -  {A  -\-  B),  therefore: 

C/2  =  90°  -  i(A  +  B),  and  cos  C/2  "  ain  i{A  +  B) 
c  sinK         _  COB  i(A  +  B) 

a  +  b  "  W8  iCA  -  B)      COB  1"(A  -  B)  ^'' 


Hence: 
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III  like  manner  it  can  be  proved  that: 

_c sin  i(A  +  B) 

a  -  b  ~  sin  i(A  -  B)  ^  ' 

Both  (1)  and  (2)  can  be  readily  deduced  geometrically  from 
F^.  120. 
176.  The  B^fonnulas.    The  coaine  formula: 
o*  =  6'  +  c»  -  26c  cos  A 
can  be  written  in  the  forms: 

«*  =  (&  +  c)*  ~  26c(l  +  cos  A)  (1) 

a'  =  (6  -  c)*  +  26c(l  -  cos  A)  (2) 

by  adding  (+  26c)  and  (-  26c)  to  the  right  member  in  each  case 
Now  we  know  from  §166,  (1)  and  (3),  that: 

1  +  coH  A  =  2  eoa>  {A  /2) 
1  -  coa  ^  =  2  sin>  (^  /2) 
Therefore  (1)  and  (2)  above  become: 

o*  =  (6  +  c)'  -  46c  cos'  (A  /2)  (3) 

o»  =  (6  ~  c)»  +  46c  sin'  (A  /2)  (4) 

writing  these  in  the  form: 

46c  sin«  (A  /2)  =  a^  -  (b  -  c)'  (5) 

46c  coH«(A/2)  =  (6  +  c)'  -  a'  (6) 

and  dividing  the  members  of  (5)  by  the  members  of  (6),  we 
obtain: 

t.n-U;2)-g~^*.~°];  (7) 

Factoring  the  numerator  and  denominator  we  obtain: 

Let  the  perimeter  of  the  triangle  be  represented  by  2s,  that  is, 

let: 

a  +  6  +  c=2s 

Hence  subtracting  2c,  26,  and  2a  in  turn: 

a  +  6  —  c  =  2«  —  2c  (subtracting  2c) 
a~b  +  c  =  2s  —  2b  (subtracting  26) 
b  +  c  —  a  =  2s~2a  (subtracting  2a) 

Therefore  equation  (8)  becomes: 

,„.(^/2).(l^«Jli)  (9) 

SO 
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Let: 

(. -o)(. -6)(. -c)/. -r'  (10) 

tiui'U/2)  -r'/(.-o)- 
or: 

Ub  (A/2)  -  r/(s  -  a)  (II) 


tui(B/2)  .r/(s-b) 
tiui(C/2)  -r/(s-c) 


(12) 
(13) 


Fia.  121. — Qeometrical  Derivation  ol  the  i-FormulaB. 

Geombtbicallt:  These  formulas  may  be  found  by  means 
of  the  diagram  Fig.  121.  Let  the  circle  0  be  inscribed  in  the 
triangle  ABC;  ita  center  is  located  at  the  intersection  of  the  bt- 
Bfictors  of  the  internal  angles  of  the  triai^le.     Let  its  radius  be  r. 
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Since  ATi  =  ATt,  BTt  =  BTt,  CTi  =  CTt,  and  since  2s  = 
a  +  6  +  c,  it  follon^  that  one  way  of  writing  the  value  of  s  is; 

8  =  Br,  +  r,C  +  ATi 
Therefore; 

^ri  =  s  -  a 
Heihie  it  follows  that: 

tanU72)=r/(8-a)  (14) 

Since  this  result  is  the  same  as  (11)  above,  it  proves  that  the 
r  of  equation  (10)  is  the  radius  of  the  inHCribed  circle,  and  there- 
fore proves  that  the  radius  of  the  inscribed  circle  may  be  expressed 
by  the  formula 

a  fact  that  is  usually  proved  in  text  books  on  plane  geometry. 

177.*  Miscellaneous  Formulas  for  Oblique  Triangles.  The  fol- 
lowing formulas  are  given  without  proof.  They  are  oocaaioaally 
useful  for  reference,  although  no  use  will  be  made  of  them  in 
this  book.  The  following  notation  is  used:  The  three  sidra  of 
the  oblique  triangle  are  named  a,  b,  c,  and  the  angles  opposite 
these  ^,  B,  C,  respectively.  The  semi-perimeter  of  the  triangle 
is  s,  or,  2s  =  a  +  b  +  c.  The  radius  of  the  circumscribed  circle 
is  R,  that  of  the  inscribed  circle  Is  r,  and  the  radii  of  the  escribed 
circles  are  t"o,  rt,  r^,  tangent,  respectively,  to  the  sides  a,  b,  c 
of  the  given  triangle.  K  stands  for  the  area  of  the  triangle. 
Thenr 

s  =  4R  cos  iA  cos  §B  cos  §C  (1) 

s  -  c  -  4R  sin  U  sin  JB  cos  JC  (2) 

and  analogs  for  s  —  a  and  8  —  6. 

r  =  4fi  sin  JA  sin  §B  sin  JO  (3) 

r,  =  iR  cos  iA  cos  JB  sin  \c  (4) 

and  analogs  for  r^  and  rt. 

Ta  =  s  tan  Jil,  n  =  s  tan  |B,  r=  =  s  tan  iC  (5) 

2K  =  ab  Bin  C  =  be  Bin  A  =  ca  sin  B  (6) 

K    ^2B*  sin  A  sin  B  sin  C  =  -^  (7) 


4B 
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K    =    Vs(s  -  a)(s  -  6)(s  -  c)  (8) 

K    =  rs  =  r,(s  -  a)  =  r,(s  -  6)  =  r„(s  -  c)  (9) 

Z*  =  rvtf".  (10) 
K'  =  (s  -  a)  tan  JA  =  (s  -  6)  tan  ^B  = 

{3-c)tanJC  (11) 

C.  mTMERICAL  SOLUTIOH  OF  OBLIQOE  TRIANGLES 

178.  An  oblique  triangle  possesses  six  elenients;  namely,  the 
three  sides  and  the  three  angles.  If  any  three  of  these  six 
nu^nitudes  be  given  (except  the  three  angles),  the  triangle  is 
determinate,  or  may  be  constructed  by  the  methods  explained 
in  plane  geometry;  it  will  also  befound  that  if  any  three  of  these 
six  magnitudes  be  given,  the  other  three  may  be  computed  by  the 
formulas  of  trigonometry,  provided,  in  both  instances,  that  the 
given  parts  include  at  least  one  side. 

It  is  convenient  to  divide  the  solution  of  triangles  into  four 
cases,  as  follows: 

I.  Given  two  angles  and  one  side. 
II.  Given  two  sides  and  an  angle  opposite  one  of  them. 

III.  Given  two  sides  and  the  included  angle. 

IV,  Given  the  three  sides. 

The  solution  of  these  cases  with  appropriate  checks  will  now 
be  given.  The  best  arrangement  of  the  work  of  computation 
usually  consists  in  writing  the  data  and  computed  results  in  the 
left  margin  of  a  sheet  of  ruled  letter  paper  (Si  inches  X  II  inches) 
and  placing  the  computation  in  the  body  of  the  sheet.  Every 
entry  should  be  carefully  labeled  and  computed  results  should  be 
enclosed  in  square  brackets.  All  work  should  be  done  on  ruled 
paper  and  invariably  in  ink.  Special  calculation  sheets  (forms 
M2  and  M7)  have  been  prepared  for  the  use  of  students.  Neatness 
and  systematic  arrangement  of  the  work  and  proper  checking 
ate  more  important  than  rapidity  of  calculation. 

179.  Computer's  Rules.  The  following  computer's  rules  are 
useful  to  remember  in  logarithmic  work: 

Last  Digit  Even:  When  it  becomes  necessary  to  discard  a 
5  that  terminates  any  decimal,  increase  by  unity  the  last  digit 
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retained  if  it  be  an  odd  digit,  but  leave  it  unchained  if  it  be  an 
even  d^it;  that  is,  fceep  ths  last  digit  retained  even.  Thua  log  r 
=  0.4971;  hence  write  (1/2)  log  t  =  0.2486.  Also  log  sin 
18°  5'  =  9.4900  +  (correction)  19.5  =  9.4920. 

Of  course  if  the  discarded  figure  is  greater  than  5,  the  laat 
digit  retained  is  increased  by  1,  while  if  the  discarded  figure  is 
less  than  5,  the  last  digit  retained  is  unchanged. 

Functions  of  Angles  in  Second  Quadrant:  In  finding 
from  the  table  any  function  of  an  angle  greater  than  100°  (but 
<  180°)  replace  by  their  sum  the  jixst  two  figures  o}  the  number 
of  degrees  in  the  angle  and  lake  the  cofunction  of  the  resuU.  The 
method  is  valid  because  it  is  equivalent  to  the  subtraction 
of  90°  from  the  angle.  By  §162  this  always  gives  the  cor- 
rect numerical  value  of  the  function.  The  a^ebraJc  sign  should 
be  taken  into  account  separately.  Thus:  sin  157°  32'  7'  = 
cos  67°  32'  7'.  In  case  of  an  angle  between  90°  and  100°. 
ignore  the  first  figure  and  proceed  in  the  same  way: 
tan  97°  57'  42" cot  7°  57'  42" 

180.  Case  I.    Gvien  two  angles  and  one  side,  as  A,  B,  and  c. 

1.  To  find  C,  use  the  relation  A -\-  B  +  C  =  180°. 

2.  To  find  a  and  6,  use  the  law  of  sines,  §171. 

3.  To  check  results,  apply  the  check  formula  (1)  or  (2)  §172. 
Example:    In  an   oblique   triangle,    let   c  =  1492,  A  =  49° 

52',  B  =  27°  15'.     It  is  required  to  compute  C,  a,  6. 

The  foUowing  form  of  work  is  self  explanatory.  This  arrange- 
ment, while  readily  intelligible  to  the  beginner,  does  not  conform 
to  the  proper  standards  of  calculation  explained  above.  It 
should  be  noted,  however,  that  the  process  of  work  and  the  meaning 
of  each  number  entering  the  calculation  is  properly  indicated  or 
labeled  in  the  work. 
To  find  C:  C  -  180°  -  (A  +  B)  =  103°  53' 
To  find  a: 

As  sin  C  (103°  53')    coiog  0.0129 
:         c    (1492)  log  3.1738 

:  I  sin  A  {49°  52')         log  9.8834 

;         a    [11751  log  3.0701 
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To  find  6; 

Aa  sin  C  (103°  53')    colog  0.0129 
;         e    (1492)  lc%  3.1738 

: :  sin  B  (27°  16')        1(^  9.6608 
:  6   [703.9]  log  2.8475 

Check:  As  sin  HA  +  B)  (38°  33.5')     colog  0.2063 

:  sin  JCA  -  B)  (11°  18.5')        log  9,2924 
: ;  c  (1492)  log  3.1738 

:  a-b  [469.41  log  2.6715 

Alflo  a  —  6  from  first  computations  =  471.1  which  checks  469.4, 
BS  computed,  within  1.7. 
The  above  work  arranged  in  compact  form  appears  aa  follows: 

Computation  of  Triangle 

e,  A  and  B  given 


Data  and  results 

To  find  a 

To  find  6 

Check 

-'-^ 

>-=£■#    • 

-"-    »nHA+B, 

c 

=  1492 

log 

3 

1738 

A 

=  49°  62' 

log  sin 

9 

8034 

a 

=  27°  16' 

c 

=  (103°  53') 

colc^  sin 

0 

C129     « 

log  3.1738  log 3. 1738 


colog  sin  0.0129 


a  =  [11751             log 

3.0701 

6  =  [703,9] 

log    2-8476 

{A-B)/2  =  (11°  19.5') 
(A  +  B)/2  -  (38°  33.6') 

logsii 
colog  sii 

9.2924 
10.2053 

a-b'  (471.1) 

Check  1 

1469.41 

2.6715 

Examples 

Find  the  remaining  psrts,  given: 

1.  A  =  47°  20',  B  =  32°  10',  o  -  739. 

2.  B  =  37°  38',  C  =  77°  23',  b  =  1224. 
8.    B  =  26°  2',              C  -  106°  17',                      6  =  0.3272. 
4,    C  =  19°  35',            A  -  79°  47',                        c  =  56.47. 

181.  Case  II.    Given  two  sides  and  an  angle  opposite  one  of 
them,  as  a,  b,  and  A . 

1.  To  find  B,  use  the  law  of  sines,  §171. 

2.  To  find  C,  use  the  equation  A  +  B  +  C  =  180°. 

3.  To  check,  apply  the  check  formula  (1)  or  (2),  §174. 
When  an  angle  as  B,  above,  is  determined  from  its  sine,  it  admits 
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of  two  values,  whicli  are  supplementary  to  each  other.  There 
may  be,  therefore,  two  solutions  to  a  triangle  in  Case  II.  The 
solutions  are  illustrated  in  Fig.  122. 

In  case  one  of  the  two  values  of  B  when  added  to  the  given 
ai^e  A  gives  a  sum  greater  than  two  r^;ht  angles,  this  value 
of  B  must  be  discarded,  and  but  one  solution  exists.  If  a  be 
less  than  the  perpendicular  distance  from  0  to  c,  no  solution 
is  possible. 


. 

y^    // 

\i 

\t,^ 

"\ 

'\' 

^-^.i-4»' 

B 

r 

Pio.  122.— Care  II  of  TriaDBleB,  for  One,  T 

Example:    Find  aU  parts  of  the  triangle  if  a  =  345,  6  =  534, 

and^  =  25' 25'. 

The  solution  is  readily  understood  from  the  following  work. 

To  find  B:    As    a             (345) 

colog   7.4622 

:    6             (634) 

log    2.7276 

::  ainA  (25°  25') 

log    9.6326 

:    ain  B  [41°  37'1 

log   9.8223 

B'  [138°  23'] 

C  -  180°  -  (4  +  B)  -  112°  68'. 

To  find  c: 

.    As  sin  A  (25°  26') 

colog    0.3674 

;  sin  C  (112°  58') 

log   9.9641 

: :  a         (345) 

log    2,6378 

:  c         1740.1] 

log    2.8693 

Cheek: 

As  c                       (740.1) 

log  2.8693 

lb -a                (189) 

colog  7.7235 

: :  sin  J(B  +  A)  (33°  31') 

colog  0.2579 

:  sin  i(B  -  A)  18°  6'] 

log  9.1489 

Check! 

9.9996 
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The  sum  of  the  logs  should  be  0.    The  discrepancy  is  4  in  the  last 
decimal  place. 


To  find  =■: 

C  =  180'  -  A  - 

B-  =  16°  12' 

As  Bio 

A  (25°  25') 

oolog  0.3674 

;8m 

C  (16°  12') 

log  9.4456 

i:a 

(545) 

log  2.5378 

ic' 

[224.3] 

log  2.3508 

To  Check: 

Asc' 

(224.3) 

log  2.3608 

:b-a 

(189) 

colog  7.7236 

::  siai(B'+vi: 

(Sr  54') 

colog  0.0043 

:  sinKB'  -A) 

(66°  29') 

log  9.9210 

Check!  9.9996 

The  following  airangemeiit  of  the  work  Butisfies  the  require- 
ments of  properly  arranged  computation  and  is  much  to  be  pre- 
ferred to  the  arrangement  given  above. 

Computation  of  Triangle 
a,  b,  and  A  given 


Data  and 
results 

To  and  B 

To  find  0 

Che* 

sinJi-""'' 

asinC 
'      sin  A 

e       sini(B  +  A) 
b-o    ,mi(B-A) 

a  ^  346  colog  7.4622  log  2.5378 

b  =  634  log  2.7276 

A  =  25°  25'  log  sin  9.6326  colog  sin  0.3674 

B  =  [41°  37']  9.8223 

C  =  (112°  58') log  Bin  9.9641 

c  =  [740.1]  log  2.8693     log  2.8693 

(B-A)/2    =(80°6')  logsin  9.1489 

(B  +  A)/2    -(33°  31')  colog  sin  0.2579 

b-a  -  (189) colog  7.7235 

Check!  9.9996 

B'  =  {138°  23') 

C  =  (16°  12')  logsin  9.4466 

c'  =  [224.31  log  2.3508         log  2.3508 

(B'  -  A)/2   -  (56°  29')  log  ain  9-9210 

iB'  +  A)/2  -(81°54')  colog  Bin  0.0043 

b  -a  =  (189)  colog  7.7235 

Checkl  9.9996 
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Examples 

Compute  the  unknowa  parts  in  each  of  the  following  triangles: 

a  =  0.8,  b  -  0.7,  B  -  40°  16'. 

o  -  17.81,  b  -=  11.87,  A  =  19°  &'. 

6  -  81.06,  e  -  98.76,  C  -  99°  19'. 

c  -  50.37,  a  -  58. 11,  C  =  78°  13'. 

Q  =  1213,  b  =  1156,  B  =  94°  16'. 

182.  Case  in.  Oimn  two  sides  and  the  included  angle,  as 
a,  b,  C. 

1.  To  &ad  A  +  B,  use  A  +  B  =  180°  ~  C. 

2.  To  find  A  and  B,  compute  (_A  —■  B)I2  by  the  law  of  tangents, 
§173,  equation  (4),  then  A  =  (A  +  B)12  +  (A  -  B)  /2  and 
B  =  iA+B)/2-  (A  -  B)  12. 

3.  To  find  c,  use  law  of  sines,  §171. 

4.  To  check,  use  the  check  formula  (2)    §174. 
EbcAUFLE:     Given  a  =  103.3,  6  =  636,  C  -  38°  36' 

A  +  B  -  180"  -  38"  36'  =  141=  24' 
To  find  A  andfi: 

Aa  a  +  b  (1668) 

■.a-b  (398) 

::  tan  i{A  +B)/       (70°  42') 

;  tan  i(_A  ~  B)/      134°  16'] 

A  =  104°  68' 
B  =  36°  26' 
To  find  c: 
As  sm  X  (104°  58') 

;  sin  C  (38°  36') 

: :  a  (1033) 

:  c                                1667.1]  log  2.8242 

Check: 

Ah  Bin  i(A  -  B)             (34°  16')  colog  0.2495 

:  ain  HA  +  B)             (70°  42')  log  9.9749 

::«  -6                          (398)  log  2.5999 

:    c  1667.2]  log    2.8243 

Check! 

An  experienced  computer  would  arrange  the  above  work  as 
follows: 
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Computation  of  Triangle 

a,  b,  C  given 


Data  and  results 

To  find  A-B    To  find  C 

Check 

tani(A+B)  "a+i*"   «n  A       a- 

4       UDt<A-B) 

a  -  1033  log3.0Ul 

b  =  636 
a  -b  =  (398)  log  2.5999  log  2.5999 

a  +  b  =  (1668)  eolog  6.7778 

C  =  38°  35'  log  sin  9.7951 

(A  +  B)/2    =  (70°  42'}  log  tan  0.4657  log  sin  9.9749 

(A  -  B)/2    =134°  16']    log  tan  9.8334  colog  sin  0.2495 

A  =  (104'"  58')  eol<^  sinO.OlSO 

B  -  (36"  26') 


Examples 
Compute  the  unknown  parts  in  each  of  the  following  triaoglee. 

1.  «  =  78,9,  6-68.7,  C  =■  78"  10'. 

2.  c  =  70.16,  a  =  39.14,  B  =  16°  16'. 
S.     6  =  1781,                 c  -  982.7,  A  =  123°  16'. 
4.     a  =  X                          b  =  x/2,  C  =  t/3. 
183.  Case  IV.    Qiven  the  three  sides. 

1.  To  find  the  angles,  use  the  s-formulas,  §176,  (11),  (12) 
and  (13). 

2.  To    check,    use   A+B  +  C  =  180°. 

Example:  Given  a  =  455,  b  =  566,  c  =  677,  find  A,  B 
andC. 

The  following  work  is  eelf  explanatory.  The  work  is  arranged 
in  final  compact  form,  which,  in  this  case,  is  as  simple  as  any 
other  possible  arrangement. 
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TRIGONOMETRIC  EQUATIONS 
of  Triangle 


Data  and  results 


=  (8-a)(s  -b)(» 
tan  A/2  =  r/(e  - 


8  =  849 

col(« 

7.0711 

8  -  a  =  394 

log 

2.6965 

e  -  6  =  283 

log 

2.4618 

a  -  c  -  172 

log 

2.2355 

r» 

log 

4.3539 

T 

log 

2.1770 

A/2  -  120"  63'| 

log  tan 

9.5815 

B/2  =  (27 

58'] 

log  tan 

9.7262 

C/2  =  [41° 

9'] 

log  tan 

9.9415 

A  -41" 

46' 

B  -55° 

i6' 

C  -  82° 

18' 

Eieicises 
Find  the  values  of  the  angles  in  each  of  the  following  triangles: 

1.  a  =  173,  6  =  98.6,  c  =  230. 

2.  o  =  8.067,  b  =  1.765,  c  =  6.490. 
i.    a  =  1911,                b  =  1776,  c  =  1492, 

Uiscellan«ouB  Problems 

The  instructor  will  select  only  a  lintited  number  of  the  following 
problems  for  actual  computation  by  the  student.  The  student  should 
be  required,  however,  to  ouUijie  in  writing  the  solution  of  a  number 
of  problems  which  he  is  not  required  actually  to  compute,  and,  when 
practicable,  to  block  out  a  suitable  check  for  each  one  of  them. 

1.  From  one  cornw  P  of  a  triangular  field  PQR  the  side  PQ  beam 
N.  10°  E.  100  rods.  QR  bears  N.  63°  E.  and  PR  bears  N.  38'  10"  K 
Find  the  perimeter  and  area  of  the  field. 
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2.  The  town  B  lies  15  miles  east  of  A,  C  lies  10  milea  south  of  A. 
X  lies  oa  the  line  BC,  and  the  bearing  of  AX  is  S.  46°  20'  E.  FJad 
the  distances  from  X  to  the  other  three  towns. 

3.  To  find  the  length  of  a  lake  (Fig.  1^3),  the  angle  C  =  48"  10', 
the  side  a  =  4382  feet,  and  the  angle  B  =  62°  20'  were  measured. 
Find  the  length  of  the  lake  c,  and  check. 

4.  To  continue  a  line  past  an  obstacle 
L,  Fig.  124,  the  line  BC  and  the  angles 
marked  at  B  and  C  were  measured  and 
found  to  be  1842  feet,  28°  15',  and  67° 
24',  respectively.  Find  the  distance  CD, 
and  the  angle  at  D  necessary  to  continue 
the  line  AB;  also  compute  the  distance 
BD. 

6.  Find  the  longer  diagonal  of  a  par- 
allelogram, two  sides  being  69.1  and  97.4 
Fia.  123.— Diagram  for       and  the  acute  angle  beii^  29°  34'. 

Problem  3.  What  is  the  magnitude  of  the  single 

force  equivalent  to  two  forces  of  69.1  and 

97.4  dynes  reapectively,  making  an  angle  of  29°  34'  with  each  other? 

6.  A  force  of  75.2  dynea  acts  at  an  angle  of  35°  with  a  force  F. 
Their  resultant  is  126  dynes.     What  is  the  magnitude  of  Fl 

7.  The  equation  of  a  circle  is  p  =  10  coa  B.  The  points  A  and 
B  on  this  circle  have  vectorial  angles  31°  and  54°  respectiveiy.  Find 
the  distance  AB,  (I)  along  the  chord;  (2)  along  the  arc  of  the  circle 


124.— Diagram  foe  Problem  4. 


8.  Find  the  lengths  of  the  Bides  of  the  triangle  enclosed  by  the 
straight  lines: 

8  =  26°;  a  =■  115°;  p  cos  (9  -  45°)  =  50. 

9.  A  gravel  heap  has  a  rectary^ar  base  100  feet  long  and  30  feet 
wide.  The  sides  have  a  slope  of  2  in  5.  Find  the  number  of  cubic 
yards  of  gravel  in  the  heap. 
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10.  ApointB  is  invisible  andinaccesaibletromAanditianeceBsary 
to  find  ita  distance  from  A.  To  do  this  a  straight  line  is  run  from  A 
to  P  acd  continued  to  Q  such  that  B  is  visible  from  P  and  Q.  The 
following  measurementa  are  then  taken:  AP  =  2367  feet;  PQ  =  2159 
feet;  APB  -  142°  37'.3;  AQB  =■  76°  13' .8.     Find  AB. 

11.  To  determine  the  height  of  a  mountain  the  angle  of  elevation 
of  the  top  was  taken  at  two  stations  on  a  level  road  and  in  a  direct 
line  with  it,  the  one  5280  yards  nearer  the  mountain  than  the  other. 
The  angles  of  elevation  were  found  to  be  2°  45'  at  the  further  station 
and  3°  20'  at  the  nearer  station.  Find  the  horizontal  distance  ot  the 
mountain  top  from  the  nearer  station  and  the  height  of  the 
mountain  above  it.     Uae  S  and  T  functions. 

12.  Explain  how  to  find  the  distance  between  two  mountain  peaks 
Ml  and  Ml,  (1)  when  A  and  B  at  which  measurements  are  taken 
are  in  the  same  vertical  plane  with  M,  and  Ms]  (2)  when  neither  A 
nor  S  is  in  the  same  vertical  plane  with  Mi  and  Mt- 

13.  The  sides  of  a  triangular  field  are  534  yards,  679  yards  and 
474  yards.  The  first  bears  north,  and  following  the  sides  in  the 
order  here  given  the  field  is  always  to  „ 
the  left.  Find  the  bearing  of  the  other 
two  sidee  and  the  area. 

14.  From  a  triangular  field  whose  sides 
are  124  rods,  96  rods,  and  104  rods  a 
strip  containing  10  acres  is  sold.  The 
strip  is  of  uniform  width,  having  as  one 
of  its  parallel  sides  the  longest  side  of 
the  field.     Find  the  width  of  the  strip. 

16.  Three  circles  are  externslly  mutu- 
ally tangent.  Their  radii  are  5,  6,  7  feet. 
Ftod  the  area  and  perimeter  of  the  three-cornered  area  enclosed  by 
the  circles  and  the  length  of  a  wire  that  will  enclose  the  group  of 
three  circles  when  stretched  about  them. 

16.  To  find  the  distance  between  two  inaccessible  objects  C  and  D, 
Fig,  125,  two  points  A  and  B  are  selected  from  which  both  objects  are 
visible.  The  distance  AB  is  found  to  be  7572  feet.  The  following 
angles  were  then  taken: 

ABD  =  122°  37' 

ABC  =    70°  12' 

BAC  -    80°  20' 

BAD  -^    27°  13' 

Find  the  distance  DC  and  check. 
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17.  A  oirde  of  radiua  a  has  its  center  at  the  poiat  (pj,  81).  Fmd 
its  equation  in  polar  coordinates.     (Use  law  of  cosines.) 

18.  A  surveyor  desired  the  distance  of  an  inaccessible  object  O 
from  A  and  B,  but  had  no  instruments  to  measure  angles.  He 
measured  AA'  in  the  line  AO,  BB'  in  the  line  BO;  also  AB,,  BA',  AB'. 
How  did  he  find  Oil  and  OBt 

1ft.  fVomapoint  A  a  dbtant  object  C  bears  N.  32°  16'  W.  with 
angle  of  elevation  S°  24';  from  B  the  same  object  bears  N.  S0°  W. 
AB  bears  N.  10°  38'  W.  The  distance  AB  is  1000  yards.  Find  the 
distance  AC. 
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Fio.  126.— DiBgram  for  Problem  20. 

20.  The  angle  of  elevation  of  a  mountain  peak  is  observed  to  be 
19°  30*.  The  angle  of  depression  of  its  image  reflected  in  a  lake  1250 
feet  below  the  observer  is  found  to  be  34°  5'.  Find  the  height  of  the 
mountain  above  the  observer  and  the  horizontal  distance  to  it.  (See 
Fig.  126.) 

21.  One  side  of  a  mountain  is  a  smooth  cBBtern  slope  inclined  at  an 
angle  of  26°  10'  to  the  horizontal.  At  a  station  A  a  vertical  shaft  is 
sunk  to  a  depth  of  300  feet.  fVom  the  foot  of  the  shaft  two  horizontal 
tunnels  are  dug,  one  bearing  N.  22°  30'  E.  and  the  other  S.  65°  E. 
These  tunnels  emerge  at  £  and  at  C  respectively.  Find  the  lengths 
of  the  tunnels  and  the  lengths  of  the  sides  of  the  triangle  ABC. 
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22.  A  rectangular  field  ABCD  has  aide  AB  =  40  rods;  AD  =  80 
rods.  Locate  a.  point  P  m  the  diagonal  AC  so  that  the  perimeter  of 
the  triangle  APB  will  be  160  rods.  (Hint:  Express  perimeter  as  a 
function  of  angle  at  P.) 

23.  Find  the  area  enclosed  by  the  lines  y  =  a'  y  =  v^S  x,  and  the 
circle  i'  —  10:c  +  y'  —  0.     (Hint:  Change  to  polar  coordinates.) 

24.  The  displacement  of  a  particle  from  a  fixed  point  is  given  by 

d  -  2.5  COB  (  +  2.5  sin  i. 

What  values  of  t  give  maximum  and  minimum  displacements;  what 
is  the  maximum  displacament? 

26.  A  quarter  section  of  land  is  encloaod  by  a  fence.  A  farmer 
wishes  to  make  use  of  this  fence  and  60  rods  of  additional  fencing  in 
malting  a  triangular  field  in  one  comer  of  the  original  tract.  Find  the 
field  of  greatest  possible  area.  Show  that  it  is  also  the  field  of  maxi- 
mum perimeter,  under  the  conditions  given. 

26.  A  force  Fi  =  100  dynes  makes  an  angle  of  0"  with  the  horizontal, 
and  a  second  force  Fj  —  50  dynes  makes  an  angle  of  90°  with  Fi. 
Determine  8  bo  that  (1)  the  sum  of  the  horizontal  compoaents  of  Fi 
and  Ft  shall  be  a  maximum;  (2)  so  that  the  sum  of  the  vertical  com- 
ponenta  shall  be  zero. 

27.  Find  the  uea  of  the  largest  triangular  field  that  can  be  enclosed 
by  200  rods  of  fence,  if  one  side  is  70  rods  in  length. 

28.  Change  the  equation  of  the  curve  xy  =  \  to  polar  coordinates, 
rotate  through  —  45°  and  change  back  to  reotangulaj  coordinates. 

29.  A  particle  moves  along  a  straight  line  so  that  the  distance 
varies  directly  as  the  sum  sin  t  +  cos  t.  When  (  ^  r/4,  the  distance 
is  10;  find  the  equation  of  motion. 

30.  fVom  the  top  of  a  lighthouse  60  feet  high  the  angle  of  de- 
pression of  a  ship  at  anchor  was  obsM^ed  to  be  4°  52',  from  the 
bottom  of  the  lighthouse  the  angle  was  4°  2'.  Required  the  horison- 
tal  distance  from  the  lighthouse  to  the  ship  and  the  height  of  the 
base  of  the  lighthouse  above  the  sea. 

31.  A  vertical  square  shaft  measuring'S  feet  6  inches  on  a  side 
meets  a  horizontal  rectangular  tunnel  6  feet  6  inches  high  by  3  feet 
6  inches  wide.  Find  an  expression  for  the  length  of  a  line  AB 
shown  in  Fig.  127  when  the  angle  8  is  37°. 

32.  University  Halt  casta  a  shadow  324  feel  long  on  the  hillside 
on  which  it  stands.  The  slope  of  the  hillside  is  15  feet  in  100  feet, 
and  the  elevation  of  the  sun  ia  23°  27'.  Find  the  height  of  the 
building. 
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SS.  To  determine  the  distance  of  a  tort  A  from  a  place  B,  a  line  BC 
and  the  angles  ABC  and  BCA  were  measured  and  found  to  be  3225.5 
yards,  60°  34',  and  66°  10'  respectively.     Find  the  distance  AB. 

34.  A  balloon  is  directly  over  a  straight  level  road,  and  between 
two  points  on  the  road  from  which  it  is  observed.  The  points  are 
15,847  feet  apart,  and  the  angles  ot  elevation  are  49°  )2'  and  53°  29'. 
Find  the  height. 


FiQ.  127. — Diagram  foe  Problem  31. 

36.  Two  trees  are  on  opposite  sides  of  a  pond.  Denoting  the  trees 
by  A  and  B,  we  measure  AC  =  297,6  feet,  BC  =  864.4  feet,  and  the 
angle  ABC  =  87°  43'.     Find  AB. 

36.  Two  mountains  are  9  and  13  miles  respectively  from  a  town, 
and  they  include  at  the  town  an  angle  of  71°  36'.  Find  the  distance 
between  the  mountains. 

87.  TKe  sides  of  a  triaogular  field  are,  in  clockwise  order,  534 
feet,  679  feet,  and  474  feet;  the  first  bears  north;  find  the  bearings 
of  the  other  sides  and  the  area. 

38.  Under  what  visual  angle  is  an  object  7  feet  long  seen  when 
the  eye  is  15  feet  from  one  end  and  18  feet  from  the  other? 

39.  The  shadow  of  a  cloud  at  noon  is  cast  on  a  spot  1600  feet 
west  of  an  observer,  and  the  cloud  bears  S.,  76°  W.,  elevation  23°. 
Find  its  height. 
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WAVES 

181.  Simple  Harmonic  Motion.  Let  P  be  any  point  on  a  circle, 
and  let  D  be  the  projection  of  P  on  any  stra^ht  line  in  the  plane 
of  the  circle.  Then  if  the  point  P  move  uniformly  (that  is,  so  that 
equal  distances  are  described  in  equal  times)  on  the  circle,  the 


back-andrforth  motion  of  the  point  D  on  the  given  strait  line 
is  called  simple  hannonic  motion.  On  account  of  the  frequency 
with  which  this  term  will  occur,  we  shall  abbreviate  it  by  the 
symbols  S.H.M.  Fig.  128  tUuatrates  a  way  in  which  this 
motion  may  be  described  by  mechanical  means.  Let  the  uni- 
formly rotating  wheel  OAB  be  provided  with  a  pin  M  attached 
to  itfl  circumference,  and  free  to  move  in  the  slot  of  the  cross- 
head  as  shown,  the  arm  of  the  cross-head  being  restricted  to 
21  321 
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v^^cal  motion  by  suitable  guides  G\Gi.  Then,  aa  the  wheel 
rotates,  any  point  P  ai  the  arm  of  the  crosa-head  describea  simple 
hEurmonic  motion  in  a  vertical  direction.  The  amplitude  of 
the  8.H.M.  is  the  radius  of  the  circle,  or  OB;  its  period  is  the 
time  required  for  one  complete  revolution  of  the  wheel. 

In  elementary  physics  it  is  explained  that  the  motion  of  a  simple 
pendulum  is  nearly  simply  harmonic.  Also  that  the  motion  of 
apointof  a  vibrating  viohn  string,  or  of  a  point  of  a  tuning  fork,  is 
S.E.M.  S.H.M.  is  a  fundamental  mode  of  motion  of  the  particles 
of  all  elastic  substances,  and  is  therefore  of  great  importance. 

The  motion  of  the  point  Di  can  readily  be  expressed  by  an  equa- 
tion, if  the  value  of  the  angle  6  be  expressed  in  terms  of  the  elapsed 
time  t.  Since  the  rotation  is  uniform,  d  =  kt,  where  k  is  the  angle 
described  in  one  second,  or  the  angular  Telocity  of  P.  Let  the 
radius  OM  of  the  circle  be  a  feet.  If  0  be  taken  as  or^in,  and  if 
the  angle  AOM  be  called  S,  then  if  the  point  M  was  at  A  when 
t^^  0,  the  displacement  ODi  =  y  ia  given  at  any  time  t  by 

y  =  asm9  =  asbikt  (1) 

In  a  similar  way,  the  point  Di,  the  projection  of  M  on  OA,  de- 
scribes a  S.H.M. ,  and  the  displacement  ODi  =  x  may  be  written 
a;  =  o  cos  fl  =  a  cos  fc(  (2) 

If  the  point  M  was  at  E  when  1  =  0,  the  displacements  ODi  =>  y 
and  ODi  =  a;  are  given  by 

y  =  a  sin  (kt  -  e)  (3) 

I  =  a  cos  (kt  -  0  (4) 

when  (  stands  for  the  angle  EOA;  for  kt  =  angle  EOM  and  6  = 

EOM  —  EOA.    In  this  equation  kt  —  t  is  called  the  phase  angle 

and  t  is  called  the  epoch  angle  of  the  S.H.M. 

These  expressions  may  also  be  written  in  terms  of  the  linear 
velocity  V  oi  M  instead  of  the  angular  velocity  k  of  OM.  Let 
the  tmiform  velocity  of  Af  be  «  feet  per  second.  Since  the  radius 
OM  is  a  feet,  OM  rotates  at  the  rate  of  v/a  =  k  radians  per  second. 
This  value  of  k  may  be  substituted  in  equations  (1)  to  (4). 

It  is  obvious  that 


in    advance   of    ^  =  a  sin  A^,   since 

L,  ,z,;i.,C00gIC 


sin  C^  +  s)  ~  '"*^  **■  ^  P^  "^  S.H.M.'a  posseaaing  this  prop- 
erty are  said  to  be  in  qnadrature.  (1)  and  (2),  or  (3)  and  (4) 
may  be  said  to  be  in  quadrature. 

The  period  of  the  S.H.M.  y  =  asinkl  is  the  time  T  required 
for  a  complete  revolution.  If  fi  be  the  time  at  which  itf  is  at  any 
given  position,  and  if  ft  be  the  time  at  which  M  is  next  at  the 
same  position,  then,  since  the  angular  velocity  multiplied  by 
the  elapsed  time  gives  the  angular  displacement,  we  have, 

kih  -  h)  =  2«- 
Therefore,  since  the  difference  It  —  h  ^  T  ia  the  period: 
™.       2ir 

The  number  of  complete  periods  per  unit  time  is: 

"        T       2ir 
N  is  caUed  the  frequency  of  the  S.H.M. 

It  is  obvious  that  all  points  of  the  movii^  cross-head.  Fig. 
128,  describe  S.H.M.,  and  that  (1)  may  be  regarded  as  the 
equation  of  motion  of  any  point  of  the  cross-head  if  a  suitable 
origin  be  selected.  Thus  (1)  is  the  equation  of  motion  of  P 
referred  to  the  origin  Oi,  where  Oi  is  the  middle  point  of  the  up- 
and-down  range  of  motion  of  P. 

186.  If  P,  Fig.  128,  be  a  tracing  point  attached  to  the  vertical 
arm  of  the  cross-head  and  capable  of  describing  a  curve  on  a  uni- 
formly translated  piece  of  smoked  glass,  HK,  then  when  P  de- 
scrUjcB  S.H.M.  in  the  vertical  line  OP,  the  curve  NiCTN,P  traced 
on  the  plate  HK  is  a  sinusoid,  for  the  ordinates  on  HK  measured 
with  respect  to  the  median  line  OiNi  are  proportional  to  sin  0  and 
by  hypothesis  the  abscissas  or  horizontal  distances  vary  uniformly. 
If  the  plate  HK  move  with  exactly  the  same  speed  as  the  point  M, 
the  undistorted  sinusoid  of  Fig.  59  is  described,  whose  equation  is 

!/  =  osin-i  =  asin-~  (1)' 

'  The  Btudeat  should  note  (hat  ^  -  na  |  is  o[  eiaotty  the  urns  shape  bb  v  -  «&  x. 
[or  multiplyinc  both  ordinstss  and  absoissas  of  aoy  eorve  by  a  is  merely  iHniB(ruo(in« 
the  ourra  to  B  diffeisut  ssale.  However,  ^  -  sin  ^  Is  a  distortad  sinuscrid.  fol  the 
oidinatea  of  v  ■•  no  x  are  multiplied  by  3  while  the  ebsinsBas  are  multiplied  oul]'  b;  3. 
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where  x  is  the  absoUsa  of  any  point  of  the  sinusoid  referred  to  an 
origin  (as  N)  moving  with  the  plate.  If,  however,  the  velocity  of 
the  plate  be  v'  instead  of  v,  then  the  equation  of  the  curve  on  HK, 
referred  to  axes  moving  with  the  phite,  is  of  the  form 

y  =  asin^  t  =  a  Bin  ^  =  aabx^  =  asinhx  (2) 

where  v'l  =  x',  x'  •=  px,  and  h  =  via.  Changing  the  rela- 
tive Bpeed  of  the  wheel  and 
plate  corresponds  to  stretch- 
ing or  contracting  the  sine 
curve  in  the  x  direction. 

186.  Composition  of  Two 
SJI.M.'b  at  Right  Angles. 
We  have  shown  if  a  point  M, 
moving  uniformly  on  a  circle, 
be  projected  upon  both  the 
X-  and  y-axes,  two  S.H.M.'s 
result.  The  phase  aisles  of 
these  two  motions  differ  from 
each  other  by  |  or  90°.    The 

converse  of  this  fact,  namely 
that  uniform  motion  in  a  cir- 
cle may  be  the  resultant  of 
>  two  S.H.M.  in  quadrature, 
m  easily  proved,  for  the  two 
equations  of  S.H.M.: 

y^asmkt 
are  obviously  the  parametric 
equations  of  a  circle.     Hence 
the  theorem: 

Uniform  motion  in  a  circle  may  be  regarded  as  the  resultant  of 
two  S.H.M.'s  of  equal  amplitudes  and  equal  periods  and  differing 
by  17 12  in  phase  angle. 

This  important  truth  is  illustrated  by  Fig.  129.  Let  the  x- 
and  y-axes  be  divided  proportionally  to  the  trigonometric  sine. 


Fio.  129.— The  Cicole  and  the  Ellipse 
Considered  as  Geoerated  by  Two 
S.H.M.'s  in  Quadrature. 
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as  in  Fig.  59.  Through  the  points  of  divisioa  of  the  two  axes 
draw  lines  perpendicular  to  the  axes,  thus  dividing  the  plane  into 
a  large  number  of  small  rectangles.  Starting  at  the  end  of  one 
of  the  axes,  and  sketching  the  dif^onals  of  successive  cornering 
rectangles,  the  circle  ABA'B'  is  drawn. 

If  the  same  construction  be  carried  out  for  the  case  in  which 
the  v-axis  is  divided  proportionally  to  6  sin  A^  and  in  which  the 
X-axis  is  divided  proportionally  to  a  sin  kt,  the  ellipse  AyBiA'^B', 
results.  These  facts  are  merely  a  repetition  of  the  statementa 
made  in  §74. 

Ezerdsea 

1.  Draw  a  curve  by  starting  at  the  intersection  ot  any  two  lines  of 
Fig.  129,  and  drawing  the  diagonals  of  successive  cornering  rectangles, 
and  write  the  parametric  equations  of  the  curve. 

2.  Find  the  periods  of  the  following  S.H.M.: 

(0)1/ =3  sin  a. 
{6)V  =  10sin(l/2)(. 

(c)  y  =  7  cos  4(. 

(d)  y  =  asinaw, 

Wy  =  asin(10(-x/3). 
(/)y  =  aMn<2(/3-2r/5). 
(ff)l/  =asm{6i  +  c). 

3.  Give  the  amplitudes  and  epoch  angles  in  each  of  the  instances 
given  in  example  2. 

4.  The  bob  of  a  second's  pendulum  swings  a  maximum  of  4  cm. 
each  side  of  its  lowest  position.  Considering  the  motion  as  rectilinear 
S.H.M.  write  its  equation  of  motion.' 

Write  the  equation  of  motion  of  a  similar  pendulum  which  was 
released  from  the  end  of  its  swing  1/2  second  after  the  first  pendulum 
was  similarly  released. 

6.  A  particle  moves  in  a  straight  line  in  such  a  way  that  its  dis- 
placement from  a  fixed  point  of  the  line  is  given  by  d  =  2  cos' t. 
Show  that  the  particle  moves  in  S.H.M.,  and  find  the  amplitude 
and  period  of  the  motion. 

6.  A  particle  moves  in  a  vertical  circle  of  radius  2  units  with 
angular  velocity  of  20  radians  per  second.    Counting  time  from  the 

>  jjendulum;  Iha  tims  of 
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instant  when  the  particle  ia  at  its  loveat  position,  writ«  the  equa- 
tion of  motion  of  its  projection  (1)  upon  the  vertical  diameter; 
(2)  upon  the  horizontal  diameter;  (3)  upon  the  diameter  bisecting 
the  angle  between  the  horizontal  and  vertical. 

187.  Waves.  The  curve  descrU>ed  on  the  moving  plate  HK 
of  Fig.  128,  if  Tejerred  to  coordinate  axes  moftnjr  with  the  plate, 
la  the  siniisoid  or  sine  curve,  which  for  the  sake  of  greater  geaerality 
we  shall  suppose  is  of  the  type  (§186,  equation  (2)) 

y  =  asmhx  (1) 

If,  however,  we  consider  this  curve  as  referred  to  the  fixed  origin 
0],  then  the  mming  simis<nd  thus  conceived  is  called  a  simide 
progressive  dnusoidal  wave  or  merely  a  wave.  Under  the  con- 
ditions represented  in  Fig.  128,  it  is  a  wave  progressing  to  the 
right  with  the  uniform  speed  of  the  plate  HK.  At  any  aingk 
instant,  the  equation  of  the  curve  is: 

V  =  asiRh{x-0,N)  (2) 

where  OiN  is  the  distance  that  the  node  N  has  been  translated 
to  the  right  of  the  origin  Oi.  If  V  be  the  uniform  velocity  of 
translation  of  HK,  then: 

OiN  =  Vt  (3)' 

and  the  equation  of  the  wave  is: 

J/  =  a  sin  A(x  -  Vt) 
or, 

7  =  a  ^n  (hz  -  kt)  (4) 

if  ib  be  put  for  hV,  so  that 

V.i  (5) 

Because  of  the  presence  of  the  variable  t,  this  is  not  the  equation 
of  a  ficed  sinusoid,  but  of  a  moving  sinusoid  or  wave. 

Applying  the  same  terms  used  for  S.H.M.,  the  expression 
(Ax  —  A^)  is  the  phase  angle,  the  expression  (  +  ^)  is  the  epoch 
angle  and  a  is  the  amplitude  of  the  wave.    See  Fig.  ISOa  and  c. 

The  expression  (hx  —  kt)  is  &  lineaT  function  of  the  variables 

>  la  what  lollom.  e  u  not  the  time  elapied  naee  M,  ^ig.  13S.  wu  st  A,  u  uaad  in 
SlU,  but  is  the  elapsed  time  uiiaa  N  waa  at  Oi.  Them  values  of  I  differ  by  tha  tim* 
of  half  a  rerolution  or  by  r/k 
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simple 


X  and  (.    The  sine  or  cosine  of  this  fuDction  is  called 
harmonic  function  of  x  and  t. 

188.  Wave  Length.    Since  the  period  of  the  sine  is  2ir,  if  f 
remain  conatant  and  the  expression  hx  be  changed  by  the  amount 


2s-,  the  curve  (4)  is  translated  to  the  left  or  right  an  amount  such 
that  trough  coincides  with  trough  and  crest  coincides  with  crest, 
and  the  curve  in  iia  second  position  coincides  with  the  curve  in 
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its  first  position.  Call  z;  the  abscissa  of  any  point  of  the  curve 
in  its  second  position  whose  ordinal  abscissa  was  zi.    Then: 

Azj  -  All  =  2jr 
or: 

Z!  -  Zi  =  27r/A 
Calling  the  distance  zi  —  zi  =  L,  we  have: 

L^'Zirlk    ■  (I) 

L  ia  called  the  wave  length.  It  is  the  distance  from  any  crest 
to  the  next  crest  or  from  any  trough  to  the  next  trough  or  from 
any  node  to  the  second  succeeding  node,  or  from  any  point  of 
the  wave  to  the  next  similar  point.     See  Fig.  130b. 

The  wave  length  can  also  be  determined  in  the  following  manner : 
The  wave  length  of 

,        V  =  sin  z  (2) 

is  obviously  2t,  the  length  of  the  period  of  the  sine.  The  sine 
curve 

y  =  Binhx  (3) 

can  be  made  from  the  above  by  multiplying  the  abscissas  of  all 
points  by  r.  Therefore  the  wave  length  of  the  latter  is  -j- .  The 
wave  length  of 

y  =  sin  (hx  -  kt)  (4) 

must  also  be  the  same  as  that  of  (3),  since  the  effect  of  the  term 
kl  is  merely  to  translate  the  curve  as  a  whole  a  certain  distance 
to  the  right. 

189.  Period  or  Periodic  Time.  If  we  fix  our  attention  upon 
any  constant  value  of  z,  and  if  kl  in  (4)  above  be  permitted  to 
change  by  the  amount  2^,  then  since  the  period  of  the  sine  is 
27,  the  curves  at  the  two  instances  of  time  mentioned  must  coin- 
cide.   Catling  the  two  values  of  t,  d  and  (2,  we  have  by  hypothesis 

kti  -  kt,  =  2ir 
Writing: 

(,  -  ii  -  r 

we  find 

T  =  Sir/k  CD 

The  expression  T  is  called  the  periodic  time  or  period  of  the 
wave.    It  is  the  length  of  time  required  for  the  wave  to  move  one 


:,.;,l,ZDdbyG00gIC 


S190J  WAVES  329 

wave  length,  or  the  length  of  time  that  elapses  until  trough  again 
coincides  with  trough,  etc.  To  contrast  wave  length  and  period, 
think  of  a  person  in  a  boat  anchored  at  a  fixed  point  in  a  lake.  The 
time  that  the  person  must  wait  al  that  ^xed  point  {x  constant) 
for  crest  to  follow  crest  is  the  periodic  time.  The  wave  length 
is  the  distance  he  observes  between  crests  al  a  ffiaen  instant  of 
Hme  ((constant). 

190.  Velocity  or  Rate  of  Propagation.    The  rate  of  movement 
V  of  the  sinusoid  on  the  plate  HK,  Fig.  128,  is  shown  by  equa- 
tion (5),  §187,   to  be  k/h  units  of  length  per  second.    This  ia 
called  the  velocity  of  the  wave  or  the  velocity  of  prop^ation. 
The  equation  of  the  wave  may  be  written: 
y  =  a  sin  h(,x  -  Vt) 
From  equatioua  (1)  §188  and  (1)  §189  we  may  write 
r       2)r 


This  equation  is  obvious  from  general  considerations,  for  the 
wave  moves  forward  a  wave  length  L  in  time  T,  hence  the  speed 
of  the  wave  must  be  ~- 

191.  Frequency.  The  number  of  periods  per  unit  of  time  is 
called  the  frequency  of  the  wave.  Hence,  if  N  represent  the 
frequency  of  the  wave, 

«  -  T  =  S  <2) 

There  ia  no  name  given  to  the  reciprocal  of  the  wave  length, 

192.  L  and  T  Equation  of  a  Wave.    If  we  solve  equations  (1) 
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§188  and  (1)   §189  for  h  and  k   respectively,   and   substitute 
these  values  of  h  and  k  in  the  equation 
y  =  asia  (hx  —  kt) 
we  obtain 

y  =  asin27r^    -    ^  (1) 

From  this  form  it  ia  seen  that  the  argument  of  the  sine  increases 
by  2ir  when  either  x  increases  by  an  amount  L  or  when  (  increases 
by  the  amount  T.  By  use  of  (1),  gl90,  the  last  equation  may 
also  be  written: 

y=asin  J(x-Vt)  (2) 

193.  Phase,  Epoch,  Lead.     Consider  the  two  waves: 

y  =  aaiR-j-  {x  —  Vt)  (1) 

y=^asm~ix-Vt-E)  (2) 

The  amplitudes,  the  wave  lengths  and  the  velocities  are  the 
same  in  each,  but  the  second  wave  is  in  advance  of  the  first  by 
the  amount  E  (measured  in  linear  units),  for  the  second  equation 
can  be  obtained  from  the  first  by  substituting  (.x  —  E)  for  x,  which 
translates  the  curve  the  amount  E  in  the  OX  direction.  In  this  case 
E  is  called  the  lead  (or  the  lag  if  negative)  of  the  second  wave 
compared  with  the  first. 

The  lead  is  a  linear  magnitude  measured  in  centimeters,  inches, 
feet,  etc.  The  epoch  angle  ia  measured  in  radians.  In  the 
present  case  the  epoch  angle  of  (2)  is  2t(  VI +  E)  jL. 

The  terms  phase  and  epoch  are  sometimes  used  to  designate 
the  Ume,  or,  more  accurately,  the  fractional  amount  of  the  period 
required  to  describe  the  phase  angle  and  epoch  angle  respectively. 
In  this  use,  the  phase  is  the  fraclional  part  of  the  period  thai  Am 
elapsed  since  the  moving  point  lasl  passed  through  the  middle  point 
of  its  simple  harmonic  motion  in  the  direction  reckoned  as  positive. 
See  F^.  130c. 

The  tidal  wave  in  mid  ocean,  the  ripples  on  a  water  surface, 
the  wave  sent  along  a  rope  that  is  rapidly  shaken  by  the  hand, 
are  illustrations  of  progressive  waves  of  the  l^ype  discussed  above. 
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Sound  waves  also  beLong  to  this  class  if  the  alternate  coadensations 
aad  rarefactions  of  the  medium  be  graphically  represented  by 
ordinatee.  The  ordinary  prt^essive  waves  observed  upon  a  lake 
or  the  sea  are  not,  however,  progressive  waves  of  this  type.  The 
surface  of  the  water  in  this  case  is  not  sinusoidal  in  form,  but 
is  represented  by  another  class  of  curves  known  in  mathematics 
as  trochoids. 

Exerdses 

L  Derive  the  ompUtude,  the  wave  length,  the  periodic  time,  the 
velocity  of  propagation  of  the  following  waves: 

y-a  mni2x-  dl). 

y  -  6  sin  (0.751  -  lOOOi). 

I,  =  lOsin  g  -  I) 

y  -  50  am  yd  -St). 

ff  =  100  am  ||(«  -  20i  -  4). 

y  =  100  sm  (5r  +  it). 

y  -  0.025  Bin  ^(x  +  (/3). 

2.  Write  the  equation  of  a  progresuve  sinusoidal  wave  whose  height^ 
is  5  feet,  length  40  feet  and  velocity  4  miles  per  hour. 

3.  Write  the  equation  of  a  wave  of  wave  length  ID  meters,  height 
1  meter  and  velodty  of  prop^ation  3.5  miles  per  hour.  {Note: 
]  mile  =-  1.609  kilometers.) 

4.  Sound  waves  of  all  wave  lengths  travel  in  stilt  air  at  70°  F.  with 
a  velocity  of  1130  feet  per  second.  Find  the  wave  length  of  sound 
waves  of  frequencies  256, 128,  600  per  second. 

5.  The  lowest  note  recognizable  as  a  musical  toue  was  found  by 
Helmholts  to  possess  about  40  vibrations  per  second.  The  highest 
note  distinguishable  by  an  ordinary  ear  possesses  about  20,000  vibra- 
tions per  second  If  the  velocity  of  sound  in  air  be  1130  feet  per 
second,  find  the  wave  length  in  each  of  these  limiting  cases,  and  write 
the  equation  of  the  waves  if  the  amplitude  be  represented  by  the 
symbol  a. 
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191.  Stationaiy  Waves.  The  form  of  a  violin  string  during  its 
free  vibration  is  sinusoidal,  but  the  nodes,  crests,  troughs,  etc., 
are  atationary  and  not  progressive  as  in  the  case  of  the  waves 
just  discussed,  and  is  therefore  called  a  stationaiy  wave.  The 
water  in  a  basin  or  even  in  a  large  pond  or  lake  ia  also  capable  of 
vibrating  in  this  way.  Fig.  131  may  be  used  to  illustrate  the 
stationary  waves  of  this  type,  either  of  a  musical  string  or  of  the 
water  surface  of  a  lake,  but  in  the  ease  of  a  vibrating  string,  the 
ends  must  be  supposed  to  be  fastened  at  the  points  0  and  N. 
The  shores  of  the  lake  may  be  taken  at  /'and  J£  or  at  /  and  H, 
etc.  As  is  well  known,  such  bodies  are  capable  of  vibrating  in 
segments  so  that  the  number  of  nodes  may  be  large.    This 


Flo,  131.— A  Stationary  Wave. 

explains  the  "harmonics"  of  a  vibrating  violin  string  and  the 
various  modes  in  which  statioi^ary  wopes  may  exast  on  a  water 
surface.  A  stationary  wave  on  the  surface  of  a  lake  or  pond  is 
known  as  a  seiche,  and  was  first  noted  and  studied  on  Lake 
Geneva,  Switzerland.  The  amplitudes  of  seiches  are  usually 
small,  and  must  be  studied  by  means  of  recording  instruments 
so  set  up  that  the  influence  of  progressive  waves  is  ehminated. 
The  maximum  seiche  recorded  on  Lake  Geneva  was  about  6  feet, 
although  the  ordinary  amplitude  is  only  a  few  centimeters. 

The  equation  of  a  stationary  wave  may  be  found  by  adding  the . 
ordinates  of  a  prt^ressive  wave: 


a  sin  (Ax  —  kt) 


(1) 


traveling  to  the  right  {A  >  0),  to  the  ordinates  of  a  progressive 
wave; 

y  =  asin{hx-^H)  (2) 

traveUng  to  the  left. 
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Expanding  the  right  members  of  (1)  and  (2)  by  the  addition 
formula  for  the  sine,  and  adding: 

y  =  2a  COB  kt  sin  hz  (3) 

or  in  terms  of  L  and  T 

,  =  ^c»(|^si»(^)  (4, 

In  Fig.  131,  the  origin  is  at  0  and  the  X-axis  is  the  line  of  nodes 
ONX.  If  we  look  upon  2a  cos  ^  as  the  variable  amplitude  of 
the  sinusoid 

y  =  sin  hx 
we  note  that  the  nod^,  etc.,  of  the  sinusoid  remain  stationary, 
but  that  the  amplitude  2a  cos  kl  changes  as  time  goes  on.  When 
f  =  0,  the  sine  curve  has  amphtude  2a  and  wave  length  2T/h. 
When  I  =  'jr/2k  ot  T  /4  the  sinusoid  is  reduced  to  the  straight  line 
y  =  0.    When  I  =  r  /k  or  T  j2  the  curve  is  the  sinusoid: 

y  =  —  2o  sin  Ax 
which  has  a  trough  where  the  initial  form  had  a  crest,  and  vice 
versa. 

Exercises 

In  the  following  exercises  the  height  of  the  wave  means  the  maxi- 
mum rise  above  the  line  of  nodes.  When  a  seiche  la  uninodal,  the 
shores  of  the  lake  correspond  to  the  points  /  and  K,  Fig.  131.  When 
a  seiche  la  binodal,  the  points  /  and  U  are  at  the  lake  shore. 

1.  From  the  equation  of  a  stationary  wave  in  the  form  y  =• 
2o  sin  2rx/L  coa  2rl/T,  show  that  K,  Fig.  131,  is  at  its  lowest  depth 
fori  =  T/2,  3T/2,  5T/2,   .    .    . 

2.  Henry  observed  a  fifteen-hour  uninodal  seiche  in  Lake  Erie,  which 
was  396  kilometers  in  length.  Write  the  equation  of  the  principal 
or  uninodal  stationary  wave  if  the  amplitude  of  the  seiche  was  15  cm. 

3.  A  small  pond  111  meters  in  length  was  observed  by  Endros  to 
have  a  uninodal  seiche  ot  period  fourteen  seconds.  Write  the  equa- 
tion of  the  stationary  wave  if  the  amplitude  be  a. 

i.  Forelreports  that  the  uninodal  longitudinalseiche  of  Lake  Geneva 
has  a  period  of  seventy-three  minutes  and  that  the  binodal  seiche  has 
a  period  of  thirty-five  and  one-half  minutes.  The  transverse  seiche 
has  ft  period  of  ten  minutes  for  the  uninodal  and  five  minutes  for 
the  binodal.     The  longitudinal  and  transverse  axes  of  the  lake  are 
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4S  miles  and  B   milee  respeotively.     Write   the  equation  of  these 
different  seiches. 

0.  A  standing  wave  or  uuinodal  seiche  exists  on  Lake  Mendota 
of  period  twenty-two  minutes.  If  the  maximum  height  ie  8  inches 
and  the  distance  Across  the  lake  is  6  miles,  writ«  the  equation  of 
the  seiche. 

196.  Compoimd  Haimonic  Motion  and  Compound  Waves. 
The  additbn  of  two  or  more  simple  harmoaic  functions  of  dif- 
ferent periods  givee  rise  to  compound  haimonic  motion.    Thus: 

1/  -=  o  sin  kt  +  b  sin  3  kt 
correspoada  to  the  Suprrposition  of  a  S.H.M.  of  period  2wl3k 
and  amplitude  b  upon  a  fundamental  S.H.M.  of  period  2tr/k 
and  amplitude  a.  To  compound  motions  of  this  type,  there  cor- 
respond compound  waves  of  various  sorts,  such  as  a  fundamental 
sound  wave  with  overtones,  or  tidal  waves  in  restricted  bays  or 
harbors.    The  graphs  of  the  curves: 


Fio.  132. — The  Curves  )/  ••  etn  t,  y  —  nn  3x  Eind  the  Compouad  Curve 

1/  -  sin  I  +  sin  3x. 

{f  =  sin  X  +  sin  2x 

y  =  sin  a;  +  sin  3x 

y  =  sin  X  +  sin  2a;  +  sin  3a; 
should  be  constructed  by  the  student.  They  may  be  drawn  by 
adding  the  ordinates  of  the  various  sinusoids  constructed  on  the 
same  axis,  as  in  Fig.  132.  To  compound  the  curves,  first  draw 
the  component  curves,  say  y  =  sin  x  and  j/  =  sin  3x  of  Fig.  132. 
Then  use  the  edge  of  a  piece  of  paper  divided  proportionally 
to  sin  X  (that  is,  like  the  scale  OB,  Fig.  132)  and  use  this  as  a 
scale  by  means  of  which  the  successive  ordinates  of  a  given  x 
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may  be  added.  For  example,  to  locate  the  point  on  the  composite 
curve  coiTBspoadiag  to  the  abscissa  OD,  Fig.  132,  we  must  add 
DP  and  DQ.  Hence  place  vertically  at  P  the  lower  end  of  the 
paper  scale  just  mentioned.  The  sixth  scale  division  above  P 
on  this  scale  will  then  locate  the  required  point  M  of  the  composite 
scale. 


Fio.  133.— The  Curvea  (o)  y  -  ain  a  +  sin  { 
Bin  at  +  Bin(3a;  +  2«i/16),  for  n  -  0,  1,  2,  . 
and  Tail.) 

In  Fig.  133  the  curvea: 

y  =  sin  x  +  ain  {2x  +  27m /I6) 
y  =  ainSr  +  sin  (3x  +  2Trn/16) 
are  shown  for  values  of  n  «  0,  1,  2,  .    .   .,  15  in  sucoession — 
that  is,  for  successive  phase  differences  corresponding  to  one-six- 
teenth of  the  wave  length  of  the  fundamental  y  =  sin  x. 

Wave  forms  compounded  from  the  odd  harmonics  only  are 
especially  important,  as  alternating- current  curves  are  of  this  type. 
See  Fig.  134. 
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196.  Harmonic  Analysis.  Fourier  showed  in  1822  in  bia 
"Analytical  Theory  of  Heat"  tliat  a  periodic  siagle-valiied 
function,  say  y  =  f(x),  under  certain  conditbns  of  continuity, 
can  be  represented  by  the  sum  of  a  series  of  sines  and  cosines  of 
the  multiple  angles  of  the  form: 

y  =  ao  +  ffli  COS  a;  +  ai  cos  2x  +  oj  cos  3x  +  .    .    . 
+  (»i  sin  X  +  6j  sin  2ii  +  bs  sin  3:e  +  .    .    . 
This  means,  for  example,  that  it  is  always  possible  to  represent 
the  complex  tidal  wave  in  a  harbw,  by  means  of  the  sum  of  a 
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number  of  simple  waves  or  harmonics.  The  term  haimonic 
analysis  is  given  to  the  process  of  determining  these  sinusoidal 
components  of  a  compound  periodic  curve.  In  §196  we 
have  performed  the  direct  operation  of  finding  the  compound 
curve  when  the  component  harmonics  are  given.  The  inverse 
operation  of  finding  the  components  when  the  compound  curve 
is  given  is  much  more  difficult,  and  its  discussion  must  be  post- 
poned to  a  later  course. 

197.  *  Test  for  a  Sinusoidal  Functioii.  Squared  paper,  known 
as  semi-sinusoidal  paper,  has  been  prepared  (see  Fig.  135) 
with  the  horizontal  scale  divided  proportionaUy  to  sin  x  and  the 
vertical  scale  divided  uniformly.  The  divisions  are  precisely 
the  same  as  those  in  Fig.  59,  except  that  the  number  of  divisions 


:,.;,l,ZDdbyG00gIC 


51971 


337 


Ls  gre&tly  Increased.  On  thia  pap^,  the  sine  curve  is  represented 
by  a  straight  line  dratan  diagonally  across  the  paper.  Since  the 
sine  curve  appears  as  a  straight  Une  on  this  paper  (just  as  the 
logarithmic  curve  appears  as  a  straight  line  on  aemi-logarithmic 
paper)  it  is  easy  to  test  whether  or  not  observed  periodic  data 
tollow  the  law  expressed  by  the  sine  curve.  Thus  the  times  of 
sunrise  at  Boston,  Massachusett'S,.  for  the  first  day  of  each  month 
have  been  plotted  upon  the  sheet  shown  in  Fig.  135.    The*po!nts 
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corresponding  to  the  various  dates  do  not  form  a  straight  line, 
although  it  is  obvious  that  the  sine  curve  is  a  first  approximation 
to  the  proper  curve. 

The  times  cf  sunrise  plotted  in  Fig.  135  are  given  in  exercise 
(1)  below. 

Exercises 

1.  The  times  of  sunaet  and  sunrise  at  Boston,  Massachusetts,  for 
the  first  day  of  each,  month  are  ss  follows: 

JFMAMJJABOND 

Sunset  4:37  5:13  5:49  6:26  6:59  7:29  7:40  7:21  6:37  5:44  4:55  4:28 
Sunrise  7:30  7:15  6:38  5:44  4:56  4:26  4:25  4:51  5:23  5:56  6:31  7:09 
Length  ot  day  

Graph  the  times  ot  sunset  upon  semi-anusoidal  paper. 

Note:  The  earliest  sunset  tabulated  is  December  1,  which  should 
be  used  for  the  date  of  the  trough  of  the  wave. 
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3.  Deternuiie  the  length  of  the  day  from  the  data  of  exerniae  1,  and 
graph  the  same  upon  senu-smusoidal  paper, 

3.  Determine  whether  the  curves  of  Fig,  136  ere  sinusoidEtl  or  not. 

198.  Connecting  Rod  Motion.  If  one  end  of  a  straight  line  B 
be  required  to  move  on  a  circle  while  the  other  end  of  the  hue  A 
moves  on  a  straight  line  passing  through  the  center  of  the  circle, 


I  Madison,  Wib.. 

the  resultii^  motion  is  known  as  connecting  rod  motion.  The 
connecting  rod  of  a  steam  engine  has  this  motion,  as  the  end  at- 
tached to  the  crank  travels  in  a  circle  while  the  end  attached  to 
the  piston  travels  in  a  straight  line.  The  motion  of  the  end  A 
of  the  connecting  rod  is  approximately  S.H.M,  The  approxi- 
mation is  very  close  if  the  connecting  rod  be  very  long  in  compari- 
son with  the  diameter  of  the  circle. 
A  second  approximation  to  the  motion  of  the  point  A  can  be 
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shown  to  introduce  the  second  harmonic  or  octave  of  the  funda- 
mental. In  Fig.  137,  let  the  radius  of  the  circle  be  a  and  the 
length  of  the  connecting  rod  be  I.  The  length  of  the  stroke  MN 
is  2a,  and  the  origin  may  conveniently  be  taken  at  the  mid  point 
of  the  stroke,  0.  When  B  was  at  H,  A  was  at  M  and  when  B 
was  at  K,  A  was  at  N.  Then  MH  =  NK  =  I,  and  OC  =  I. 
Now 

X  =  CA-  CO  =  CA  -1  =  CD  +  DA  -I  (1) 

But 

CD  =  a  cos  $  (2) 

and 

DA  - 


Fio.  137. — Connecting  Rod  Motion. 

Approximating    the   radical   by    §111   (Vl  —  x  = 
obtain: 

i'  sin*  0\        , 


2i' 


m0  +  l(l  - 
B  28)  12,  heno 
a  cos  B  +  -Ti  cos  20  —  -77 


4^ 


il 


(6) 


which  is  approximately  true  as  long  as  I  is  much  greater  than  a. 
It  is  seen  from  the  above  result  that  the  second  approximation 
to  connecting  rod  motion  contains  as  overtone  the  octave  or 
second  harmonic,  -tj  cos  29,  in  addition  to  the  first  or  fundamental 
harmonic  a  cos  0. 
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Ezerdses 

1.  Draw  the  curve  corresponding  to  equatioQ  (5)  above  if  a  =  1.15 

inches,  and  1  =  3  inches. 

2.  Themolionof  a  slide  valve  IB  given  by  an  equation  of  the  form: 

V  -  oi  sin  (9  +  e)  +  o,  Bin  (2#  +  90°). 
Draw  the  curve  if  a,  -  100,  o»  ■■  25,  «  =  40". 
S.  Graph: 

jr  -5MnCfl  +  30°)  +2 sin  (29  +90°). 
i.  Graph: 

1/  =  sin  a;  +  (1/3)  sin  3a:  +  (1/5)  sin  5x. 
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CHAPTER  XI 
COMPLEX  nUHBERS 

199.  Scales  of  Numbers.  To  measure  any  magnitude,  we 
apply  a  unit  of  measure  and  then  express  the  result  in  terms  of 
numbers.  Thus,  to  measure  the  volume  of  the  liquid  in  a  cask 
we  may  draw  off  the  hquid,  a  measure  full  at  a  time,  in  a  gallon 
measure,  and  conclude,  for  example,  that  the  number  of  gallons 
is  12i.  In  this  case  the  number  12§  is  taken  from  the  arith- 
metical scale  of  numbOTs,  0,  1,  2,  3,  4,  .  .  .  If  we  desire  to  meas- 
ure the  height  of  a  stake  above  the  ground,  we  may  apply  a 
foot-rule  and  say,  for  example,  that  the  height  in  inches  above  the 
ground  is  12^,  or,  if  the  positive  sign  indicates  he^ht  above  the 
ground,  we  may  say  that  the  height  in  inches  is  +  12J'.  In 
this  latter  case  the  number  +  12}  has  been  selected  from  the 
aijeiiraic  scale  of  numbers  .  .  .  —  4,  —  3,  —  2,  —  1,  0,  +  1, 
+  2,  +  3,  +  4,   .    .    . 

The  scale  of  numbers  which  must  be  used  to  express  the  value  of  a 
magnitude  depends  entirely  upon  the  nature  of  the  magnitude.  The 
attem.pt  to  express  certain  magnitudes  by  means  of  numbers  taken 
from  the  algebraic  scale  niay  sometimes  lead,  as  every  student  of 
algebra  knows,  to  meaningless  absurdities.  Thus  a  problem  involving 
the  number  of  sheep  in  a  pen,  or  the  number  of  marbles  in  a  box,  or 
the  number  of  gallons  in  a  cask,  cannot  lead  to  a  negalive  result,  for 
the  magnitudes  just  named  are  arithTndical  quantUies  and  their  meas- 
urement leads  to  a  number  taken  from  the  arithmetical  scale.  The 
absurdity  that  sometimes  appears  in  results  to  problems  oonceming 
these  magnitudes  is  due  to  the  fact  that  one  attempts  to  apply  the 
notion  of  algebraic  number  to  a  magnitude  that  does  not  permit  of  it. 
Science  deals  with  a  great  many  different  kinds  of  magnitudes,  the 
measurement  of  some  of  which  leads  to  arithmetical  numbers  while  the 
measurement  of  others  leads  to  algebraic  numbers;  the  remarkable 
fact  is  that  two  different  number  scales  serve  adequately  to  express 
magnitudes  of  so  many  dilferent  sorts.  The  magnitudes  of  science 
are  so  various  in  kind  that  one  might  reasonably  expect  that  the  num- 
ber of  number  systems  required  in  the  mathematics  of  these  scieaces 
would  be  very  great. 
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,  The  luithmetical  scale,  which  includes  integral  and  fractional 
aumbers,  is  itself  more  general  than  is  required  for  the  expression  of 
some  magnitudes.  For  some  magnitudes /rodtons  are  absurd — quite 
SB  absurd,  in  fact,  as  negative  values  are  for  other  magnitudes.  Thus 
the  number  of  teeth  on  a  gear  wheel  camiot  be  a  fraction.  The 
solution,  of  the  following  problem  illustrates  this:  "How  many  teeth 
must  be  cut  on  a  pinion  so  that  wheu  driven  by  a  spur  gear  wheel 
of  fifty-two  teeth  it  will  revolve  exactly  five  times  as  fast  as  the  gaar 
wheel?" 

The  arithmetical  scale  is  used  when  we  enumerate  tbe  number  of 
gallons  in  a  cask  and  say:  0,  1,  2,  3,  .  .  .  If  we  observe  3  gal- 
lons in  the  cask,  and  then  remove  one,  we  note  those  reratuning  and 
say  two;  we  may  remove  another  gallon  and  say  one;  we  may  remove 
the  last  gallon  and  say  sero;  but  now  the  magnitude  has  come  to  an 
end — no  more  liquid  may  be  removed. 

Another  conception  of  numerical  magnitude  is  used  when  we  meas- 
ure in  inches  the  height  of  a  stake  above  the  ground  and  say  three 
We  may  drive  the  stake  down  an  inch  and  say  two;  we  may  drive  the 
stake  another  inch  and  say  one;  we  may  drive  the  stake  another  inch 
and  say  zero,  or  "level  with  the  ground;"  but,  unlike  the  case  of  the 
gallons  in  the  cask,  we  need  not  stop  but  may  drive  the  stake  anotbw 
inch  and  say  one  bdow  the  ground,  or,  for  brevity,  ffltnu*  one;  and  so  on 
indefinitely,  but  always  prefixing  "minus"  or  "below  the  ground" 
or  some  expression  that  will  show  the  relative  position  with  respect  to 
the  zero  of  the  scale.  In  this  case  we  have  made  use  of  the  algebraic 
scale  of  numbers. 

Likewise,  in  estimatiog  lime,  there  is  no  zero  in  the  sense  of  the 
gallons  in  the  cask  from  which  to  reckon;  we  cannot  conceive  of  an 
event  so  far  past  that  no  other  event  preceded  it;  we  therefore  select  a 
standard  event,  and  measure  the  time  of  other  events  with  reference 
to  the  lapse  before  or  after  that;  that  is,  we  measure  time  by  means  of 
the  algebrceic  scale;  the  symbols  "B.C."  or  "A.D."  oould  quite  as  well 
bereplacedby  the  symbols  "minus"  and  "plus"  of  the  algebraic  scale. 
Thezerousedisanarbitrary  oneand  the  magnitude  exists  in  reference 
to  it  in  two  opposite  senses,  future  and  past,  or,  as  is  said  in  algebra, 
positive  and  negative.  We  are  likewise  obliged  to  recognize  quantity 
as  extending  in  two  opposite  senses  from  zero  in  the  attempt  to  measure 
many  other  things;  in  locating  points  along  an  east  and  west  Une,  no 
point  is  so  far  west  that  there  are  no  other  points  west  of  it,  hence  the 
paints  could  not  be  located  on  an  arithmetical  scale;  the  same  in 
measuring  force,  which  may  be  attractive  or  repulsit'e;  or  motion,  which 
may  be  toward  or  from,  or  rotation,  which  may  be  docktuite  or  antt- 
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dockwise,  etc.  Because  of  the  neceaaity  of  measuring  such  magoi- 
tudes,  our  aotioa  of  algebraic  number  has  arisen. 

Many  of  the  magnitudes  eonaidered  in  acience  are  completely  ex- 
pressed by  means  of  arithmetical  cumbers  only;  for  example,  such 
magnitudes  as  density  or  specific  gravity;  lemperat'wre;^  electrical  re- 
sistance; quantity  of  energy;  such  as  ergs,  joules  or  foot-pounds; 
power,  such  as  horse  power,  kilowatts,  etc.  All  of  the  magnitudes 
just  mentioned  are  scalar,  as  it  is  called;  that  is,  they  exist  in  ooe 
sense  only — not  in  one  s.-nse  and  abo  in  the  opposite  sense,  as  do 
forces,  velocities,  distances,  as  explained  above.  The  arithmetical 
scale  of  numbers  is  therefore  ample  for  their  expression. 

The  distinction,  then,  between  an  algebraic  number  and  an  arith- 
metical number  is  the  notion  of  sense  which  must  always  be  assodated 
with  any  algebraic  number.  Thus  an  algebraic  number  not  only 
answers  the  question  "how  many"  but  also  affirms  the  sense  in  which 
that  number  is  to  be  understood;  thus  the  algebreic  number 
+  121,  if  arising  in  the  measurement  of  angular  magnitude,  refers  to 
an  angular  magnitude  of  12)  units  (degrees,  or  radians,  etc.)  taken 
in  the  sense  defined  as  positive  rotation. 

Exeidaes 

Of  the  following  magnitudes,  state  which  may  and  which  may  not 
be  represented  adequately  by  an  trithmetical  number: 


1.  .10  volts. 

2.  15  celories. 

3.  25  dynes. 

4.  2  kilograms. 

6    20  miles  per  hour. 

6.  4  acre-feet. 

7.  180  revolutions  per  second. 

8.  6-cylinder  (engine). 

9.  3 'atmospheres. 

10.  20  light-years. 

11,  27°  visual  angle. 

la.  Atomic  weight  of  oxygen. 

13.  28  amperes. 

U.  7}  pounds  per  gallon. 


i.  10°  centigrade. 
i.  272°  absolute  temperature. 
'.  16ffetpersecoad  (velocity). 
.  32.2  feet  per  second  per  sec- 
ond (acceleration). 
,  200  gallons  p&  minute. 
'.  20  pounds  per  square  inch. 
..  60  horse  power. 
I.  1.15  radians  per  second. 
..  30°  latitude. 
:.  14°  angle  of  depression. 
.  18  cents  per  gallon. 
i.  60  beats  per  minute. 
.  5360  feet  above  s( 
i.  312  B.C. 


'a  do«B  not  exist  in  (i 
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200.  Algebraic  Number  Not  die  Most  General  Sort    Algebraic 

numbers,  although  mare  general  than  arithmetical  numbers,  are. 
themselves  quite  restricted.  Sir  William  Hamilton,  in  ordOT  to 
emphasize  the  restricted  character  of  an  algebraic  number,  called 
a^ebra  the  "science  of  pure  time."  That  is,  algebraic  magnitude 
exists  in  the  same  restricted  sense  that  time  exists — because  if  we 
fix  our  attention  upon  any  event,  time  exists  in  one  sense  (future) 
and  in  the  exactly  opposite  sense  (past),  but  in  no  other  sense  at  all. 
Likewise,  with  the  algebraic  numbers,  each  number  ccnesponds  to 
a  point  of  the  algebraic  scale  (see  §1);  but  for  points  not  on 
the  scale,  or  for  points  sidewise  to  the  same,  there  corresponds  no 
algebraic  number.  This  is  a  way  of  saying  that  the  algebraic 
scale  is  one-dimension(U;  Sir  William  Hamilton  desired  to  emphasize 
this  restriction  by  speaking  of  the  "science  of  pure  time,"  for  it 
is  of  the  very  essence  of  the  notion  of  time  that  it  has  one  dimension 
and  one  dimension  only.  It  is  thus  seen  that  there  is  an  opportu- 
nity of  enUi^ing  our  conception  of  number  if  we  can  remove  the 
restriction  of  one  dimension — that  is,  if  we  can  get  out  of  the  line 
of  the  algebraic  scale  and  set  up  a  number  system  such  that  one 
number  of  the  system  will  correspond,  for  example,  to  each  point  of 
a  plane,  and  such  that  one  point  of  the  plane  will  correspond  to 
each  number  of  the  system.  We  will  seek  therefore  an  exten- 
sion or  generalization  of  the  number  system  of  algebra  that  will 
enable  us  to  consider,  along  with  the  points  of  the  algebraic  scale, 
those  points  which  he  without  it. 

201.  Numbers  as  Operators.  The  extension  of  the  numbw 
system  mentioned  in  the  last  section  may  be  facilitated  by  chaining 
the  conception  usually  associated  with  symbols  of  number.  The 
usual  distinction  in  algebra  is  between  symbols  of  nUTnber  and  sytn- 
boh  of  operation.  Thus  a  symbol  which  may  be  looked  upon  as 
answering  the  question  "bow  many"  is  called  a  numb^,  while  a 
symbol  which  tells  us  to  do  something  is  called  a  symbol  of  opera- 
tion, or,  simply,  an  operator.  Thus  in  the  expression  ^/2,  \/  is 
a  symbol  of  operation  and  2  is  a  number.  A  symbol  of  operation 
may  always  be  read  as  a  verb  in  the  imperative  mood;  thus  we 
may  read  \^:  "Take  the  square  root  of  x."  Likewise  log  x, 
and  eoae  mayberead:  "Find  the  logarithm  of  a;,"  "Take  the  cosine 
of  6,"  etc.     In  these  expressions  "log"  and  "coa"  are  symbols  of 
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Operation;  th^  tell  us  to  do  something;  they  do  not  answer  the 

qu^tion  "how  many"  or  "how  much"  and  hence  are  not  numbers. 
Here  we  speak  of  \J,  log,  cos,  as  operators;  we  speak  of  x  as  the 
operand,  or  that  which  is  operated  upon. 

It  is  interesting  to  note  that  any  nuwber  may  be  regarded  as  a 
symbol  of  operation;  by  doing  so  we  very  greatly  enlarge  some 
original  conceptions.  Thus,  10  may  be  r^arded  not  only  as  ten, 
answering  the  question  "how  many,"  but  it  may  quite  aa  well  be 
regarded  aa  denoting  the  operation  of  taking  unity,  or  any  other 
operand  that  follows  it,  ten  times;  to  express  this  we  may  write 
10-1,  in  which  10  may  be  called  a  tensor  (that  is,  "stretcher"), 
or  a  symbol  of  the  operation  of  stretching  a  unit  until  the  result 
obtained  is  tenfold  the  size  of  the  unit  itself.  In  the  same  way 
the  symbol  2  may  be  looked  upon  aa  denoting  the  operation  of 
doubling  unity,  or  the  operand  that  follows  it;  likewise  the  tensor 
3  may  be  looked  upon  aa  a  trebler,  4  as  a  quadrupler,  etc. 

With  the  usual  understanding  that  any  symbol  of  operation 
operates  upon  that  which  followa  it,  we  may  write  compound 
operators  like  2'2'3-l.  Here  3  denotes  a  trebler  and  3-1  denotes 
that  the  unit  is  to  be  trebled,  2  denotes  that  this  result  is  to  be 
doubled  and  the  next  2  denotes  that  this  result  is  to  be  doubled. 
Thus  r^resenting  the  unit  by  a  line  running  to  the  right,  we  have 
the  following  representation  of  the  operatora: 

The  unit  -* 


2-2-31 


Notice  the  significance  that  should  now  be  assigned  to  an  expo- 
nent attached  to  these  (or  other)  symbols  of  operation.  The 
exponent  means  to  repeal  the  operalion  designated  by  the  operator; 
that  is,  the  operation  des^nated  by  the  base  ia  to  be  performed, 
and  performed  again  on  this  r^ult,  and  so  on,  the  number  of  opera- 
tions being  denoted  by  the  exponent.  Thus  10'  means  to  pf  rform 
the  operation  of  repeating  unity  ten  times  (indicated  by  JO)  and 
then  to  perform  the  operation  of  repeating  the  result  ten  times, 
that  ia,  it  means  10  (10-1).  Also,  10'  means  10[10(10'1)].  Like- 
wise log'  30  means  log(log  30)  which,  if  the  base  be  10,  equals 
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log  1.4771,  or  finally  0.1694.  An  apparent  exception  occurs  in 
the  caae  of  the  trigonometric  functions.  The  expression  cos*  x 
akovid  mean,  in  this  notation,  cos  (cosx),  but  because  trigonometry 
ia  historically  so  much  older  than  the  ideas  here  expressed,  the 
expre^ion  cos'  x  came  to  be  used  as  an  abbreviation  for  (cos  x)*, 
or  (cosi)  X  (cosi). 

To  be  conBtstent  with  the  notation  of  dementary  mathematics, 
the  expression  \/4,  looked  upon  as  a  symbol  of  operation,  must 
denote  an  operation  which  must  be  performed  tmce  in  order 
to  be  equivalent  to  the  operation  of  quadrupling;  that  is, 
such  that  (v^)^  =  4.  Likewise  V4  denotes  an  operation  which 
must  be  performed  three  times  in  succession  in  order  to  be 
equivEdent  to  quadrupling.  But  we  know  that  the  operation 
denoted  by  2,  if  performed  twice,  is  equivalent  to  quadrupling; 
therefore  v^  =  2,  etc.  Just  as  4',  4',  etc.,  may  be  called  stronger 
tensors  than  a  single  4,  so  -^/i,  V4  may  be  caUed  weaker  tensors 
than  the  operator  4. 

202.  Reversor.  The  expression  (  —  1),  looked  upon  as  a 
symbol  of  operation,  is  not  a  tensor,  as  it  leaves  the  size  unchanged 
of  that  upon  which  it  operates.  If  this  operator  be  applied  to 
any  magnitude,  it  will  change  the  sense  in  which  the  magnitude 
is  then  taken  to  exactly  the  opposite  sense.  Thus,  if  6  stands 
for  six  hours  after,  then  (  —  1}(6}  stands  for  six  hours  b^ore 
a  certain  event,  and  (  —  1)  is  the  symbol  of  this  operation  of 
reversing  the  sense  of  Ike  magnittide.  Also  if  (6)  stands  for  a 
hne  running  six  units  to  the  righi  of  a  certain  point,  then 
(  —  1)(6)  stands  for  a  line  running  six  units  to  the  left  of  that 
point,  BO  that  (  —  1)  is  the  symbol  which  denotes  the  opera- 
tion of  turning  the  straight  h'ne  through  180°.  As  2,  3,  4,  when 
looked  upon  as  symbols  of  operations,  were  caUed  tensors,  the 
operator  (  —  1)  may  conveniently  be  des^nated  a  rerersor. 

Exercisea 

Show  graphioally  the  effect  of  the  operations  indicated  in  each  of 
the  following  exercises.  Take  as  the  initial  unit-operand  a  straight 
line  1/2  inch  long  extending  to  the  right  of  the  zero  or  initial  point. 
Explain  each  expression  aa  consisting  of  the  operand  unity  and  sym- 
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'-S.   -I-31. 

4.  2'1. 
-  ».  V31. 

6.  (V2)';l. 
.    7.  v'9V4l. 


8.  (v'4)>-(-.l)-l. 
'--»^(-l)»-2>-3-l. 
10.  3-3»l. 
—11.  (-l)'-2'-l. 
18-  3-(-l)V2-l. 

13.  (V2)-(-l)"«-i: 

14.  v^-2-(-l)-l. 


C\jn)% 


(\[TI)'. 


16.     A  tensor,  if  permitted  to  operate  seven  times  in  Buccession, 
vrill  just  double  the  operand.     Symbolize  this  tensor. 

16.  A  tensor,  if  permitted  to  operate  five  timea  in  Buooession,  will 
quadruple  the  operand.     Symboliie  this  tensor. 

203.  Versors.  The  expression  V—  1  cannot  consistently, 
with  the  meaning  abeady  assigned  to  \/and  (  — l),belookedupon 
aa  answeriag  the  question 
"how  many,"  and  therefore 
Is  not  a  number  in  that  sense; 
yet  if  we  consider  V—  1  *s 
a  symbol  of  opeTation,  it  can 
be  givea  a  meaning  consistent 
with  the  operators  already 
considered.  For  if  2  is  the 
operator  that  doubles,  and 
\/2  ia  the  operator  that  when 
used  twice  doubles,  then  since 
(  —  1)  is  the  operator  that 
reverses,  the  expression 
V—  1  should  be  an  operator 
which,  when  used  twice,  re- 
verses. So,  as  (  —  1)  may  be  defined  as  the  symbol  wh  ch 
operates  to  turn  a  straight  line  through  an  ai^le  of  180°,  in  a 
similar  way  xve  may  define  the  expression  \/~—  1  as  a  symbol 
which  denotes  the  operation  of  turning  a  straight  line  through  an 
angk  of  90°  in  the  positive  direction.  The  restriction  of  positive 
rotation  is  inserted  in  the  definition  merely  for  the  sake  of 
convenience. 


Ug. 


Fig.  138.— The  Integral  Powers  oS 
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The  symbols  (  —  I)  and  V—  1  *re  not  tenaore.  They  do  not 
represent  a  stretching  or  contracHng  of  the  operaad.  Their  effect 
is  merely  to  turn  the  operand  to  a  new  direction;  hence  these 
symbols  may  be  called  verEOrS)  or  "turners." 

201.  Gia^c  Representatioii  of  \/^^  In  Fig.  138,  let  a  be 
any  line.  Then  a  operated  upon  by  V—  1  (that  is,  \/—  1  a)  is 
turned  anU-docktnise  through  90°,  which  gives  OB.  Now,  of 
course,  V—  1  can  operate  on  V—  1  *  juat  as  well  as  on  a. 
Then  v^H^  IV^^  o),  or  OC,  is  y^^  a  turned  posi- 
tively throi^h  90°.  Similarly,  \/ -  1  [v^^(v'^rT  «)]  jg 
\/^  C\/^^  ffl)  turned  through  90°,  etc. 

As  we  are  at  liberty  to  consider  two  turns  of  90°  as  equivalent  to 
one  turn  of  180°,  therefore,  y/^^i\/^a)  =  (-l)a.  Now 
OD  =  (-1)  OB,  0D=  i-l)  (v^io);  but  also  OD  =- 
V  -  1  {-  a),  therefore,  (  -  1)  ■sA^  a  -  v'^^  (  -  a). 
Thus  the^student  may  show  many  like  relations. 

The  operator  \/  —  1  is  usually  represented  by  the  symbol  i  and 
will  generally  be  ho  represented  in  what  follows 


Exerdses 

Interpret  each  of  the  following  expressions  as  a  symbol  of  operaUon: 

1.  2,  3,  4,  -1. 

a.  3',  2',  4",  (-1)',  (-!)». 

8.  V2,  V3,  V  -  i>  V2,  V^l- 

Select  a  convenient  unit  and  construot  each  of  the  following  expree- 
eions  geometrically,  explaining  the  meaning  of  each  operator: 

4.  2-3-51.  7.  (-l)'V^l-l 

B.  2'-(-I)-l.  8.  2M-l)'-(v'-'i)*-l- 

«.  3V'^21.  6.  SV^lt-DV^n^-l. 

SOS.  Complex  Numbers.  The  explanation  of  the  meaning  of 
the  symbol  (a  +  6i)  will  be  given  in  the  following  section.  It 
will  be  shown  in  subsequent  theorems  that  any  expres^on  made 
up  of  the  sum,  product,  power  or  quotient  of  real  numbers  and 
imaginaries  may  be  put  in  the  form  a  +  in,  in  which  both  a  and 
b  are  real.  The  expression  o  +  &i  is  therefore  said  to  be  the 
ty|ucal  form  of  the  imaginary.    An  expressbn  of  the  form  a  +  bi 
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is  also  called  a  complex  number,  since  it  contains  a  term  taken 
from  each  of  the  following  flcale3,  ao  that  the  unit  is  not  single 
but  double  or  complex: 

■  ■       -3,-2,   -  1,  0,  +  1,  +  2,   +  3,    .    .    . 

■  ■    •    -  3i,  -  2t,  -i,  0,-i-i,  +2i,+3i,  .    .    . 

It  is  important  to  note  that  the  only  element  common  to  the  two 
series  in  this  complex  scale  is  0. 

206.  Meaning  of  a  Complex  Number.  Any  real  number,  or 
any  expression  containing  only  real  numbers,  may  be  consid- 
ered as  locating  a  point  in  a  line. 

Thus,  suppose  we  wish  to  draw  the  expression  2  +  5.  Let  Obe 
the  zero  point  and  OX  the  positive  direction.  Lay  oft  OA  =  2  in 
the  direction  OX  and  at  A  lay  off  AB  =  5  in  the  direction  OX. 
Then  the  path  OA  +  AB  is  the  geometrical  representation  of 
2  +  5. 

0  A  B  X 


Any  complex  number  may  be  taken  as  the  representation  of  the 

position  of  a  point  in  a  plane.     For,  suppose  c  +  di  ia  the  complex 
number.    Let  0  be  the  zero 
point    and    OX    the  positive 
direction.     Lay  off  OA  =  +  c 
in  the  direction    OX  and  at 
A   erect   di    in    the  direction 
OY,  instead  of  in  the  direction 
OX  as  in  the  last  example.   < 
See  Fig.    139.    It   is  agreed 
to  consider  the  step  to  the 
right,   OA,   followed  by  the  , 
step    upward,    AP,    as     the 
Ttieatdng  of  the  complex  num- 
ber c  +  di.     Either  the  broken  path  OA  +  AP  or  the  direct  path 
OP  may  be  taken  as  the  representation  of  c+  di,  and  either  path 
constitutes  Uie  definition  of  the  sum  of  c  and  di. 

In  the  same  manner  c  —  di,  —  c  —  di  and  —  c  +  di  may  be 
constructed. 

The  raeanii^  of  some  of  the  laws  of  algebra  as  applied  to  imagi- 
naries  may  now  be  illustrated.    Let  us  construct  c  +  di  +  a  +bi. 


:,.;,l,ZDdbyG00gle 


360       ELEMENTARY  MATHEMATICAL  ANALYSIS       I  §207 

The  first  two  terms,  c  +  di,  give  OA  +  AB,  locating  B  (Fig. 
140).  The  next  two  terms,  a  +  M,  give  BC  +  CP,  locating  P.- 
Hence  the  entire  expression  locates  the  point  P  with  reference  to  O. 
Now  if  the  original  expreBsion  be  changed  in  any  manner  allowed  by 
the  laws  of  algebra,  the  result  is  merely  a  different  path  to  the  same 
point.     Thus; 

c  +  a    +di  +  bi  is  the  path  OA,  AD,  DC,  CP 
(fi+a)  +  (.d  +  b)i  is  the  path  OD,  DP 
a  +  di+c    +  M  is  the  path  OE,  EH,  HC,  CP 
a  +  di  +  W  +c    is  the  path  OE,  EH,  HF,  FP,  etc. 
The  student  should  consider  other  cases.     Are  thwe  any  method 
of  locatii^  P  with  the  same  four  elements,  which  the  figure  does  not 
illustrate? 


S 

+  I_ hJ. B  a       C 

O E.  jj 

~-  -^-         --    %'      *    "        D 


)  th« 


207.  Laws.  It  can  be  ehowa  by  simple  geometrical  construc- 
tioD  that  the  operator  i,  aa  defined  above,  obeys  the  ordinary 
taws  of  algebra.  We  can  then  apply  all  of  the  elementary  laws  of 
alegbra  to  the  symbol  t  and  work  with  it  just  as  we  do  with  any 
other  letter.    The  following  are  illustrations  of  each  law: 

CoMMtrTATIVB  LaWT 

c  +  di  +  a  +  H  '-c-ya  +  di  +  bi  =  di  +  c  +  !n  +  a,elc. 
at  -=  ia,  iai  =  tia  =  ait,  etc. 

The  equation  lO-v/^  =  V^IO.  or  better,  lOv"^-!  - 
V—  I'lOl  may  be  said  to  mean  that  the  result  of  performing  the 
operation  of  turning  unity  through  90°  and  performing  upon  the 
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result  the  operation  of  taking  it  ten  times,  is  the  same  as  the  result 
of  performing  the  operation  of  taking  unity  ten  times  and  per- 
frrming  upon  this  result  the  operation  of  turning  through  90°. 

AsaociATivB  Law: 

(c  +  di)  +  ia  +  U)   -  c  +  idi  +  a)  +  in,  etc. 
{ab)i  =  a(6i)  "=  ofet,  etc. 

DrsTKiBUTiVE  Law  : 

(a  +  b)i  =  at  +  hi,  etc. 

The  expression  \/~  a,  where  a  is  any  number  of  the  arith- 
metical scale,  is  defined  as  equivalent  to  \/^^T^;that  is,  V—  » 
=  i\/a.  For  example,  \/^^  =  2t,  V—  3  =  i\^,  etc.  In 
what  follows  it  is  preBupposed  that  the  student  will  reduce  expressions 
of  the  form  s/  —  a  to  the  form  i  Vo  before  performing  algebraic  op- 
erations. From  this  it  follows  that  \/—  a  V  —  6  =  —  \/a£  and 
not  \/ab. 

The  relation  V  — 4  —  2  v"^  may  be  interpreted  aa  foUowa:  (■-  4) 
is  theoperator  that  quadruples  and  reverses;  then  V  —  4  i^  ^°  operator 
which  used  twice  quadruples  and  reverses.  But '2  V'—  1  is  an  opera- 
ten'  such  that  two  such  operators  quadruple  and  reverse.  That  is, 
V^4  =  2v'^. 

208.  Powers  of  i    We  shall  now  interpret  the  powers  of  i  by 
means  of  the  new  s^niiicance  of  an  exponent  and  by  the  commu- 
tative, associative  and  other  laws.     First: 
t"  or  io  1  =  -i-  1  i'  =  iH  =      X 


i*  ■=  iH^  =  +  1  etc.  etc. 

Whence  it  is  seen  that  all  even  powers  of  i  are  either  4- 1  or  ~  1 , 
and  alt  odd  powers  are  eitha:  t  or  —  i.  The  student  may  reconcile 
this  with  F^.  138.  The  zero  power  of  i  must  be  unity,  for  the 
exponent  zero  can  only  mean  that  the  operation  denoted  by  the 
symbol  of  operation  is  not  to  be  performed  at  all;  that  is,  unity  is  to 
be  left  unchanged;  thus  10"  or  10'  ■  1  =  1,  2'  =  1,  log"  x  =  x, 
sin"  X  =  X,  etc. 
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Exerdses 

Select  as  unit  a  distance  1/2  inch  in  length  extending  to  the  right 
and  represent  graphically  each  of  the  following  expressions: 
L  i  +  2i>  +  3i'  +  4i*  +   -    .    . 
2.  i  +  t«  +  i«  +  i'  +  i»  +  .    .    . 
8.  i  +  i<  +  i'  +  i'  +  i'  +  i"  +  .    .    . 
4.  t(i  +  i»  +  i'  +  i'  +  i'  +  i"+   .    .    .   ). 
8.  »  +  i'  +  i'  +  2i<  +  i*  +  t-  +  i'  +  3i'  +   .    .    . 

209.  Two  complex  numbers  ai«  said  to  be  conjugate  if  they 
differ  only  in  the  sign  of  the  term  contaimng  yj  —  1.  Such  are 
%  +  iy  and  x  —  iy. 

Conjugate  imaginaries  have  a  real  sum  and  a  real  prodvct. 

For:  {x  +  yi)  +  (x  -  yi) 

=  x  +  j;i-\-x—  yi,hy  associative  law 
=  x  +  X  +  yi  —  yi,by  commutative  law 
=  2x  +  {yi  —  yi),  by  associative  law 
=  2x  +  (y  —  y)i,  by  distributive  law 

Likewise:  (x  +  yi){x  —  yi) 

=  x{x  —  yO  +  yi{x  —  yi),  by  distributive  law 
=  I*  —  xyi  +  yix  —  yiyi,  by  distributive  law 
=  X*  —  yV  +  xyi  ~  xyi,  by  commutative  law 
=  i'  +  y'  +  (xy  —  xy)i,  by  distributive  law  and  by 
substituting  i'  ■■  —  1 

=  X^  +  yt 

It  is  well  to  note  that  the  ■prodwA  o/  two  conjugaie  complex 
nunAeri  is  always  positive  and  is  the  sum  of  ttao  squares. 

This  fact  is  very  important  and  will  be  frequently  used.    Thus 
(3  _  4i)(3  +  4i)  =  3»  +  4»  =  25;  (I  +  i)(l  -  i)  =  2 
(cos  ff  +  i  Bin  fl)(co3  6  —  i  sin  6)  =  cos'  8  +  sin*  9=1,  etc. 

210.  The  sum,  product,  or  quotient  of  two  complex  numbers  is, 
in  general,  a  complex  number  of  the  typical  form  a  +  H. 

Let  the  two  complex  numbers  be  x  +  yi  and  u  +  w. 
(1)  Their  sum  is  (i  +  yt)  +  (u  +  vi) 

=-x  +  yi  +  u  +  tn 

=  x  +  u  +  yi  +  vi 

-  (x  +  «)  +  (y  +  v)i 
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by  the  laws  of  algebra.    This  last  expression  is  in  the  form  a  +  6t, 

(2)  Their  product  ia  (x  +  yi)iu  +  vi) 

=  xiu  +  vi)  +  yi(.u+vi) 
=  xu  +  xvi  +  yiu  +  ywi 
=  xtt  +  yvi^  -^  xei-\-  yui 
=  {xu  -  yti)  +  (ot  +  yu)i 
by  the  laws  of  algebra.    This  last  expression  is  in  the  form  o  +  bi. 

(3)  Their  quotient  is 

a^  +  yt  ^  ix  +  yi){u-vi) 
w+ w      («+mJ(«-w) 
By  the  preceding,  the  numerator  is  of  the  form  o'  +  h'l.    By 
§209,  the  denominator  equals  u'  +  f'-    Then  the  quotient  equals 
o'  +  h'i  a'  b'       . 

u'  +  v^  '  u'  +  v''^u'  +  v''■ 
by  distributive  law.    This  last  expression  is  of  the  form  a  +  bi. 

Ezerdses 

Eaduce  the  following  expressions  to  the  typical  form  a  +  bi; 
the  student  must  change  every  imaginary  of  the  form  i/  -  ato  the 
form  i  Vo- 

'~  1.    V^^  +  V -  49  +  V~m  -  V-  64  -  6t. 

2.  (2V^  +  3V^)(4V^ -SV^).    5. -J    fVf-i    -'y 


8.  (a  -I2  +  3tJ)(ar  -  [2  -  3i]}. 

-!■/  + 

4.  (--5  +  12V-I)'. 

•6.  {Vl  +  i){Vl  -i). 

—   8.  (3  -  4V^1)'. 

7.  (Vr-V-e)'. 

~    '-^r-^^' 

"•^.- 

2 

1     —    l" 

''■3  +  V^2' 

"■(.-<)■■               " 

_56 ..-"■"  ;    .  ,  .         1-2V^ 

-  V-7         ^  ~  J.  1  +2V-3' 

-i  "  ,,     (2+3V-T)' 

- 1'  2  +  V  -  1 
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211.  Irrational  Numbers.  A  rational  number  is  a  aumber  that 
caa  be  expressed  as  the  quotient  of  two  iategers.  All  other  real 
numbers  are  irratiooaL  Thus  \/2,  \/%,  '\/7,'Jr,  e,are  irrational 
numbers.  An  irrational  number  is  always  intermediate  in  value 
to  two  rational  numbers  which  differ  from  each  other  by  a  number 
aa  small  as  we  please.     Thus 

1-414      <  V2  <  1.415 
1.4142     <  \/2  <  1,4143 
1.41421  <  y/2  <  1.41422,  etc. 
It  is  easy  to  prove  that  ■\/2  cannot  be  expressed  as  the  quotient 
of  two  integers.    For,  if  possible,  let 

V2^l  (1) 

where  a  and  b  are  integers  and  t  is  in  its  lowest  terms.     Squaring 
the  members  of  (1)  we  have 

2-^"  (2) 

This  cannot  be  true,  since  2  is  an  int^er  and  a  and  b  are  prime 
to  each  other. 

An  irraHonal  number,  when  expressed  in  the  decimal  scale,  it 
never  a  repealing  decimal.  For  if  the  irrational  number  could  be 
expressed  in  that  manner,  the  repeating  decimal  could  be  evalu- 
ated by  §123  in  the  fractional  form  i~^r~T  ^^^'^^i  ^y  definition 
of  an  irrational  number,  is  impossible.  On  the  contrary,  every 
rational  numfeer  when  expressed  in  the  decimal  scale  is  a  repeating 
decimal.     Thus  1/3  =  0.33   ...  and  1/4  =  0.25000.   .    .    . 

The  proof  that  t  and  e  are  irrational  numbers  is  not  given  in 
this  book. 

See  Monographe   on  Modern  Malkematici,  edited  by  J.  W.   A. 

The  student  should  not  get  the  idea  that  because  irrat'onal  numbers 
are  usually  approximated  by  decimal  fractions,  that  the  irrational 
number  itself  is  not  exact.  This  can  be  illustrated  by  the  graphical 
construction  of  VS-  Locate  the  point  P  whose  coSrdinates  are  (1,1). 
Call  the  abscJaaa  OD  and  the  ordinate  DP.  Then  OP  =  ^2  and 
OD  =  1,  DP  =  1.     It  is  obvious  that  the  hypotenuse  OP  must  be 
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considered  just  as  exiui  or  definite  as  the  legs  OD  and  DP.  The 
notion  that  irrational  numbers  are  inexact  must  be  avoided. 

The  prooees  of  counting  objects  can  be  oarried  out  by  use  of  the 
primitive  scale  of  numbers  0,  1,  2,  3,  4,  .  .  .  The  other  numbers 
made  use  of  in  mathematics,  namely, 

(I)  positive  and  negative  numbers 

*  (2)  int^ral  and  fractional  numbna 

(3)  rational  and  irrational  numbers 

(4)  real  and  imaginary  numbers 

may  be  looked  upon  as  classes  of  numbers  that  permit  the  opera- 
tions subtraction,  divUAon  and  evduHon,  to  be  carried  out  under  all 
circumstances.  Thus,  in  the  history  of  algebra  it  was  found  that  in 
order  to  carry  out  subtraction  under  all  drcumatances,  negative  num- 
bers were  required;  to  carry  out  division  under  all  circumstances,  frao 
tions  were  required;  to  carry  out  evolution  of  arithmetical  numbers 
under  all  circumstances,  irrational  numbers  were  required;  finally  to 
carry  out  evolution  of  algebraic  numbers  under  all  circumstances, 
imaginariea  were  required.  It  will  be  found  that  it  will  not  be  neces- 
sary to  introduce  any  additional  form  of  number  into  algebra;  that 
is,  the  most  general  number  required  is  a  number  of  the  form  a  -\-bi, 
where  a  and  b  are  positive  or  negative,  integral  or  fractional,  rational 
or  irrational.  This  is  the  most  general  number  that  satisfies  the  fol- 
lowing conditions: 

(a)  The  possibility  of  performing  the  operations  of  algebra  and 
the  inverse  operations  under  all  rarcumstances. 

(b)  The  conservation  or  permanence  of  the  fundamental  laws  of 
algebra;  namely,  the  commutative,  assodative,  distributive  and  index 

Further  extension  of  the  number  system  beyond  that  of  complex 
numbers  leads  to  operators  which  do  not  obey  the  commutative  law  in 
multiplication;  that  is,  in  which  the  value  of  a  product  is  dependent 
upon  the  order  of  the  factors,  and  in  which  a  product  does  not  neces- 
sarily vanish,  when  one  factor  is  zero.  Numbers  of  this  kind  the 
student  may  later  study  in  the  introduction  to  the  study  of  deotro- 
magnetic  theory  under  the  head  of  "Vector  Analysis"  or  in  the 
subject  of  "  Quaternions."  Such  numbers  or  operators  do  not  bdong 
to  the  domain  of  numbers  we  are  now  studying. 

212.  //  a  complex  number  is  eqwU  to  zero,  the  imaginary  and 
real  parts  are  aeparcUely  e^ual  to  zero. 
Suppose  X  +  y  '^  —I  =  0 

then  a:  =  -  y  V  —  1 
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Now  it  is  sbsurd  or  impossible  thst  a  real  aumbra  should  equal 
an  ima^ary,  except  they  each  be  zero,  since  the  real  and  im^- 
luuy  scales  are  at  right  angles  to  each  other  and  intersect  only  at 
the  point  zero. 
Therefore:  a;  *  0  and  y  =  0 

//  two  complex  numbers  are  equal,  then  the  real  and  the  imaginmry 
■parts  muit  he  respectively  equal. 


then  {x-u)-^{y-  v)i  =  0 

Whence,  by  the  above  theorem, 

1  —  u  =  0  and  y  —  V  =  a 
That  is,  X  =  u  and  y  =  v 

r^l^  Modulus.  Let  the  complex  number  x  +  j/t  be  constructed, 
aa  m  Fig.  141,  in  which  OA  =  x  and  AP  =  yi.  Draw  the  line 
OP,  and  let  the  angle  AOP  be  called  8. 

Thenumericallengthof  Ofiscalledthemodulusof  the  complex 
number  x  +  yi.  It  \a  algebraically  represented  byVx*  +  y', 
or  by  \x  +  yi\.    Thus,  mod  (3  +  4t)  •=  V9  +  16  =  5. 

The  student  can  easily  see 
that  two  conjugate  compUx 
numbers  have  the  same  modu- 
lus, which  is  the  positive  value 
of  the  square  root  of  their 
product. 
If  y_=  0,  the  mod  (x  +  yi) 

=  Va;*    =     III,   where    the 
Fig,  141. — Modulus   and  Amplitude  of   ,,„rf:„„i   i,-„„    -    j-„  *     il   . 
a  Complex  Number  vertical  hnea   indicate  that 

merely  the  numerical  or 
absolute  value  of  x  is  called  for.  Thus  the  modulus  of  any  real 
number  is  the  same  as  what  is  called  the  numerical  or  absolute 
value  of  the  number.  Thus,  mod  (-  5)  =  5. 
'/2W>^plitude.  In  F^.  141  the  angle  AOP  or  6  ia  called  the 
ai]E*>™™'  or  amplitude  or  simply  the  angle  of  the  complex  numbar 
x  +  yi. 
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Putting  r  =  Vx'  +  y'  —  mod  {x  +  yi),  we  have 

suiff  =  -  eo8fl  =  - 

Therefore, 

X  +  yi  =  r  cos  8  +  ir  sin  6  =  r(cos  0  +  i  ain  6) 
in  which  we  have  expressed  the  compleK  number  x  +  yiia  terms  of 
its  modulus  and  amplitude. 

To  put  3  —  4i  in  this  torm,  we  have: 

mod  (3  -  4i)  =  V9  +  16  =  5;  smfl  =  y=-|;  c08fl--^-| 
Therefore, 

«-«-4i-?] 

The  amplitude  tl  is  tan~i  C  —  eliandiainthe/ourfAquadrant.   Wh;? 

It  is  well  to  plot  the  complex  aumber  in  order  to  be  sure  of  the  ampli- 
tude B.  It  avoids  confusion  to  use  positive  angles  in  all  cases.  For 
example,  to  change  3  —  V3t  to  the  polar  form,  plot  the  point 
(3,  -  V 3)  and  find  from  the  triangle  that  r  =  2  v'S  and  fl  -  330°. 
Hence  _^ 

3  -  V  3  i  -  ZV  3(cOH  330°  +  i  sin  330°) 

The  amplitude  of  all  positive  numbers  is  0,  and  of  all  negative 
numb^^  is  1S0°.  The  unit  expressed  in  terms  of  its  modulus  and 
amglilude  is  evidently  l(cos  0  +  i  sin  0). 

(^2i£7v^T.  The  point  P,  located  hy  OA  +  AP  ot  x  +  yi, 
m3y~atSobe  considered  as  located  by  the  line  or  radius  vector  OP; 
that  is,  by  a  line  starting  at  0,  of  length  r  and  making  an  angle  6 
with  the  direction  OX.  A  directed  line,  as  we  are  now  considering 
OP,  is  called  a  vector.  When  thus  considered,  the  two  parts  of  the 
compound  operator 

T  (cos  ff  -i-  i  sin  6)  (1) 

receive  the  following  interpretation :  The  operator  (cos  0  +  isin8), 
which  depends  upon  8  alone,  turns  the  unit  lying  along  OX 
through  an  angle  6,  and  may  therefore  be  looked  upon  as  a 
versor  of  rotative  power  9.  The  versor  (cos  0  +  i  siad)  is  often 
abbreviated  by  the  convenient  symbol  cis  0.  The  operator  r 
is  a  tensor,  which  stretches  the  turned  unit  in  the  ratio  r  :  1.  The 
result;  of  these  two  operations  is  that  the  point  P  is  located  r  units 
from  0  in  a  direction  making  the  angle  $  with  OX, 
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The  operator  (1)  above  ia  also  represented  by  the  notation 
(r,tf),  for  example  (5,  ^30°).  Expression  (I)  is  called  the  polar 
form  of  the  complex  number  (i+  iy). 

Thus,  the  operator  (cos  d  +  i  sin  d)  is  simply  a  more  general 
operator  than  i,  but  of  the  same  kind.  The  operator  t  turns 
a  unit  through  a  r^ht  angle  and  the  operator  (cos  9  +  i  ain  8) 
turns  a  unit  through  an  angle  0.  If  tf  be  put  equal  to  90°, 
cos  fl  +  t  sin  fl  reduces  to  t. 

For;  6  "  0,  cos  ff  +  i  sin  fl  reduces  to  1 
fi  -  90°,  cos  fl  +  r  sin  fl  reduces  to  t 
0  =  I8(f,  cos  fl  +  t  sin  C  reduces  to  -  1 
fl  -  270°,  cos  tf  +  i  sin  0  reduces  to  -  t 

Since  3  —  4t  =  5(1  —  ji)  the  point  located  by  3  —  4»  may  be 
reached  by  turning  the  unit  vector  through  an  angle  0  = 
8in~'  (—  4/5)  =  COS"*  3/5  and  stretching  the  result  in  the 
ratio  5:1. 

If  a  complex  number  vanishes,  Us  modidii*  vanishes;  and  con- 
versely, if  the  tnodidiis  vanishes,  the  cotnplex  number  vanishes. 

If  j;  +  yi  -  0,  then  x  =  0  and  y  =  0,  by  S212.  Therefore, 
Vz*  +  y*  —  0.  Also,  if  Va:*  +  v'  =  0,  then  x'  +  y'  "  0,  and 
since  x  and  y  are  real,  neither  x*  nor  y*  is  negative,  and  so  their 
sum  is  not  zero  unless  each  be  zero. 

If  two  complex  numbers  are  equal,  their  moduli  are  equal,  but  if 
heo  moduli  are  equal,  the  complex  numbers  are  not  necessarily  equal. 

Ifx  +  yi  =  w  + w,  thenx  =  wandy  =  p  by  §212. 
Therefore,     Vx'  +  »*  -  Vu'  +  p» 

But  if  Vx*  +  ff*  =  Vm*  +  o',  obviously  a:'  need  not  equal 

u*  norj^  =  <t*, 

,  -JElSTSi^ih  of  Complex  Numbers.  Let  a  given  complex  number 
locste^e  point  A,  Fig.  142,  and  let  a  second  complex  number 
locate  the  point  B.  Then  if  the  first  of  the  complex  numbers  be 
represented  by  the  radius  vector  OA  and  if  the  second  complex 
number  be  represented  by  the  radius  vector  OB,  the  sum  of  the  two 
complex  numbers  will  be  represented  by  the  diagonal  OC  of  the 
paraJldogram  constructed  on  the  lines  OA  and  OB.  This  law  of 
addition  is  the  w^-known  law  of  addition  of  vectors  used  in  physics 
when  the  resultant  of  two  forces  or  the  resultant  of  two  velocities. 
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two  accelerations,  or  two  directed  magnitudes  of  any  kind,  is  to  be 
found. 

The  proof  that  the  sum  of  the  two  complex  numbers  is  repre- 
sented by  the  diagonal  OG  is  very  simple.  Let  the  graph  of  the  first 
complex  number  be  ODi  +  D\A  and  let  that  of  the  second  be  0D% 
+  D»B.  To  add  these,  at  the  point  A  construct  AE  =  ODi  and 
EC  ~  DiB.  Then  the  sum  of  the  two  complex  numbers  is  geo- 
metrically represented  by  ODi  +  DiA  +  AE  +  EC,  or  by  the 
radius  vector  OC  which  joins  the  end  points.  Since,  by  construc- 
tion, the  triai^Ie  AEC  ia  equal  to  the  triangle  ODjB,  therefore  .AC 


must  be  equal  and  parallel  to  OB,  so  that  the  figure  OACB  is  a 
parallelogram,  and  OC,  which  represents  the  required  sum,  is  the 
diagonal  of  this  parallelt^am,  which  we  were  required  to  prove. 


Pig.  142. — Sum  of  Two  Complex  Numbera. 


Find  algebraically  the  sun 
(construct  the  same  by  meani 
,^  (1  +  2i)  +  (3  +  4i). 
i    a.  (1  +  i)  +  (2  +  i). 
y  a-i)  +(l+2i). 
4.  (3  -  4i)  -  (3  +  4i). 
t   (-2+i)  +  (0-4i). 
(g}(-  1+i)  +(3  +  t)  +  (2  +  2t). 
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7.  (2-i)  +(_2+i)  +  (H-i). 
rsj  Find  the  modulus  and  amplitude  (in  degreee  and  minutes)  of 
2(W30''  +  i  ain  30°)  +  (cos  46°  +  i  ain  45'>. 

9.  By  the  parallelogram  of  vectors,  ehow  that  the  eum  of  two  con- 
jugate complex  numbers  is  real. 

10.  If  iJ  be  the  Hum  of  the  complex  numbers  zi  =  ii  +  ij/i,  Zi  • 
ii  +  iyt,  «i  =  »!  +  yii,  etc.,  show  that  —  R,  Zi,  Zj,  Zt,  .  .  .  form  the 
sidea  of  a  closed  polygon. 

217.  Polar  Diagrams  of  Periodic  Functions.  Three  methods  of 
representing  simple  periodic  phenomena  have  already  been  ex- 
plained: (1)  Crank  or  dock  diagrams  as  shown  in  Fig.  128  and 
explained  in  §184;  (2)  the  sine  curve  or  sinusoid  in  rectangular 
coordinates,  as  shown  in  F^;.  59  and  explained  in  {66; 
(3)  polar  diagrams,  in  which  the  circle  (twice  drawn)  corresponds 
to  a  crest  and  lo'oi^h  of  the  sine  curve,  as  shown  in  Fig.  63  and 
explained  in  564.  As  the  principal  application  of  these  methods 
is  to  phenomena  that  vary  with  the  time,  one  of  the  variables 
may  conveniently  be  taken  to  represent  time  or  a  constant  multi- 
ple of  time.  Thus  the  angle  8  in  the  crank  and  polar  diagrams  or 
the  abscissa  in  the  Cartesian  diagram,  may  be  represented  by 
a  constant  multiple  o!  t  &3  ait. 

The  difference  between  a  clock  diagram  and  a  polar  diagram 
of  a  simple  periodic  function  may  be  stated  as  follows:  In  a 
clock  diagram,  a  rotating  vector  of  fixed  length  OP  ia  continu- 
ously projected  upon  a  fixed  hne  OX;  in  a  polar  diagram,  a 
stationary  line  of  fixed  length  OA  is  continuously  projected 
upon  a  rotating  radius  vector  OP.     See  Figs.  52  and  63. 

Each  of  the  three  methods  possesses  a  peculiar  advantage  of  ita 
own,  but  probably  the  best  insight  with  r^ard  to  periodic  phe- 
nomena is  given  by  the  polar  diagram.  In  each,  the  complete 
period  of  the  phenomena  is  represented  by  one  complete  revolution 
of  the  radius  vector.  The  polar  method  is  not  only  well  adapted 
to  represent  simply  varyii^  periodic  phenomena,  in  which  case  the 
polar  diagram  is  a  circle  passii^  through  the  origin,  but  it  is 
equally  well  adapted  to  represent  cases  in  which  the  periodic 
motion  is  compounded  from  a  number  of  simple  harmonics.  In 
many  important  cases  in  science,  especially  in  the  phenomena  of 
alteraating  electric  currents,  only  the  odd  harmonics  are  commonly 
present  as  components  of  the  resulting  motion.    The  equation  of 
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compound  harmoDic  motion  in  rectangular  codrdinates,  in  which 
only  odd  harmonics  appear,  is  of  the  form: 

J/  =  fli  sin  (■)!  +  aa  sin  3£j(  +  as  sin  5ut  +    .    .    .  (1) 

in  which  oi,  oj  ...  are  any  constants  and  in  which  ut  has  r&- 
placedz.  If  the  epochs'  of  the  various  harmonics  be  fi,  ft,  fi,  .  .  - 
the  proper  form  of  the  equation  would  be: 

J/  =  fli  ain  u)(i  —  d)  +  oj  sin  3ti)((  —  t,)  +  ai  sin  5wC(  —  (s) 

+    .    .    .  (2) 

Acurveof  type(l)or  (2)  mustrepresenta  pattern  within  the  inter- 
val cof  =  t  to  cof  =  2*-  which  is  the  opposite  of  the  pattern  pre- 
sented within  the  interval  uf  =  0  to  ut  =  v;  for  increasing  tut 
by  the  amount  t  in  each  of  the  components: 

sin  (i)t,  sin  3coI,  sin  Sut  .  .  . 
of  the  compound  motion  has  the  effect  of  changing  the  algebraic 
sign  of  each  term,  but  leaves  the  absolute  value  unchanged.  This 
is  because  the  sine  curve,  aud  all  of  the  odd  harmonics  of  the  sine 
curve,  are  just  reversed  in  sign  by  adding  a  straight  angle  (180°) 
or  an  odd  number  of  straight  angles  to  the  original  ai^^e.  Hence 
y  has  the  same  sequence  of  values,  but  of  opposite  s^ns,  within 
each  of  the  two  half-Intervals  of  the  period  2v.  F^.  143  illustrates 
this.  The  curve  A  is  the  graph  of  an  alternating  current  wave 
(after  Fleming)  in  rectangular  coordinates,  while  the  same  func- 
tion is  shown  in  polar  co6rdinates  by  curve  B.  It  is  observed  that 
the  second  portion  of  the  Cartesian  curve  is  exactly  similar  to  the 
"  first  portion,  except  that  its  position  with  reference  to  the  i-axis 
is  reversed.  In  the  polar  diagram  this  truth  is  brought  out  by 
the  fact  that  the  loop  that  represents  the  "trough"  of  the  wave 
is  identical  with  the  loop  that  represents  the  "crest"  of  the  wave, 
that  is,  the  curve  ia  twice  drawn  to  represent  the  interval  of  a 
complete  period  from  ul  =  0  to  ii)(  =  2ir. 

If  only  even  harmonics  are  present,  the  equation  of  the  curve  in 
rectangular  coordinates  is  of  the  form: 

y  =  ao  +  a,Bm2ut  +  a,  sin  4a)i  +   .    .    .  (3) 

or,  if  the  epochs  are  not  zero, 

1/  =  Oo  -I-  at  ain  2a)(i  -  d)  +  o,  sin  4w((  -  (4)  +  -    .    ■     (4) 

■This  KprflMon  iiutaed  af  "epooh  anjile"  ia  the  prapor  term  In  this  oua  u  J  ia 
meaaured  ia  uoita  of  tima  and  aot  La  aa^ular  maaaura.  The  epouh  ancLo*  >ra  utit 
wt,,  ato.  I 
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Bocause  of  the  factor  2  in  each  harmonic  term,  tbe  period  of  the 
function  may  be  considered  it  instead  of  2t,  so  that  the  sequence  of 
valuea  of  y  are  repeated  in  each  interval  0  to  ir,  ir  to  2ir,  etc.,  and 
not  reversed  in  sign  as  in  the  case  of  the  odd  harmonica. 

The  fact  that  the  pattern  for  each  interval  t  ia  repeated  right 
side  up  and  not  reversed  is  illustrated  by  tbe  graph  of 

1/  =  1  +  sin  2f)t  +  sin  4w(  (51 


lA/ier 


shown  in  Fig.  144.    Tbe  effect  of  the  constant  term  is,  of  course, 
merely  to  raise  the  graph  a  distaoce  of  one  un)t.| 

Inform,  curves  with  only  even  harmonics  present  do  not  differ 
from  curves  with  both  odd  and  even,  for  substituting  I'  =  2(,  the 
general  case  (equation  (3))  becomes: 

K  =  ao  +  fli  sin  (oi'  +  04  sin  2ul'  +  a,  sin  3£^'  +  .  .  .  (6) 
which  contains  both  odd  and  even  harmonics  iu  t',  and  is  of  period 
%r.    The  curve  (3)  is  of  the  same  shape  as  (6)  but  of  period  x. 

,z,;i:, Google 


1217]  COMPLEX  NUMBERS  363 

A  curve  made  up  of  both  odd  and  sveo  hsrmonios  may  have  any 
form  consistent  with  its  one-valued  and  continuous  character.  The 
portion  of  the  curve  above  the  x-axis  (if  any)  need  not  have  the 
same  form  as  the  part  below;  the  only  essential  is  that  the  curve  for 


Fig.  144. — Graph  of  v  =  Bia  2  wl  +  aa  4  at. 

each  successive  interval  of  27r  be  a  repetition  of  the  curve  in  the 
preceding  interval. 

In  polar  coordinates,  a  curve  made  up  of  only  even  harmonics 
is  described  but  once  as  0  varies  from  0^  to  360°.     In  general  such 


FiQ.  145.— Graph  of  p  =  bid  29  +  sin  4«. 

curves  have  more  "loops"  than  curves  made  up  of  odd  harmonics, 
for  the  loops  of  the  odd  harmonics  are  tmce  drawn  as  6  varies 
from  0°  to  360°.    Thus  the  curves: 

p  =  sia  0,  p  =  sin  3S,  />  =  sin  W,  .   .   , 


i.vCoogIc 


364        ELEMENTARY  MATHEMATICAL  ANALYSIS      IS217 

hsve  1,  3,  5,   .    ,    .  loops  respectively  each  twice  drawn.     The 
curves 

p  -  ain  2fl,  p  =  sin  4fl,  p  =  sin  6fl,  .    .    . 
have  4,  8,  12,  .    .    .  loops  respectively,  each  once  drawn. 
Also  the  curve: 

p  =  flin  2fl  +  sin  4fl  (7) 

is  represented  by  the  heavy  curveof  Fig.  145  as  8  varies  from  0°  to 
180°  and  by  the  dotted  curve  aa  fl  varies  from  180°  to  360°.     The 


numbered  points  1,  2,  3,  4,  .  .  .  of  Fig.  145  correspond  to  the 
similarly  numbered  points  in  Fig.  144.  The  curves  of  Fig,  144 
and  F^.  145  correspond,  except  that  the  constant  term  was 
omitted  from  the  equation  in  constructing  F^.  145. 

Exercises 
1.  If/  be  the  frequency  of  the  fundamental  harmonic,  show  that: 
If  =  Bin  2i./i  +  ain  6>r/(  +  sin  lOx/f  +  .    .    . 
contains  odd  harmonics  only. 
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3.  Write  an  espreaaion  containing  even  harmonica  only,  using  the 
frequency  /  as  in  the  last  exercise.  . 

8.  How  many  loops  has; 

p  —  COS  6#;  ^  =  sin  6#; 


'(-i) 


-co87e-.;  p=siii«? 


4.  In  the  diagram,  Fig.  146,  pick  out  curves  made  up  of  odd 
harmonics  only,  of  even  harmonics  only,  and  those  made  up  of  both 
odd  and  even  harmonics. 

218.*  Simple  Periodic  Variatioii  Represented  by  a  Complex 
Number.  Fluctuating  magnitudes  exist  that  follow  the  hw  of 
S.H.M.  although,  strictly  speaking,  such  magnitudes  can  be  said 
to  be  "  simple  harmonic  motions"  in  only  a  figurative  sense.  For 
example  we  may  think  of  the  fluctuations  of  the  voltage  or  amper- 
age in  an  alternating  current  as  followii^  such  a  law.  Thus  if 
E  represent  the  electromotive  force  or  pressure  of  the  altematii^ 
current,  then  the  fluctuations  are  expressed  by 

E  =  Easm  ut 
or  by 

E  =  Etsin.  2rSt 
where  /  is  the  frequency  of  the  fluctuation.  Instead  of  S.H.M. 
such  a  variable  is  more  accurately  called  a  sinuscndal  varying 
magnitude,  although  for  brevity  we  shall  often  call  it  8.K.M. 
The  graph  in  rectangular  coSrdinates  of  such  a  periodic  function 
is  often  called  a  "wave,"  although  this  term  should,  in  exact 
lai^age,  be  reserved  for  a  moving  periodic  curve,  auch  aa  y  = 
a  sin  {hx  -  kt). 

If  the  polar  representation 

p  =  a  sin  w(t  -  d)  (I) 

of  the  sinusoidal  varyii^  magnitude  be  used,  then,  as  noted  in  the 
last  section,  the  graph  of  (1)  is  a  circle  of  diameter  a  inclined  the 
angular  amount  wti  to  the  left  of  the  axis  OY,  as  is  seen  at  once 
by  callii^  tut  —  0  and  uli  ^  a  in  the  equation  of  the  circle  p  =* 
a  sin  (fl  —  «).  The  circle  can  be  drawn  when  the  length  and  di- 
rection of  its  diameter  are  known;  that  is,  the  circle  is  completely 
specified  when  a  and  the  direction  of  a  (told  by  a)  are  given. 
Therefore  the  simple  harmonic  motion  is  completely  symbolized 
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by  a  vector  OA  of  length  o  drawn  from  the  origin  in  the  direction 
given  by  the  ai^le  wtvt  the  direction  angle  of  the  vector  OA  is 

The  circle  on  the  vector  OA  ia  located  or  characterized  equally 
well  if  the  rectangular  coordinates  (c,  d)  of  the  end  of  the  diameter 
of  the  circle  be  given.  But  the  complex  number  c  +  di  is  repre- 
sented by  a  vector  which  coincides  with  the  diameter  a  of  this 
circle.  Hence  we  may  represent  the  circle  by  the  complex  num- 
ber c  +  di.  Its  modulus  is  a  =  Vc'  +  d"  and  its  amplitude  is 
a  -I-  2"  Therefore  if  in  (1)  we  takes  -=  Vc*  -I-  d',  wd  =  a  and 
the  variable  angle  ul  =  d,we  can  completely  determine  the  S.H.M. 
by  the  complex  number  c  +  id.  In  the  theory  of  alternating  cur- 
rents the  sinusoidal  varying  current  or  voltage  can  conveniently  be 
represented  by  a  oomplex  number,  and  that  method  of  repre- 
senting such  magnitudes  is  in  common  use. 

One  of  the  advantages  of  repreaentii^  S.H.M.  by  a  vector  or  by 
a  complex  number  is  the  fact  that  two  or  more  such  motions  of 
like  periods  may  then  be  compounded  by  the  law  of  addition  of 
vectors.  This  method  of  finding  the  resultant  of  two  sinusoidal 
varyii^;  magnitudes  of  like  periods  possesses  remarkable  utility 
and  simplicity. 

To  sununarize,  we  may  say: 

(a)  A  sintaoidal  varying  maynUude  is  represented  graphicaUy 
in  polar  codrdinates  by  a  vector,  which  by  its  letigtk  derwtes  the 
amplUvde  and  by  its  direction  angle  wUh  respect  to  OY  denotes  the 
epoch  angle. 

(b)  Simtsoidal  varying  magnitudes  of  like  periods  may  be 
compounded  or  resolved  graphically  by  the  law  of  paraUelogram  of 
vectors. 

If  two  sinusoidal  varying  magnitudes  of  like  periods  are  in 
quadrature  (that  is,  if  their  epoch  angles  differ  by  90°),  their  relar- 
tion,  neglectii^;  their  epochs,  can  be  completely  expressed  by  a  sin- 
gle complex  number.    Thus  let  two  S.H.M.  in  quadrature 

E.  -  113  sin  «((  -  li)  (2) 

and 

E.  =  40  cos  tt(i  -  (0  (3) 
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be  represented  by  -the  circles  and  by  the  vectors  marked  OE,  and 
0E»  Big.  147.    Call  the  resultant  of  these  E;.    Then 

Ei  =  U3  sin  o:(i  -  d)  +  40  cos  w((  -  d)  (4) 

=  V40=  +  113'  sin  u((  -  (,) 

=  120  sin  6j(I  -  h)      ■  (5) 

where  (o(i  is  measured  as  shown  in  Fig.  148.    Instead  of  represent- 
Ir^  (2)  and  (3)  in  the  polar  diagram  by  OE,  and  OE,  and  their 


r 

f\^ 

^^  . 

i     /y  / 

\   L/    9/ 

1 
/  1 

Sb^-'-— — "' 

7 

e  by  Law  of  Addi- 


resultant  by  OEi,  we  may  represent  (2),  (3)  and  (4)  in  the  complex 
number  diagram,  Fig.  148,  by  E,,  iEc  and  E.  +  iEc,  respectively. 
Since  the  modulus  and  amplitude  of  E,  +  iE,  are  V^o'  +  Eo' 
and  a,  respectively,  and  since  the  epoch  angle  of  the  resultant  in 
F^.  147  isuti  =  uii  —  a,  we  can  state  the  resultant  as  follows: 

If  we  have  given  two  S.H.M.'a  in  guadratuTe  and  take  the  ampli- 
tude of  the  one  possessing  the  greater  epoch  angle  as  e  and  the 
amplitude  of  the  other  S.H.M.  as  d,  and  construct  the  complex 
number  c  +  di,  Ifien  this  complex  nnmber  c  +  di  completely 
charaderizeB  both  of  the  S.H.M's.  and  their  resultant.    For,  we  can 
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determine  the  moduluB  p  and  the  amplitude  a  of  c  +  rfi  and  then 
if  (irfi  ia  the  epoch  angle  of  the  motion  with  amplitude  c,  the  epoch 
angle  of  the  resultant  is  lati  —  a. 
If  we  consider  the  two  harmonic  motions: 
p  =  ai  sin  £i>(t  —  ii) 
and 

p  =  oj  sin  w(i  -  ()) 
then  if  d  be  greater  than  fj  the  first  S.H.M.  reaches  ita  maximum 
value  ajter  the  second  reaches  its  maximum.    The  first  S.H.M.  is 
therefore  said  to  lag  the  amount 
ih  —  it)     behind    the    second 
S.H.M.    That  is,  a  S.H.M.  rep- 
by    a    circle   located 
anticlockwise    from    a     second 
circle  represents  a  S.H.M.  that 
Pig.     148.-<;omplei     Number     iojg  behind  the  second. 
Representation  of  the  facta  sbowa 

by  Polar  Diaaraiii,  Fig.  147.  219.*  Illustration  from  Alter- 

nating Currents.  The  steady 
current  C  flowing  in  a  simple  electric  circuit  is  determined  by 
the  pressure  or  electromotive  force  E  and  the  resistance  R  ac- 
cording to  the  equation  known  as  Ohm's  law: 


€•= 


R 


E  =  OR 
E  is  the  pressure  or  voltage  required  to  make  the  current  C  flow 
against  the  resistance  R.  If  the  current,  instead  of  being  steady, 
varies  or  fluctuates,  then  the  pressure  CR  required  to  make  the 
current  C  flow  over  the  true  resistance  is  called  the  ohmic  voltage 
or  ohmic  pressure.  But  a  changil^;  or  fluctuating  current  in  an 
inductive  circuit  sets  up  a  chaining  magnetic  field  around  the  cir- 
cuit, from  which  there  results  a  counter  electromotive  force  or 
choking  effect  due  to  the  changing  of  the  current  strength.  This 
electromotive  force  is  called  the  reactive  voltage  or  reactive  pres- 
sure. The  choking  effect  that  it  has  on  the  current  is  known  as  the 
inductive  reactance.  In  case  of  a  periodically  changing  current  it 
acts  alternately  with  and  against  the  current.    Opposite  to  the 
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reactive  voltage  there  is  a  component  of  the  impressed  voltage 
that  is  consumed  by  the  reactance.     See  Fig.  149. 

The  pressure  which  is  at  every  instant  applied  to  the  circuit 
from  without  ia  called  the  impreesed  electromotlTe  iorce  or  vol- 
tage. Of  the  three  pressures — namely,  the  impressed  volt^e,  the 
ohmic  voltage  (consumed  by  the  resistance)  and  the  reactive  vol- 
tage consumed  by  the  inductive  reactance,  any  one  may  always  be 
r^arded  as  the  resultant  of  the  other  two.  Hence  if  in  a  polar 
diagram  the  pressures  be  represented  in  m^nitude  and  relative 
phase  by  the  sides  of  a  paraUelogram,  the  impressed  voltage  may 
be  regarded  as  the  diagonal  of  a  parallelogram  of  which  the  other 
two  pressures  are  sides.  Since,  however,  the  reactance  or  the 
counter  inductive  pressure  depends  upon  the  rate  of  charge  of  the 
current,  it  I^s,  in  the  case  of  a  sinusoidal  current,  90°  behind  the 
true  or  ohmic  voltage,  which  last  is  always  in  phase  with  the 
current.  The  pressure  consumed  by  the  counter  inductive  pres- 
sure therefore  leads  the  current  by  90°.  Thus,  in  the  language  of 
complex  numbers 

E,  =  E,  +  iE,  (1) 

in  which 

El  =  impressed  pressure 

E,  =  ohmic   pressure,    or   pressure    consumed  by   the 
resistance 

E,  =  counter  inductive  pressure,  or  the  pressure  con- 
sumed by  reactance 

It  is  found  that  the  counter  inductive  pressure  depends  upon  a  con- 
stant of  the  circuit  L  called  the  inductance  and  upon  the  angtUar 
velocity  or  frequency  of  the  alternating  impressed  pressure,  so  that: 

E.  =  2xfLC  =  wLC 

Hence  (1)  may  be  written: 

E;  =RC  +  i%rfLC  (2) 

=  BC  +  i^LC  (3) 

The  modulus  of  the  complex  number  on  the  right  of  this  equation  is 


:,.;,l,ZDdbyG00gle 


370       ELEMENTARY  MATHEMATICAL  ANALYSIS      15219 

Considering,  then,  merely  the  absolute  value  \E,\  and  |C|  of 
preaaure  and  current,  we  may  write; 

^•1 


From  the  analogy  of  this  to  Ohm's  law: 


the  denominator  V£'  +  u*L'  is  thought  of  as  limiting  or  restrict- 
ing the  ourrent  and  is  called  the  impedance  of  the  circuit. 

Let  there  be  a  condenser  in  the  circuit  of  an  alternator,  but  let 
the  circuit  be  free  from  inductance.  Then  besides  the  pressure 
consumed  by  the  resistance,  an  additional  pressure  is  required  at 
any  instant  to  hold  the  chaise  on  the  condenser.  If  K  be  the  oar- 
pacity  of  the  condenser,  it  is  found  that  that  part  of  the  pressure 
consumed  in  holding  the  charge  on  the  condenser  is  sr^^  or  —j^ 
and  is  in  phase  position  90°  be- 
hind the  current  C.  The  chok- 
I  ing  effect  of  this  on  the  current 
may  be  called  the  condeoi^e 
reactance.  When  a  condenser 
is  in  the  circuit  in  addition  to  in- 
ductance, the  total  pressure  con- 
Fio.  149.— Complei  Number  Dia-  sumed  by  the  reactance  has  the 
gram  a!  Equation  5,  $219  , 

and  the  complex  number  that  symbolizes  the  vector  is 

Ei  =  RC  +  i2TfCL  -  -~  (5) 

(see  Fig.  149). 

Further  illustrations  of  the  applications  of  complex  numbers  to 
alternating  currents  is  out  of  place  in  this  book.  The  illustrations 
are  merely  for  the  purpose  of  emphasizing  the  usefulness  of  these 
numbers  in  appUed  science.  An  interesting  application  of  the  use 
of  complex  numbers  to  the  problem  of  the  steam  turbine  will  be 
found  in  Steinmetz's  "Engineering  Mathematics,"  page  33. 
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Exercises 

1.  Draw  the  polar  diagram  and  complex  number  representation 
of  Ei  if  fl  =  5,  C  =21.  /  =  60,  L  -  0.009,  K  =  0.005. 

2.  Draw  a  similar  diagram  U  Ei   -  100,   .E,  =-  90,  /  =  40.  L  =- 
0.008.  K  =.  0,003. 

220.  Product  of  Complex  Numbers.     The  product  of  two  or 
more  complex  numbers  is  a  complex  number  whose  modulus  m  the 
product  of  the  moduli  and  whose 
amplitude  is  the  sum  of  the  am- 
plUudes  of  the  complex  numbers. 
Let  the  complex  numbers  be: 
21  =  a;,  +  j/ii 

=  Ti  (cos  fli  +  i  sin  fli) 


-  Vii 


(2^.2.-)  (VT+0 


=■  rj  (cos  flj  +  %  sin  ff,),  etc. 
By  actual   multiplication,  we 
get: 

ziZj  =  riri  [(cos  ^i  cos  Si 

—  sin  fli  sin  Sj) 

+  (sin  &i  cos  5j  +  cos  ffi  sin  ejt] 

=  TiTi  (cos  (fli  +  e») 

+  i  sin  (S,  +  (»,)1 

Whence  it  is  seen  that  r\rt  is 

the  modulus  of  the  product  and 

(6i  +  6i)  is  the  amplitude. 

The  above  theorem  ia  illustrated 
by  Fig.  150.  If  the  two  given  complex  numbers  be  represented 
by  their  veetora  OPi  and  OPj,  their  product  will  be  repreeented 
by  the  vector  OP,  whose  direction  angle  is  the  sum  of  the  ampli' 
tudes  of  the  two  given  factors,  and  whose  length  OPi  is^^the  product 
of  the  lengths  OP^  and  OP,. 

The  figure  represents  the  product  (2  +  2i)(v'3  + 1).    Expressed 
in  terms  of  modulus  and  amplitude  these  may  be  written: 
V3  +    t  =  2(cos  30°  +  i  sin  30°) 
2  +  2t  -  2^2(cos  45°  +  i  sm  45°) 
Henoeri=2,      r,  -  2^/2,      fli  =  30°,      9,-45° 
Therefore:       (2  +  2t)(-v'3  +  i)  =  Wi  (cos  76°  +  *  sin  75°) 
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Q  25°). 

T  trigonometric  tables. 

a  12°)  X  6(cos  8° 


Find  the  moduli  and  amplitudes  of  the  following  products,  and 
construct  the  factore  and  products  graphically.  Take  a  positive  angle 
for  the  amplitude  in  every  case. 

1.  {1  +V3i)(2V3  +  2i). 

8.  {2  +  fv'3i)(2+2i)- 

8.  (V3+3t)(2-2i). 

6.  (2  -2V3i)XV3  +  3i). 
8.  (1  -  i}< 

7.  CI  +  OM  -  i)'- 

8.  2(cos  15°  +  t  sin  16°)  X  3(co8  ! 
Find  numerical  result  by  use  of  slide  rule  o 

9.  2(co8  10°  +t  sin  10°)  X  (l/3)(co8 
+  t  sin  8°). 

10.  Find  the  value  of  4V2(cofl  76°  +i  sin  75°)  +  {V3  +  »). 
221.  Quotient  of  Two  Complex  Numbers.  The  guotieTtt  of 
two  complex  numbers  is  a  complex  nuttier  whose  modulus  is  the 
quotient  of  the  moduli  and  whose  amplitude  is  the  difference  of  the 
amplitiides  of  the  two  complex  numhers.  Let  the  complex  numbere 
be; 

Zi  =  a;i  +  Vit  =  ri(eo8  0i  +  i  ein  8i) 
2i  =  «»  +  Vti  =  rj  (cos  fl)  +  i  ain  0t) 
We  have; 

si  _  ri(cos  01  +  tain  fli)(coa  0t  —  ieia  $,) 
it  ~  T,icoa0i  +  iBia0i)icoBei- ima0,) 
^  ri[coB  (01  -  gt)  +  t  Bin  (gt  -  $»)] 
r,  (cos'ei  +  ain'flj) 

-  -[cos  (01  -  e,)  +  i  Bin  (fii  -  0t)] 

rt  . 

Whence  it  ia  seen  that  -  is  the  modulus  of  the  quotient  and 
{01  —  0i)  is  the  amplitude. 

In  Fig.  151,  the  complex  number  represented  by  the  vector  OPt 
when  divided  by  the  complex  number  represented  by  OP,  yields 
the  result  represented  by  OPi,  whose  length  ri/r,  is  found  by  dividing 
the  length  of  OPi  by  the  length  of  OPi,  and  whose  directbn  angle 
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is  the  difference  (tf,  -  Bi)  of  the  amphtudee  of  OPi  aod  OPt-     The 
figure  is  drawn  to  scale  for  the  case: 


2(cos20*+iMii20°) 


-  (2.5)  (cos  40°  +  i  Bin  40°) 


Find  the  quotient  and  graph  the  result  in  each  of  the  following 
exercises.  Always  -  take  amplitudes  as  positive  angles  and  if 
fli  <  fli,  take  Bi  +  360°  instead  of  9i. 


Fio.  161. — Quotient  of  Two  Complei  Nurobera. 

1.  (1  4-  Vsi)  +  (2  +  V2t). 

a.  (i  +  1  Vsi)  -i-  {  V2  -  V2i). 

3.  (3  Va  -  3i)  -^  (  -  1  +  V3 1). 

4.  (1  -  VSi)  +  i. 

5.  2{cos36° +isin36°)  -i-6(cos4° +isin4°). 

6.  12(cos  48°  +  i  sin  48°)  +  |2(cos  15°  +  i  sm  15°) 

3(oos  9°  +i  sin  9°)]. 
t4+(4/3)V3il(2  +  2V3t) 
8  +  8i 
8.  Express  in  terms  of  a,  b,  c,  d  the  amplitude  of  (a  +  i'i)  -^  (c  +  di) . 
222.  De  Moivre's  Theorem.     Aa  a  special  case  of  §220  consider 
the  expression: 

{cos  0  +  i  sin  fl)* 
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This  beii^s  the  product  of  n  factors  like  (cos  0  +  i  sin  ff),  we  write, 
by  means  of  £220 : 

(cos9  +  tsinfl){costf +  iflinff}  .   .   . 

=  [cos  (fl  +  e  +,...)+  i  Bin{e  +  0+  .   .   .  )| 
or: 

(cos  8+1  sin  8)'  =  (cos  nfl  +  i  sin  nS)  (1) 

which  relation  is  known  aa  De  Moivre's  theorem. 

De  Moivre's  theorem  holds  for  fractional  values  of  n.    For,  first 
consider  the  expression: 

(cosfl  +  tsinfl)'^' 
where  the  power  1/i  of  cos  6  +  i  sin  S  is,  by  definition,  an  oper- 
ator such  that  its  ith  power  equals  cos  6  +  i  sin  0. 

Put    0  =  t<i>,  so  that  0  =  ^ 
Then:  (cos  9  +  i  sin  #) '^'  =  (cob(<^  +  i  sin  t^)'''' 

=  [(cos  «+i  sin «}']'''■  by  (1) 
=  cos  ^  +  i  sin  ^ 
.    =>  cos  ^  +  i  sin  ^  (2) 

Next  consider  the  case  in  which  »  =  r.    We  know: 
(cos  0  +  i  sin  0)'''  =  [{cos  S  +  t  sin  »)■)]'''' 

=  (cos  sfl  +  i  sin  80)'^'  by  (1) 

=  cos^^-l-isin^*by(2)  (3) 

Likewise  the  theorem  may  be  proved  for  negative  values  of  n . 
The  following  examples  illustrate  the  application  of  De  Moivre's 
theorem. 

(1)  Find(3  +  t  Vs)*. 

write:  3  +  Ws  =  2  V3(cos  30°  +  i  sin  30°) 

Then,  by  De  Moivre's  theorem: 

(3  +  i  Vs)'  -  144(eoB  120°  +  i  sia  120°) 
=  144(  -  1/2  +  iV3i) 

=  -72  +  72  Vsi 

(2)  Find  (2  +  2i)". 
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Write:    2  +  2t  ia  the  form: 

2+2*  -2V2(W2  +  jV2i) 
(2  +  2t)ii  -  (2  V2)"(cos  46°  +  t  sin  4S')" 
=  (2  V2)"(co8  495°  +  i  ain  495°) 
-  (2  V2)"(oos  136*  +  i  Hin  135°) 
=  (2  V2)"(  -  J  V2  +  J  Vit) 
-2"(-l+i) 

Ezeruses 

Evaluate  the  following  by  De  Moivre'a  theorem,  using  trigonometric 
t&ble  or  elide  rule  when  necessary. 
1.  (8  +8V3i)". 
'8.  ^27  (COB  76°  -  i  sin  75°). 

«.  ViiTi. 

4.  [cos  9°  4- 1  sin  9°]'°. 

8.  (3  +  Vsi)'. 

6.  [1/2  +  (1/2)  Vst]*. 

7.  (1  +  i)'. 

8.  (-2  -t-2i)H. 

fl.  1(1/2)  V3  -  (l/2)i]'.  __  

10.  Find  value  of  (  -  1  +  V-  3}'  +  {  -  1  -  V-  3)'  by   De 
Moivre's  theorem- 

11.  Find  the  value  of  a;"  -  2j  +  2  tor  i  =  1  +  t. 

12.  If  J, 1/2  +  (1/2)  V-3  and  j, 1/2  -  (1/2)  V^SJ 

ehow  that  j  1'  =  1,     ji'  =  1,     ji'  ->  ji,    j»*  — ji,    ji'"  —  ji"  —  1, 

j-,.-+i  =  J.. 

223.  The  Roots  of  Uni^.     Unity  may  be  written: 
1  =  cos  0  +  i  ain  0 
1  =  cos  2)r  +  i  sin  2)r 

1  =  cos  4ir  +  i  Bin  45r 
1  =  cos  &r  +  i  sin  6a- 


and  BO  on.    By  De  Moivre's  theorem  the  cube  root  of  any  of  these 
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ia  taken  by  dividing  the  amplitudes  by  3.    Therefore,  froio  the 
above  expressions  in  turn  there  resulta: 
i/i  =  008  0  +  (■  sin  0  =  1 

Vi  =  cos(2a-/3)  +  tsin(2)r/3)  =  cos  120°  +  i  sin  laC 

-  -l/2  +  t{I/2)v3 

Vl  =  co8(4t/3)  +tein(4jr/3}  =  cos  240°  +i  sin  240" 

-  -l/2-i(l/2)V3 

VI  =  cos&r/3  +  i3in6a-/3  -  same  as  first,  etc. 


^ 
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Fm,  152.— The  Cube  Roots  of  Unity. 

Ther^ore  there  are  three  cube  roots  of  unity.  Since  these  are  the 
roots  of  the  equation  x'  —  1  =  0,  they  might  have  been  found  by 
factoring,  thus: 

!»  _    1    =    (l  _   l)(a;*  +  X  +   1) 

=  (x  -  DCx  +  1/2  +  \s/Zi){x  +  1/2  -  iVsi) 
The  three  roots  of  unity  divide  the  angular  space  about  the  point 
0  into  three  equal  angles,  as  shown  in  Fig.  152.  In  the  same 
way,  it  can  be  shown  that  there  are  four  fourth  roots,  five  fifth 
roots,  etc.,  of  unity  and  that  the  vectors  representing  them  have 
modulus  1  and  amplitudes  that  divide  equally  the  space 
about  0. 
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To  find  all  of  the  roots  of  any  complex  number,  proceed  as  in  the 
following  illustrative  examples. 

(1)  Find  Vva  +  3». 
Write  Vs  +  3i  in  the  form: 

Vs  +  3t  =  2V3(cos  60°  +  i  sin  60°) 
Hence,  by  De  Moivre's  theorem: 

(Va  +  3i)>4  -  \/l2  (cos  SO'jf  i  sin  30°) 
=  \/l2  [(1/2)  Va  +  (1/2)1] 
-  (l/2)>yi08  +  (l/2)"i/i2  i 
A  second  root  can  be  found  by  writing: 

Vs  +  3i  =  2V3[co8  (60°  +  360°)  +  i  sin  (60°  +  360°)] 
since  adding  a  multiple  of  360°  to  the  amplitude  does  not  change  the 
value  of  the  sine  and  cosine.     In   applying  De    Moivre's  theorem 
there  results: 

(Vs  +  3i)«  =  \/l2'  (cos  210°  +  i  sin  210°) 
-  \/l2[  -  (1/2)V3  -  {l/2)t] 

(2)  Find  the  cube  root  of  —  ■v'2  +  V2t. 
We  write: 

-  V2  +.t  V2  -  2{coB  135°  +  i  cos  136°) 

=  2[cos  (135''^+n360°)  +  i  cos  (135°  +  »360°)1 
in  which  n  is  any  integer.     Hence: 

{-^l2  +  i  ^|2)^  -  i^[cos  (45°  -1-  nl20°)  +  i  sin  (45°  +  n  120°)lM 
-  V2(coH  45°  +  i  sin  45°)    for  n  -  0 
.  </2(cos  165°  +  i  ain  165°)  torn  -  1 
=  V2(cos  285°  +  i  Bin  285°)  for  n  -  2 
These  are  tbe  three  cube  roots  of  the  given  complex  number.     For 
n  =  3  the  first  root  is  obtained  a  second  time. 

Exercises 
Fmd  all  the  indicated  roots  of  the  following: 

1.  (8  +  sVsi)^. 

2.  i^27(cos  75°  -i  sin  75°). 
8.   i^l25i. 
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4.  (  -  2  +  2i)". 

5.  (2  +  2i)». 
\;9.  32  M.  ' 

7.  V'612! 

8.  Find  to  four  places  one  of  the  imaginary  7th  roots  of  +  1- 
Notk:     Cos  51°  25.7'  +  i  sin  51°  25.7'  =  0.6235  +  0.7818 i. 

221,  Inverse Fnnctionfi.  Theexponont(— 1)  attachedto  asym- 
bol  of  operation  eiguifies  the  "undoing"  of  the  operation  denoted 
by  the  symbol  of  operation.  The  number  of  different  operatiotis 
in  mathematics  ia  an  even  number;  that  is,  for  every  operation  we 
define,  we  may,  and  usually  do,  define  the  operation  that  "un- 
does" the  given  operation.  Thus  if  we  define  addition,  we  at  once 
follow  it  by  defining  the  undoing  of  addition,  or  suUraction;  if 
we  define  multiplication,  we  follow  it  with  the  concept  of 
the  undoing  of  multiplication,  or  division;  if  we  define  in- 
volution, or  the  raising  to  powers,  we  also  define  the  undoing  of  this 
operation,  namely  evolution,  or  the  extraction  of  roots.  The 
second  of  each  of  these  pairs  of  operations  ia  caUed  the  inverse 
of  the  first  operation,  and  vice  versa. 

The  exponent  ( —  1)  attached  to  any  symbol  of  operation  is  defined 
to  mean  the  inverse  of  the  operation  called  for  by  the  symbol  to 
which  it  ia  attached.  Thus  2-'  is  not  a  doubter;  the  operation 
called  for  is  the  "undoing"  of  doubling,  or  hahnng.  The  symbol 
log-'  X,  read  the  "anti-logarithm  of  x,"  calls  for  the  number  of 
which  X  is  the  logarithm.  Thus,  if  the  base  be  10,  log-'  2  =  100, 
log->  3  =  1000,  log-'  0,3010  =  2,  log-'  1  =  10,  log:'  0=1-  etc- 
Since  "log-'"  is  the  symbol  of  undoing  the  operation  indicated 
by  "log,"  the  double  symbol  (log-'  log)  must  leave  the  oper- 
and unchanged.  The  operator  that  leaves  an  operand  unchanged 
is  unity.  Hence  a  double  symbol  like  (log-'  log)  can  always  be 
replaced  by  1;  thus  log-Mog  467  =  467;   also  log  log-' 467  »•  467. 

Likewise  3->-31  =  1;  (V3)-'(V3)I  =  1,  etc. 

An  important  use  of  the  present  notation  is  in  the  symbols  sin~'  x, 

COB-' a;,  tan -' X,  etc., used  in  §70.    These  are  read  "anti-sine  of 

X,"  "anti-cosine  of  a,"  etc.,  or"the  angle  whose  sine  is  x,"  "the 

angle  whose  cosine  is  x,"  etc.    Thus  sin-'  (1/2)  =  30°,   taa-' 
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■■  45°,  cos-'  0  =  w/2,  etc.  Note  that  log-'  x  muet  be  care- 
fully distinguished  from  (log  a:)-',  which  means  1/log  x;  simi- 
larly, sin-'  X  must  be  distinguiahed  from  (sin  x)~'.  A  notation 
like  log  X-'  is  ambiguous,  and  should  never  be  used. 

If  we  write  r  =■  cos  S,  y  =  log  x,  y  "  tan  x,  the  same  func- 
tional relations  may  be  expressed  in  the  inverse  notation  by 
9  =  eoH"'  r,  X  =  Iog~'  y,  x  "  tan~'  y.  Thus  y  =  o',  a;  =  log.y, 
y  =  logo"'  X,  and  y  "  exp»x  are  four  ways  of  expressii^  the 
same  relation  between  x  and  J/. 

Any  relation  expressed  by  means  of  the  direct  functions  may  also 
be  expressed  in  terms  of  the  inverse  functions.     Thus  we  know; 

log  (xg)  -=  log  X  -I-  log  y  (1) 

Let  log  X  —  a,  log  y  ^  b,  then  it  follows  that; 

X  =  log-'  a,  y  -  log-'  h 
Hence  (1)  becomes: 

log  Gog"'  a  log-'  h)  -  a  -I-  6 


log-'  o  log-'  6  =  log-'  (a  -1-  b) 

(2) 

Likewise  consider; 

sin  (a  -1-  ^)  =  sin  a  cos  S  +  cos  <»  sm  3 

(3) 

Let            sin  a  =  a  and  sin  |J  =  b 

then:                   a  =  sin- a,  fl  =  sin-'6 

Also  since                          sin  a  ^  a 

cos  a=    Vl  -  a' 

Likewise: 

cos^  =   Vl -6' 

Hence  (3)  may  be  written: 

Bin(sm-'<i-|-sin""6)  =  Wl  -fc'-J-fVl  -  o' 

sin"'  a  +  sin"'  h  =  sin"'  (oVl  -  6'  -|-  6  Vl  -  a*) 

Since  there  are  many  angles  whose  sine  is  equal  to  a  given 
number  x,  it  is  desirable  to  specify  by  definition  which  angle 
is  meant.    The  following  conventions  are  therefore  useful: 

sin"'  X  means  the  angle  between  —  90°  and  -f-  90°  whose 
sine  is  x. 


:,.;,l,ZDdbyG00gle 


380        ELEMENTARY  MATHEMATICAL  ANALYSIS      [§224 

cos-'  X    means   the    angle    between  0°    and    180°     whose 
cosine  is  x. 

tan-'  X  means  tlie  angle  between  —  90°  and  +  90°  whose 
tangent  is  x. 

Eiercises 

1.  Show  that  sin^'  (1/2)  +  sin-'  Vl/i  -  5ir/I2. 

8.  Show  that  sin"'  x  +  cos'' a:  +  cos-'*  -  ir/2. 

3.  Ib  there  any  difference  between  the  graph  of  y  "  fix)  and  the 
graph  of  X  ■=/"'(!/)? 

4.  Prove  that  tan-'  x  +  tan-^  (l/i)  =  ir/2. ' 

B.  Find  the  value  of  a  in  the  equation  sin"'  x  +  sin-'  2x  =  t/3. 

6.  n/(i)  -:e',  find/-'{i). 

I*ty  =./(i)  =x\     Theni:  =  T^fy)  =  Vy-     Hence  if /-'(j()  = 
Vy,  then  /-'(i)  =  Vi- 

7.  If/M  =«',  find/-'(i). 

8.  What  is  the  inverse  of  /(»)  =  1  -  fl? 
Let  tf  -  /(e),  so  thai  fl  "/"'(j/),  etc. 

9.  Show  that  the  function 


>e  intarpreted  M  lueaniDE  "i 
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226.  Paiametric  EquatiooE.  The  equation  of  a  plane  curve  is 
ordinarily  given  by  an  equation  in  two  variables,  as  has  been  amply 
illustrated  by  numerous  examples  in  the  preceding  chapters.  It 
Ib  obvious  that  a  curve  might  also  be  given  by  two  equations  con- 
taining three  variables,  for  if  the  third  variable  be  eliminated  from 
the  two  equations,  a  single  equation  in  two  variables  results. 
When  it  is  desirable  to  describe  a  locus  by  means  of  two  equations 
in  three  variables  the  equations  are  known  as  parametric  equations, 
as  has  already  been  explained  in  §74.  Two  of  thevariables  usu- 
ally belong  to  one  of  the  common  codrdinate  systems  and  the  third 
is  an  extra  variable  called  the  parameter.  In  applied  science  the 
variable  (ime  frequently  occurs  as  a  parameter. 

The  parametric  equations  of  the  circle  have  already  been  written. 
They  are: 

x  =  acose  CD 

!,  =  «sinfl 
where  the  parameter  8  is  the  direction  angle  of  the  radius  vector 
to  the  point  (x,  y).    Likewise  the  parametric  equations  of  the 
eUipse  have  been  written: 

X  =  o  cos  fl  (2) 

ir  =  6  Bin  e 
and  those  of  the  hyperbola  have  been  written: 

X  =  a  sec  0  (3) 

y  =  b  tan  6 
In  harmonic  motion,  the  eUipse  was  seen  to  be  the  resultant  of 
the  two  S.H.M.  in  quadrature: 

X  =  a  cos  u(  ( (4) 

y  =  bsinwl  ^- 

Here  the  parameter  t  is  lime. 

226.  Problems  in  LocL  It  is  frequently  required  to  find  the 
equation  of  a  locus  when  a  description  of  the  process  of  its  genera- 
tion is  given  in  words,  or  when  a  mechanism  by  means  of  which  the 
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curve  is  generated  is  fully  described.  There  U  only  one  way  to 
*  gwn  facility  in  obtainii^!  the  equations  of  curves  thus  described, 

and  that  is  by  the  solution  of  numeroua  problems.  Sometimes 
it  is  best  to  seek  the  parametric  equations  of  the  curve,  but 
sometimes  the  ordinary  polar  or  Cartesian  equation  can  be  ob- 
tained directly.     The  following  problems  are  illustrative: 

(I)  A  straight  line  of  conatanC  length  a  +  b  moves  with  its  ends 
always  sliding  on  two  fixed  lines  at  right  angles  to  each  other.  I^^d 
the  equation  of  the  curve  described  by  any  point  of  the  moving 
line.     (See  |7B.) 


.f:i 
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Fig.  IS3.- 


of  So-called  "Elliptic  Motion." 


In  Fig.  153,  let  AB  be  the  line  of  fixed  length,  and  let  it  bo  move 
that  A  remains  on  the  x-axis  and  B  remains  on  the  y-axis.  Let  any 
point  of  this  line  be  P  whose  distance  from  A  is  6  and  whose  distance 
from  £  is  a.     If  the  angle  X'AB  be  called  B,  then  PD,  the  ordinate  of 


and  OD,  the  abscissa  of  P,  is: 

Therefore  P  deewibes  an  ellipse  of  semi-axes  a  and  b. 

(2)  A  circle  rolls  without  slipping  within  a  circle  of  twice  the 
diameter.  Show  that  any  point  attached  to  the  moving  circle' 
describes  an  elhpse. 
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Draw  tbe  smaller  rolling  circle  im  any  position  within  the  larger 
circle,  and  call  the  point  of  tangency  T,  as  in  Fig.  153.  Since 
the  amaller  circle  is  half  the  size  of  the  larger  circle,  the  smaller 
circle  always  passes  through  0,  and  the  line  joining  the  points  of 
intersection  of  the  small  circle  with  the  coordinate  axee  is,  for  all 
positions,  a  diameter,  since  the  angle  AOB  is  a  right  angle. 

If  we  can  prove  that  the  arc  AT  =  the  arc  HT  for  all  positions 
of  T,  then  we  shall  have  shown  that  as  the  small  circle  rolls  from  an 
initial  position  with  point  of  contact  at  H,  the  end  A  of  the  diametw 
AB  shdes  on  the  line  OX.  Since  B  lies  on  OF  and  since  AB  is  of 
fixed  length,  this  proves  by  prohlem  (1)  that  any  point  of  the  small 
circle  lying  on  the  particular  diameter  AB  describes  an  ellipse. 

To  prove  that  arc  AT  =  arc  HT,  we  have  that  the  angle  HOT 
ia  measm'ed  in  radians  by  -  ^„    '    The  angle  AO'T  is  meaaured  in 


radians  by  —jy^-    Since  /  AO'T  =  2ZH0T,  we  have 

"  _  „  arc  HT 


O'A 

arc  AT  _  „  arc  HT 
O'A 
But,  OH  =  20'A.    Hence  arc  AT  =  arc  HT. 

We  can  now  prove  that  any  other  point  of  the  rolling  circle  de- 
scribee an  ellipse.  Let  any  other  point  be  Pj.  Through  Pi  draw 
the  diameter  JO'K.  The  above  reasoning  applies  directly,  replacing 
.A  by  /  and  H  by  N. 

It  is  easy  to  see  that  all  points  equidistant  from  the  center  such 
as  the  points  P,  Pi,  of  the  snoall  circle,  describe  ellipses  of  the  same 
semi-axea  a  and  b,  but  with  their  major  axes  variously  inclined  lo 
OH. 

(3)  Determine  the  curve  given  by  the  parametric  equations; 

;.  =  a  cos  2a>t  (1) 

y  =  a  sin  at  (2) 

To  eliminate  t,  the  first  equation  may  be  written 

i:  =  a  CI  -  2  8in»  c-()  (3) 

From  the  second  equation,  sin  lat  =  -■     Substituting  for  sin  ut  in 
(3>, 
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This  curve  is  the  parabola  y*  —  mx,  the  special  location  of  wliich  the 
student  should  describe. 

(4)  Construct  a  graph  such  that  the  increase  in  y  varies  directly 
aez. 

If  y  varied  directly  as  z,  then  y  would  equal  kx,  where  k  is  any 
constant.  In  the  given  problem  the  increase  iu  y  (and  not  y  itself) 
must  vary  in  this  manner.  Let  the  initial  value  of  y  be  represented 
by  ao.  Then  the  gain  or  inereaae  of  y  ia  represented  by  y  —  yt. 
Hence,  by  the  problem: 

y-y^^kz  (1) 

Since  yn  is  a  constant,  (I)  is  the  equation  of  the  straight  line  of  slope 
k  and  intercept  on  the  j/-axis  -  yt,  which  ordinarily  would  be  written 
in  the  form: 

y  =-kz  +  yt 

(6)  Express  the  diagonal  of  a  cube  as  a  function  of  its  edge,  and 
graph  the  function.  

If  the  edge  of  the  cube  be  x,  its  diagonal  is  Vi'  +  I'+^i'oriVs. 
If  the  diagonal  be  represented  by  y,  we  have  y  -  VSi,  which  is  » 
straight  line. 

(6)  A  rectangle  whose  length  is  twice  its  breadth  is  to  be  in- 
scribed in  a  circle  of  radius  a.  Express  the  area  of  this  rectangle 
in  terms  of  the  radius  of  the  circle. 

Let  the  rectangle  be  drawn  in  a  circle  whose  equation  isx*  -i-  y'  =a*. 
At  a  corner  of  the  rectangle  we  have  x  =  2y.  The  area  A  of  the 
rectangle  is  ixy,  or  since  ;r  =  2y,  is  8y'.  Prom  the  equation  of  the 
circle  we  obtain  4y'  +  y^  =  a'  or  y*  =  a*/5.     Hence: 

A  =  (8/5)a' 
If  A  and  a  be  graphed  as  Cartesian  variables,  the  graph  is  a  parabola. 

(7)  A  rectangle  is  inscribed  in  a  circle.  Express  its  area  as  a 
function  of  a  half  of  one  side. 

Here,  as  above: 

A  =  ixy  =  ixya'  —  x* 
The  student  should  graph  this  curve,  for  which  purpose  a  may  be 
put  equal  to  unity.  First  draw  the  semicircle  y  —  Va'  —  i'. 
For  X  =  1/5  take  one-fifth  of  the  ordinate  of  this  semicircle.  For 
X  =  2/5  take  two-fifths  of  the  ordinate  of  the  semicircle,  and  so  on. 
The  curve  through  these  pomts  is  y  =  iVa'  —  i',  from  which 
y  =  tEVo'  —  x^  can  be  had  by  proper  change  in  the  VMtical  unit  of 
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1.  In  pol&r  coordinates,  draw  the  c 


3.  A  curve  (polar  coordinatea)  passes  through  the  point  (1, 1). 
(This  means  the  point  whose  coordinates  are  one  centimettr,  and  one 
radian.)  Starting  at  this  point,  a  point  moves  so  that  the  radius 
vector  of  tke  point  is  always  equal  to  the  vectorial  angle.  Sketch 
the  curve.     Write  the  polar  equation  of  the  curve. 

3.  A  point  moves  bo  that  one  of  its  polar  codrdinates,  the  radius 
vector,  varies  directly  as  the  other  polar  coordinate,  the  vectorial 
angle.  Write  the  polar  equation  of  such  a  curve.  Does  the  curve 
go  through  the  point  (1,  1)? 

A.  A  polar  curve  is  generated  by  a  point  which  starts  at  the  point 
(1,  2)  and  moves  so  that  the  increase  in  the  radius  vector  always 
equals  the  increase  in  the  vectorial  angle.  Write  the  equation 
of  the  curve. 

0.  A  polar  curve  is  generated  by  a  point  which  starts  at  the  point 
(1,2)  andmoveaso  that  the  increase  in  the  radius  vector  varies  directly 
as  ^ba  increase  in  the  vectorial  angle.  Write  the  equation  of  the  ciu^e. 
.  6 Ja  ball  is  thrown  from  a  tower  with  a  horizontal  velocity  of  10 
(feeder  second.  It  falls  at  the  same  time  through  a  variable  distance 
given  by  8  ^  I6.1(*,  where  t  is  the  elapsed  time  in  seconds  and  8  is 
in  feet.     Find  the  equation  of  the  curve  traced  by  the  baU. 

T.  The  point  P  divides  the  line  AB,  of  fixed  length,  extemaily  in 
the  ratio  o -.6,  that  is,  so  that  Pd/PB  =  alb.  It  the  line  AB  move 
with  its  end  points  always  remaining  on  two  fixed  lines  OX  and  OY 
at  right  angles  to  each  other,  then  P  describes  an  ellipse  of  semi-axes 

8.  If  in  the  last  problem  the  lines  OX  and  OY  are  not  at  right 
angles  to  each  other,  the  point  P  still  describes  an  ellipse. 

*.  A  point  moves  so  as  to  keep  the  ratio  of  its  distances  from 
two  fixed  lines  AC  and  BD  constant.  Prove  that  the  locus  consists 
of  four  straight  lines. 

10.  A  sinusoidal  wave  of  amplitude  6  cm.  has  a  node  at  +  5  cm. 
and  an  adjacent  crest  at   +  8  cm.     Write  the  equation  of  the  curve. 

11.  The  velocity  of  a  simple  wave  is  10  meters  pet  second.  The 
period  is  two  seconds.     Find  the  wave  length  and  the  frequency. 

IS.  A  polar  curve  passes  through  the  point  (1,  1)  and  the  radius 
vector  varies  inversely  as  the  vectorial  angle.  Plot  the  curve  and 
write  its  equatiOD,     Consider  especially  the  points  where. the  vectwial 
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angle  becomes  infinite  and  where  it  is  aero.  Sketch  the  same  func- 
tion in  teetangulftr  coSrdinates. 

'><^3.  Rectangles  are  inscribed  in  a  circle  of  tadius  r.  Expteea  by 
means  of  an  equation  and  plot :  (a)  the  area,  and  (b)  the  perimeter 
of  thtf  rectanglcB  as  a  function  of  the  breadth. 

"111..  Right  triangles  are  constructed  on  a  line  of  given  length  k 
as' hypotenuse.  E:>tprea8  and  plot;  (a)  the  area,  and  (6)  the  per- 
imetv  as  a  function  of  the  length  of  one  leg. 

■•iS.  A  conical  tent  is  to  be  constructed  of  given  volume,  V.  Express 
and  graph  the  amount  of  canvas' required  ae  a  function  of  the  radius 
of  th&baae. 

-~iS.  A  cloBcd  cylindrical  tin  canistobeconstructedofgiven  volume, 
V.    Plot  the  amount  of  tin  required  as  a  function  of  the  radius  of  the 

17.  A  rectangular  water-tank  lined  with  lead  is  to  be  constructed 
Co  hold  108  cubic  feet.  It  has  a  square  base  and  open  top.  Plot 
the  amount  of  lead  required  as  a  function  of  the  side  of  the  base. 

18.  An  open  cylindrical  water-tank  is  to  be  made  of  given  volume, 
V.  The  coat  of  the  sides  per  square  foot  is  two-thirds  the  cost  of 
the  bottom  per  square  foot.  Plot  the  cost  as  a  function  of  the 
diameter. 

10.  An  open  box  is  to  be  made  from  a  sheet  of  pasteboard  12  inches 
square,  by  cutting  equal  squares  from  the  four  comers  and  bending 
up  the  sides.  Plot  the  volume  as  a  function  of  the  side  of  one  <£  the 
squares  cut  out. 

SO.  The  illumination  of  a  plane  surface  by  a  luminous  point  varies 
directly  as  the  cosine  of  the  angle  of  incidence,  and  inversely  as  the 
square  of  the  perpend'cular  distance  from  the  surface.  Rot  the 
illumination  of  a  point  on  the  floor  10  feet  from  the  wall,  as  a  func- 
tion of  the  height  of  a  gas  burner  on  the  wall. 

31.  Using  the  vertical  distances  between  correspoDding  points  on 
the  curves  ^  =  sin  <  and  y  =  —  sin  (  as  ordiaates  and  the  vertical 
distances  between  corresponding  points  of  y  =  21  and  v  ■"  ''  ** 
abscissas,  find  the  equation  of  the  resulting  curve. 

827.  Loci  Defined  by  Focal  Radii.  A  number  of  important 
curves  are  defined  by  imposing  conditions  upon  the  distances  of 
any  point  of  the  locus  from  two  fixed  points,  called  focL 

(1}  A  point  moves  so  that  the  product  of  its  distances  from  two 
fixed  points  is  constant.  Find  the  equation  of  the  path  of  the  particle. 
Let  the  two  fised  points  Fi  and  F,,  Fig.  154,  be  taken  on  the  i>-axis 
the  diataacfi  a  each  side  of  the  origin.    Call  the  distances  (rf  F  from 
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the  fixed  points  ri  and  r,.    Then  the  variables  t,  and  rj  in  terms  of  z 

r.'  -!,>  +  (*  +  o)' 

riT,'  -  [tf'  +  (a;  -  a)'][!/»  +  (a:  +  o)']  (2) 

Calling  the  oonatant  v&lue  of  riri  ■>  c',  we  have  as  the  Cartesian 
equation  of  the  locus; 

[y*  +  (X  -  fl)')t!/'  +  {x  +  a)']  =  c*  (3) 


Fio.  164. — The  Lemniscate. 

which  may  be  written: 

(y'  +  x'  +  a')^  -ia'x'  -  c*  (4) 

(*'  +  1/')'  +  2o^'  +  2aV'  +  o*  -  ia^x^  =  c'  (5) 

C*'  +  y')'  =  2ffl'(*'  -  !/')  +c'-a'  (6) 

If  c  =  a  the  curve  is  called  the  lemniscate,  and  the  Cartesian  equa* 

tion  reduces  to: 

(x'  +  y'}'  =  2<i'(.x'  -  y')  (7) 

For  other  values  of  c  the  curves  are  known  as  the  CaBsinian  ovals. 
When  c  <.  a  the  curve  consists  of  two  separate  ovals  surrounding  the 
foci,  and  f or  c  >  o  there  is  but  a  single  oval.  The  curvea  are  shown 
in  Fig.  167.  These  curves  give  the  form  of  the  equipotential  surfaces 
in  a  field  around  two  positively  or  two  negatively  charged  parallel 
wires.  To  eonstruct  the  curves  proceed  as  follows:  In  Fig.  165 
let"  the  circle  have  a  radius  e  and  in  166  let  the  circle  have  the 
diameter  c. 

In  Pig.  155  we  can  use  the  theorem:  "//  from  a  point  vAthout  a 
circle  a  tangent  and  ietant  be  drawn,  the  tangent  is  a  mean  proportional 
to  the  enKre  aecant  and  the  pari  wUkout  the  circle."  In  Fig.  156  we  can 
use  the  theorem:  "//  from  the  vertex  of  the  right  angle  of  any  right 
triangle  a  perpendicular  ie  dropped  upon  the  hypotemtse,  then  either 
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leg  of  the  triangle  is  a  mean  proportioned  between  the  kypolenuae  and 

the  adjaeent  aegment." 

Then  ia  either  Fig.  155 
or  166,  SPi  X  Spi  ~  c*  Bad 
likewise  SP,  X  Sp,  -  c*, 
etc.  Therefore  SPt,  SPt, 
SP,,  .  .  .  are  the  values 
of  ri  that  oorreapond  to  ri  — 
Spt,  Spi,  Spi,  ...,  re- 
spectively, and  the  ovals 
may  be  constructed  by  the 
intersection  (A  arcs  deaoribed 
about  Fi  and  F,  as  centers, 
using  pairs  of  these  valuee 
as  radii. 

(2)  Coastruet  the  curve 
such  that  the  ratio  of  the 

Fio.  155. — Conatniction  of  the  Constant   m^,^„„^    „,    „„,.   „„;„,    „t 
Products  SP.   X  Sp.  -  cK                distances    of    any   pomt   of 
I  from  two    fixed 

points  is  constant. 
Let  the  two  fixed  points  be  A 

and  B,  Fig.  158;  let  the  constant 

ratio    of    the    distances    of  any 

point  of  the  curve  from  the  two 

fixed  points  be  ri/rj  -  m/n. 
To  find  one  point  of  the  locus, 

draw   circles  from  A   and  B  as 

centers  whose  radii  are   in   the 

ratio  m/n.    Let  these  circles  in- 
tersect at   the  point  P.     At  P 

bisect  the  angle  between  PA  and 

PB  internally  and  externally  by 

the  lines  PM  and  PN  respectively. 

The  line  AB  is  then  divided  at  M 

internally  in  the  ratio  MA/MB 

=•  m/n  and  externally  at  N  in 

the  ratio  NA  /NB  =  m/n,  because 

the  bisectors  of  any  angle  of  a 

triangle    divide    the    base    into 

s^menta  proportbnal  to  the  adjacent  sides.      Since  the  ertema) 

and  internal  bisectors  of  any  angle  must  be  at  right  angles  to  each 

o^er,  PM  is  perpendicular  to  PN  for  any  position  at  P.     Hence 


,  Cookie 


the  locuB  of  P  Ls  a  circle,  since  it  is  the  vertex  of  a  right  triangle 
deecribed  on  the  fixed  hypotenuse  MN. 


Flo.  157. — The  Lemniscate  and  the  CaBsinian  Ovals. 


The  equation  of  the  circle  ahould  then  be  found  referred  to  origin 


Fia.  168. — Construction  of  the  Curve  n/r'  —  m/n,  or  the  circle  MP!f. 


If  a  large  number  of  circlea  be  drawn  for  different  values  of  e,  and 
if  similu'  circles  be  described  about  B,  then  these  seriea  of  circles  are 
known  as  the  dipolai  drdes.    See  Fig.  159.    In  physics  it  is  found 
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th&t  these  circlea  are  the  equipotential  lines  about  two  par&llel  wires 
perpeudiculac  to  the  plane  of  the  paper  at  A  and  B  and  carryiag 

electricity  of  opposite  sign. 


Exercises 
(i.  Draw  the  locus  satisfying  the  condition  that  the  ratio  of  the 
^atnnces  of  any  point  from  two  fitted  points  ten  units  apart  is  2/3. 
rS.  Draw  the  two  circles  whidi  divide  a  line  of  length  14  internally 
am  externally  in  the  ratio  3/4. 

228.    The  Cycloid.    The  cycloid  is  the  curve  traced  by  a  point 
on  the  circumfereitce  of  a  circle,  called  the  generating  circle, 


Fia.  180.— Definition  of  the  Cycloid, 
which  rolls  without  slipping  on  a  fixed  line  called  the  base.  To 
find  the  equation  of  the  cycloid,  let  OA,  Fig.  160,  be  the  base,P  the 
tracing  point  of  the  generating  circle  in  any  one  position,  and  0  the 
angle  between  the  radius  SP  and  the  line  SH  to  the  point  of  con- 
tact with  the  base.    Since  P  was  at  0  when  the  circle  began  to  roll. 
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if  a  be  the  radius  of  the  generating  circle.    Since  x  =  OD  and 
y  =  PD,  we  have: 

x  =  OH  -SP6inB  =  tL{e-^$)  (1) 

J  =  HS-SP  cose  =  &(1- cos  6)  (2) 

These  are  the  parametric  equations  of  the  curve.  For  moat 
purposes  these  are  more  useful  than  the  Cartesian  equation. 
It  is  readily  seen  from  the  definition  of  the  curve,  that  the  locus 
consists  of  an  unlimited  number  of  loops  above  the  x-axis,  with 
points  of  contact  with  the  x-aitis  at  intervals  of  2to  (the  circum- 
ference of  the  generatii^  circle)  and  with  maximum  points  at 
X  =  -wa,  Siro,  etc. 

From  the  second  of  the  parametria  equations  we  may  write: 

1  -  oosff  =  y/a  (3) 

The  expression  (1  —  eosfl)  is  frequently  called  the  versed  sine  of 
0,  and  is  abbreviated  vers  0.    Hence  we  have: 

9  =  vera-' y  la  (4) 

Also  from  (3) :  cos  9  =  (a  —  i/)  /o 

Hence:  sintf  -  y/1  —  oos'ff  =  ' 

whence  substitutii^  (4)  and  (5)  in  the  first  of  the  parametric  equa- 
tions we  have: 

I  =  a  vers-'  (y/a)  —  Vsay  —  y*  (6) 

which  is  the  Cartesian  equation  of  the  cycloid,  with  the  or^n  0 
at  a  cusp  of  the  curve. 

229.  Graphical  Construction  of  the  Cycloid.  To  construct  the 
cycloid.  Fig.  161,  draw  a  circle  of  radius  1. 15  inches  and  divide  the 
circumference  into  thirty-six  equal  parts.  Draw  horizontal  lines 
through  each  point  of  division  exactly  as  in  the  construction  of 
the  sinusoid,  Fig.  59.  Lay  oH  uniform  intervals  of  1  /5  inch  each 
on  the  X-axis,  marked  1,  2,  3,  ,  .  .  Then  from  the  point  of 
division  of  the  circle  pi  lay  off  the  distance  01  to  the  right. 
From  pj  lay  off  02  to  the  right,  from  pi  lay  off  03  to  the  right, 
etc.  The  points  thus  determined  lie  on  the  cycloid.  The  number 
of  divisions  of  the  circumference  is  of  course  immaterial  except 
that  an  even  number  of  division  is  convenient,  and  except  that 
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the  divisions  laid  oS  on  the  base  OA  must  be  the  same  lei^:tb  as 
the  arcs  laid  off  on  the  circle. 

Note  that  by  the  process  of  conatruGtion  above,  the  vertical 
distances  from  OX  to  points  on  the  curve  are  proportional  to 
(1  —  cos  $)  and  that  the  horizontal  distances  from  Oytopoiats 
on  the  curve  are  proportional  to  (9  —  sin  9.) 


Fig.   161.— ConBtruotion  of  the  Cycloid. 

The  analogy  of  the  cycloid  to  the  aine  curve  is  brought  out  by 
Fig.  162.  A  Bet  of  horizontal  lines  are  drawn  as  before  and  also  a 
sequence  of  semicirclea  spaced  at  horisontal  intervals  equal  to 
the  intervala  of  arc  on  the  circle.  The  plane  is  thus  divided 
into  a  lai^  number  of  small  quadrilaterals  having  two  sides 
straight  and  two  sides  curved.    Starting  at  0  and  sketching  the 


Fio.  162. — Analogy  of  the  Cycloid  to  the  Sinusoid. 

diagonals  of  successive  cornering  quadrilaterals  the  cycloid  is 
traced.  If,  instead  of  the  sequence  of  circles,  uniformly  spaced 
vertical  straight  lines  had  been  used,  the  sinusoid  would  have  been 
drawn.  The  sinusoid  on  that  account  is  frequently  called  the 
"companion  to  the  cycloid." 

230.  Epicycloids  and  Hypocycloids.    The  curve  traced  by  a 
point  attached  to  the  circumference  of  a  circle  which  rolls  without 
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slipping  on  the  circumference  of  a  fixed  circle  is  called  an  epi- 
cycloid or  a.  hypocycloid  according  as  the  rolling  circle  touches 
the  outside  or  inside  of  the  fixed  circle.  If  the  tracing  point 
is  not  on  the  circumference  of  the  rolling  circle  but  on  a  radius 
or  radius  produced,  the  curve  it  describes  is  called  a  trochoid  if 
the  circle  rolls  upon  a  straight  line,  or  an  epitrochoid  or  ahypo- 
trocboid  if  the  circle  rolls  upon  another  circle.  These  curves  will 
be  discussed  in  the  calculus. 


1.  Construct  a  cycloid  by  dividii^  a  generating  circle  of  radius 
1.15  inohea  into  twenty-four  equal  arcs  and  dividing  the  base  into 
intervals  3/10  inch  each. 

3.  Compare  the  cycloid  of  length  2x  and  height  1  with  a  senii- 
ellipae  of  length  2t  and  height  1. 

8.  Write  the  parametric  equations  of  a  cycloid  for  origin  C, 
Fig.  160. 

4.  Write  theparametric  equations  of  a  cydoidfor  origin  B,  Fig.  160. 

5.  Find  the  codrdinatea  of  the  points  of  intersections  of  the  cycloid 
with  the  horizontal  line  through  the  center  of  the  generating  circle, 

6.  Show  that  the  top  of  a  rolling  wheel  travels  through  space 
twice  as  fast  as  the  hub  of  the  wheel. 

7.  By  experiment  or  otherwise  show  that  the  tangent  to  the  cycloid 
at  any  point  always  passes  through  the  highest  point  of  the  generating 
circle  in  the  instantaneous  position  of  the  circle  pertaining  to  that 


Exercises  for  Review 
SimpUfy  the  product; 

(i  -  2  -  V3)(x-  2  -  t  V3)(:r  -  2  +  V3)(:r  -  2  +    Vi3). 
the  form  c  cos  (a  —  b)  the  binomial: 


/^Expi 

3.  Find  tan  8  by  means  of  the  formula  for  tan  (A  +  B),  if  0  = 
tan-'  1/2  +  tan-'  1/3. 

4.  Fmd  sin  9  if  e  =  sm-'  1/5  +  sin-'  1/7. 

'fn  Rnd  the  equation  of  a  circle  whose  center  is  the  origin  and 
wni^  passes  through  the  point  14,  17. 

6.  The  first  of  the  following  tests  was  made  in  1875  with  the 
automatic  air  brake  on  a  train  composed  of  cars  weighing  30,000 
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pounds.  The  secoad  in  1907  with  the  "LN"  brake  on  a  tr&in 
compoaed  of  ears  weighing  84,000  pounds.  Find  by  use  of  loga^ 
rithntic  paper  th.e  equation  connecting  the  speed  and  the  distance 
run  after  application  of  the  brakes. 

Distance  rua  after  application  of  brake  Correspondii^  speed 


1875 

1907 

-*M*, 

Ofeet 

57 . 3  aules  per  hour 

Of^ 

58.0  miles 

' 

50  feet 

70  feet 

65.0  miles 

200  feet 

230  feet 

50.0  miles 

350  feet 

360  feet 

45.0nules 

600  feet 

500  feet 

40.0  miles 

820  feet 

770  feet 

25.0  miles 

950  feet 

880  feet 

15.0  miles 

980  feet 

922  feet 

10.0  mUes 

1,010  feet 

940  feet 

5.0  miles 

1,020  feet  o 

954  feet 

0.0  miles        " 

7.  Discuss  the  curv 

e: 

8.  Graph  on  polar  paper: 

9.  A  fixed  poigt  located  on  one  leg  of  a  carpenter's  "square" 
traces  'a  curve  as  the  square  is  moved,  the  two  arms  of  the  square, 
however,  always  passing  through  two  fixed  points  A  and  B.  Find 
the  equation  of  the  curve. 

'    10.  Find  the  parametric  equations  of  the  oval  traced  by  a  point 
attached  to  the  connecting  rod  of  a  steam  engine. 

11.  The  length  of  the  shadow  cast  by  a  tower  varies  inversely  as 
the  tangent  of  the  angle  of  elevation  of  the  sun.  Graph  the  length 
of  the  shadow  for  various  elevations  of  the  son. 

IS.  PVom  your  knowledge  of  the  equations  of  the  strtught  line  and 

circle,  graph:  

1/  =  oa;  +  Vo'  -  I'. 


( lU  Graph  the  c 


r  +  V^ 


value  for  all  positive  values  of  a  and  bl 
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16.  Fiad  by  use  of  logarithmic  paper  the  equations  of  the  curves 
of  Fig,  163.  Theae  curves  give  the  amoudts  in  cents  per  kilowatt- 
hour  that  must  be  added  to  price  of  electric  power  to  meet  fixed 
charges  of  certain  given  annual  amounts  for  various  load  factors. 

16.  The  angle  of  elevation  of  a  mountain  top  seen  from  a  certain 
point  is  29°  4'.     The  angle  of  depression  of  the  image  of  the  mountain 


z"\v      :"::::.;: 

„                 l\                         ^      4'A-IOV- 

'   w''                 (i 

\\K            -- 

C'  \\^ 

C'  ^  \  ft 

\  ^v>li      I 

10     --       ---.          ^fe^^-.. 

J      -- 

0       0,1     01     03     0.4     OB    0,6     0,7     08    0,9             M     U     tZ     U    1 
Genu  per  K.W.Udut 

top  seen  in  a  lake  230  feet  below  the  observer  is  31°  20'.  Find  the 
height  and  horizontal  distance  of  the  mountain  top,  and  produce  a 
single  formula  for  the  solution  of  the  problem. 

17.  Find  the  points  of  intersection  of  the  curves: 

z'  +  „'  -  4 
y'  -  ix. 

18.  Solve  llOi-'  +  1  =  21i-'. 

19.  Solve  3(:c  -  7){x  -  1)(^  -  2)  -  (x  +  2)(.x  -  7)(x  +  3). 

20.  Solve  sin  X  cos  X  =  1/4. 

81.  State  the  remainder  theorem  and  illustrate  by  an  exan^le. 
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32.  Find  the  compound  interest  on  $1000  for  twenty-five  years  at 
5  per  cent.    Show  how  to  solve  by  means  of  progressions. 

28.  The   curve  y'  =  x*  appears  in  which   quadrants?    Inwhat 
quadrants  ia  y*  =  x'?    Compare  the  curves  x:*y'  =  1  and  x^'  =  I. 

24.  Which  trigonometric  functions  of  S  ii 
the  first  quadrant?     Which  decrease? 


2S.  Given  sin  30° 


1  150°, 


s  135°, 


1/2, 
a  225°, 


g  45°  =    Vl/2.     Find  the  following: 


a  330°, 


i{- 


36.  Which  is  greater,  tan  7°  or  sin  7",  and  why?     Which  is  greater, 
aec  5°  or  cac  5°,  and  why? 

37.  Sketch  the  curves; 

(a)  x'  +  ix  +y>  -6y  =  12 

(b)  *'  +  4v'  +  6]/  =  21. 

38.  F^m  the  graph  oi  y  =  x*  obtain  the  graph  of  4y  =  x'  and  of 
y  =  ixK 


7    ^. 

I          \ 

7       J   5 

'^            3u 

7     -"   -   ^ 

t           ^  t 

-4                   '           \C 

t^               1      i\^ 

m    ^      1-  ' 

29.  Given,  cos  0  =  2/5;  find  sin  6,  tan  B  and  cot  $. 

30.  Find  the  equations  of  the  six  straight  lines  determined  by  the 
intersections  of: 

*=  +  y'  =  25 
x^-y'  =  7. 

31.  In  Fig.  104  the  full  drawn  curve  is  the  trajectory  of  the  pro- 
jectile of  a  German  Army  bullet  for  a  range  of  1000  meters.  The 
dotted  curve  is  the  theoretical  trajectory  that  would  have  been  de- 
scrfl:ied  by  the  bullet  if  there  had  been  no  air  resistance.    The  dotted 
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curve  is  a  parabola  (of  second  degree).  Find  its  equation,  ttUcing 
the  necessary  numerical  data  from  the  diagram. 

33.  Find  the  maximum  value  of  p  if  p  ■■  3  cosS  —  4  sin  0. 

S8.  Find  the  manmum  value  of  y  if  v  =  Vs  cos  x  —  sin  x,  and 
find  the  value  of  x  for  which  ]/  is  a  maximum. 

M.  In  F^.  165  let  ABCO  be  a  square  of  aide  a.  Show  that 
for  all  positions  of  OAT,  CM  X  AN  —  a*,  and  hpnoe  show  how  to  use 
this  diagram  in  the  construction  of  a  lemniscate. 


M 

^ 

$^ 

N    J> 

/    N    N 

N 

Fm.   165. — Constmction  of  a  Constant  Product  CM  X  AN  r^  AB^. 
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CHAPTER  XIII 

THE  CONIC  SECTIONS 

231.  The  Focal  Radii  of  the  Ellipse.  Draw  any  ellipse  with 
major  and  minor  circles  of  radii  a  and  b  respectively,  as  in  Fig. 
186.  Draw  tangents,  II'  and  KK',  to  the  minor  oirclo  at  the 
extremitiea  of  the  minor  axes  and  complete  the  rectangle  11' KK'. 
The  points  Pi  and  Ft,  in  which  IK  and  I'K'  cut  the  major  axis,  are 


Fig.  166. — PFoperties  of  the  Ellipse, 

called  the  foci  of  the  ellipse.    From  any  point  on  the  ellipse  draw 

the  focal  radii  PFi  ~  ri  and  PFt  =  r^,  as  shown  in  the  figure. 

Represent  the  distance  OFi  or  its  equal  OFt  by  c.    Then  it  follows 

from  the  triangle  OIFi  that: 

a'  =  b'  +  c'  (1) 

This  is  one  of  the  fundamental  relations  between  the  constants  of 

the  ellipse. 
From  the  triangles  PFiD  and  PF^D  there  follows: 

r,'  =  (c  -  zY  +  y^  (2) 

ri=  =  (c  +  a;)^  +  y'  (3) 
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But  the  equfttioa  of  the  ellipse 
b 


Vo=-> 


Subatituting  this  value  of  j/'  Id  (2) 

ri'  =  e^-  2ex  +  x*  +  -^(a'  -  i=)  (5) 

=  c'  -  2ci  +  3'  +  b' i  x' 

«--2«  +  .4l-|f|  • 


(5)     <J 


or  bj  (I) 
Substituting 


1  -  - 


ffli-fit 


(7) 
(8) 


Likewke,  from  (3),   by  exactly  the  same  substitutions,  there 
follows: 

'■'""  +  ?  ^'^^ 

From  (9)  and  (10)  by  addition: 

r, +ri  =  2a  (11) 

Hence  in  any  ellipse  the  sum  of  the  focal  radii  is  constant  and  equal 
to  the  major  axis. 

The  converse  of  this  theorem,  namely,  if  the  sum  of  the  focal 
radii  of  any  locus  is  constant,  the  curve  is  an  ellipse,  can  readily 
.  be  proved.  It  is  merely  necessary  to  substitute  the  values  of  fi 
and  Tt  from  (2)  and  (3)  in  equation  (11),  and  simplify  the  resulting 
equation  in  x  and  y;  or  first  square  (11)  and  then  substitute  ri  and 
ri  from  (2)  and  (3).  There  results  an  equation  of  the  second  degree 
lacking  the  term  xy  and  having  the  terms  CQtit^ining  x'  ajid  y^  both 
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present  and  tiiith  coefficients  of  like  signs.    By  §77,  such  an  equation 
represents  an  ellipae. 

Hence  the  ellipse  might  have  been  defined  as  the  locus  of 
a  point,  the  sum  of  the  distances  of  which  from  two  fixed  points  is 
constant. 

An  ellipse  can  be  drawn  by  attaching  a  string  of  length  2a  by 
pins  at  the  points  Fi  and  Ft  and  tracing  the  curve  by  a  pencil  so 
guided  that  the  string  is  always  kept  taut.  Or  better,  take  a 
string  of  length  2a  -|-  2c  and  form  a  loop  enclosing  the  two  pina; 
the  entire  curve  can  then  be  drawn  with  one  sweep  of  the 
pencil. 

The  focal  radii  may  also  be  evaluated  in  terms  of  the  parametric 
or  eccentric  angle  B.  The  student  may  regard  the  following 
demonstration  of  the  truth  of  equation  (II)  as  simpler  than  that 
given  above: 

Since  X  =  a  cos  6,  and  y  =  b  sin  0 

r,'  =  6'  sin'  e  +  Cc  -  a  cos  9)'  (12) 

=  6'  sin'  e  +  c*  -2accose  +  a*  cos'  0  (13) 

To  put  the  right  side  in  the  form  of  a  perfect  square,  write 

6»  =  o'  -  cK     Then: 


ri'  = 

ffl' 

sin'e 

-  c'  sin*  e  +  c"  -  2(W!  cos 

+  a'  cos*  8 

= 

a' 

-  2ac 

cos  fl  +  c'  COB'  e 

(14) 

Whence: 

ti  =  a  -  c  cos  fi 

(15) 

Likewise: 

rj  =  a  +  c  cos  fl 

(16) 

Whence: 

r,  +  ri  =  2a 

232.  The  Eccentricity.    The  ratio  c /a  measures,  in  terms  of  a  as 

unit,  the  distance  of  either  focus  from  the  center  of  the  ellipse. 
This  ratio  is  called  the  eccentricity  of  the  ellipse.  In  the  triangle 
IFlO,  the  ratio  c  /o  is  the  cosine  of  the  angle  FiOI,  represented  in 
what  follows  by  0.    Calling  the  eccentricity  e,  we  have: 

e-c/a  =  cos^  (1) 

The  elli^e  ^  made  from  the  major  circle  by  contracting  its  ordi- 
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nates  in  the  ratio  m  ^  hja,  or  by  orthc^raphic  projectiou  of  the 
circle  through  the  angle  of  projection: 

Hence,  as  companion  to  (1)  we  may  write: 

m  =  bja  =  cos  a  =  ain  (3  (2) 

233.  The  RaUo  Definition  of  the  Ellipse.  In  Fig.  166,  let  the 
taiyjents  to  the  major  circle  at  7  and  I'  be  drawn.  Draw  a 
perpendicular  to  the  major  axis  produced  at  the  points  cut  by 
these  tangents.  These  two  lines  are  called  the  directrices  of  the 
ellipse. 

We  ahaU  prove  that  the  ratio  PF,  jPH  (or  PFi  jPH')  ia  constant 
for  all  positions  of  P.    From  §231,  equation  (9)  or  (15), 

r,  =  a  -  c  cos  e  (1) 

From  the  figure,  ON  ^  a  sec  70 A'  =  a  sec  ^  (2) 

But: 


Hence  from  (1)  and  (4): 

PH  '  a^/c  ~  a  cos  fl 

~  a  a  —  c  cos  ft 
or 

PFi/PH  =  c/a  =  e  =  cos  0  (5} 

A  similar  proof  holds  for  the  other  focus  and  directrix.  Thus, 
for  any  point  on  the  ellipse  the  distance  to  a  focus  bears  a  fixed 
ratio  to  the  distance  to  the  corresponding  directrix.  From  (5), 
the  ratio  is  seen  to  be  less  than  unity. 

Assuming  the  converse  of  the  above,  the  ellipse  m^ht  have  been 
defined  as  follows:  The  eUipse  is  the  locus  of  a  point  whose  distance 
from  a  fixed  point  {called  the  focus)  is  in  a  constant  ratio  less  than 
unity  to  its  distance  from  a  fixed  line  [called  the  directrix). 
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If,  in  Mr  ellipse,  c  ■=  0,  it  follows  that  b  must  equal  a  and  the  el- 
l^^/fZi^ces  to  a  circle.  If  c  is  nearly  equal  to  a,  then  from  the 
equation: 

it  follows  that  the  aemi-minor  axis  b  must  be  very  small.    That  is, 
for  an  eccentricity  nearly  unity  the  ellipse  is  very  slender. 

If  the  sun  be  regarded  as  fixed  in  space,  then  the  orbits  of  the 
planets  are  ellipses,  with  the  sun  at  one  focus.  (Th-s  is  "  Kepler's 
First  Law.")  The  eccentricity  of  the  earth's  orbit  is  0.017.  The 
orbit  of  Mercury  has  an  eocentrioity  of  about  0.2,  which  is  greater 
than  that  of  any  other  planet. 

Ezerdses 

Find  the  eccentricities  and  the  distance  from  center  to  foci  of  the 
following  ellipses : 

1.  x'/9  +  !/V4  -  I.  4.  2i(  =  Vl  -  s'. 

i.  y  -  {2/3)  Vsa  -  x'.  8.  9i'  +  I6i;'  -  14. 

S.  26i'  +  4j*'  -  100.  6.  2x'  +  3y'  -  1. 

Find  the  equation  of  the  ellipse  from  the  following  data: 

7.  e  =  1/2,  o  =  4-     Draw  this  ellipse. 

g,  c  =  4,  o  =  5. 

».  7-1  =■  6  -  2i/3,  r,  -  a  +  2^/3. 

10.  ri  -  5  -  4  COB  fl,  ri  =  5  +  4  cos  e. 
Solve  the  following  exercises ; 

11.  Find  the  eccentricity  of  theetlipse  made  by  the  orthographic 
projection  of  the  circle  x'  +  y*  ~  o'  through  the  angle  60°. 

12.  The  angle  of  projection  of  a  circle  x^  +  y*  =  a'  by  which  an 
ellipse  is  formed  is  a.  Show  that  the  eccentricity  of  the  ellipse  is 
sin  a. 

13.  A  circular  cylinder  of  radius  5  is  cut  by  a  plane  making  an 
angle  30°  with  the  axis.     Find  the  eccentricity  of  the  elUptic  section. 

.->/      14.  If  the  greatest  distance  of  the  earth  from  the  aun  is  92,- 
'^00,000  miles,  find  its  least  distance,      (Eccentricity  of  earth's  orbit 
=  0.017.) 

16.  In  the  ellipse  x</25  +  i/*/16  =  1,  find  the  distance  between 
the  two  directrices. 
1^      IS.  Write  the  equation  of  the  ellipse  whose  foci  are  (2,0),  (  —  2,  0), 
and  whose  directrices  are  x  =  5  and  i  =  —  5, 


:,.;,l,ZDdbyG00gk' 


5234]  THE  CONIC  SEClyoNS  ■         ^       ■        \^ 

17.  Prove  equation  11  $331  by  IranBr^.-,  W*£S^^j-^         q-t 

squaring,  and  reducing  to  an  identity. 

234.  The  Latus  Rectum.  The  double  ordinate  through  the 
focus  is  caUed  the  latus  rectum  of  the  ellipse.  The  value  of  the 
semi-latus  rectum  is  readily  formed  from  the  equation 

y  =  (6/a)Va'  -  x' 
by  substituting  c  for  x.    If  I  represents  the  corresponding  value 
oiy,  _ 

/  =  (6/a)Va="-c'"=bV«  (li 

since  a'  —  c'  =  b'.    Hence  the  entire  latus  rectum  is  represented 
by: 

2/  =  ?^'  (2) 

Equation  (1)  may  also  be  written: 

I  =  ftvr^vo"' 

=  6Vl  -  e»  (3) 

In  F^.   166  the  distances  AF,  AN,  ON,  OB,  OF,  FN  may 

readily  be  expressed  in  terms  of  a  and  e  as  follows  in  equations  (4) 

to  (10).     The  addition  of  the  formulas  (11),  (12),  (13)  brings  into 

a  single  table  all  the  important  formulas  of  the  ellipse. 


AF,  -  o  -  c  -  a(l  -  e) 

(4) 

^.^,  ..(l_-el 

(5) 

OH-osec^-* 

(6) 

e  ..COB (9 

(7) 

0B-b=asin/3  =  aVl-e' 

(8) 

OP,  -  c.  ae 

(9) 

F,H-OJV  -c  .a(l-e")/e 

(10) 

1  .  b'/a  -  a(l  -  •■) 

(U) 

r,  =  a-ex  =  a-xco8^ 

(12) 

r,  =  a  +  ex  =  a  +  xcos^ 

(13) 
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If,  in  aw  e11i£S9.j:~s        sxetcis«s 
\^^fv^  .lie  value  in  miileB  ot  OF  for  the  case  of  the  earth's  orbit. 
_^       --"     2.  Find  the  value  ot  S  for  fhe  earth's  orbit.     (Use  the  S  functions 

of  the  logarithmic  table.)  i 

-^  '^^—*T~\  In  the  ellipse  y  =  (2/3)  V36  -  i'  find  the  length  of  the  latus 
C    //  ■  'rectum  and  the  value  of  e. 

4.  The  eccentricity  of  an  ellipse  is  ,S/5  and  the  latus  rectum  is  9 


units,     piyl  the  equation  of  the  ellipse. 

— rTTTa) 


ind  (6)  2i'  +  3y'  =  6     find  the  latus 
rectum,  the  eccentricity  and  the  distances  ON  and  AF. 

6.  Determine  the  eccentricities  of  the  ellipses, 

(a)  if?  =  4^  -  (1/2)1'  (6)  !/'  =  iK  -  2j'. 

7.  Find  the  equation  of  an  ellipse  whose  minor  axis  is  10  units 
and  in  which  the  distance  between  the  foci  is  10. 

S.  Find  theequationofan  ellipse  whose  latus  rectum  is  2  units  and 

9.  The  distance  from  the  focus  to  the  directrix  is  IS  units.      An 
ellipse  divides  the  distance  between  focus  and  directrix  externally 
and  internally  in  the  ratio  3/5.     Find  the  equation  of  the  ellipse. 
'"    '  lu.  Ihe  axes  ot  an  ellipse    are  known.    Show  how  to  locate 
the  foci. 

11.  In  an  ellipse  a  =  25  feet,  e  =  0.96.  What  are  the  values  of 
c  and  67 

13.  For  a  certain  comet  (Tempel's)  the  semi-major  axis  of  the 
elliptic  orbit  is  3.5,  and  c  =  1.4  on  a  certain  scale.  For  another 
comet  (Enke's)  a  »  2.2,  e  —  0.85.  Sketch  the  curves,  taking 
3  cm.  or  1  inch  as  unit  of  measure. 

18.  If  I  •=  7.2,  e  •=  0.6,  find  c,  o,  6. 

14.  An  ellipse,  with  center  at  the  origin  and  major  axis  coinciding 
with  the  X-axis,  passes  through  the  points  (10,  5)  (6,'  13).  Find 
the  axes  of  the  ellipse.  '    ^     t-i  '^ 

235.  Focal  Radii  of  the  Hyperbola.  Construct  a  hyperbola  from 
auxiliary  circles  of  radii  a  and  6,  then  the  transverae  axis  of  the 
hyperbola  is  2a  and  the  conjugate  axis  is  2b.  Unlike  the  case  of 
the  ellipse,  h  may  be  either  greater  or  legs  than  a.  As  previously 
explained,  the  asymptotes  are  the  extensions  of  the  diagonals  of  the 
rectangles  BTAO,  BT'A'O.  From  the  points  I,  I',  in  whioh  the 
asymptotes  cut  the  o-circle,  draw  tangents  to  the  o-circle.  The 
"points  Fi,  Ft  in  which  the  tangents  cut  the  axis  of  the  hyper- 
bola are  called  the  foci.    See  Fig.  167. 
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The  distance  OFi  or  OFs  is  represented  by  the  letter  c.  Then, 
since  the  triai^?lea  FJO  and  OAT  are  equal,  FJ  must  equal  b,  so 
that  we  have  the  fuadameutal  relation  between  the  constants  of 
the  hyperbola: 

•■  +  b=  -  c=  (1)  /y^y^ 


FiQ.  167.— properties  of  the  Hyperbola. 


From  any  point  on  either  brancli  otthehyperboladrawtliefocal 
radii  PF,  and  PF,,  represented  by  r,  and  ri  reapectively.    Then 
from  the  figure: 

r,'  -1.x-  e)'  +  ,■                               (2) 

But  from  the  equation  of  the  hyperbola: 

»'  -  <6'/o 
hence: 

)(.■  -  »■) 

(3) 

r,-  -  (I  - 

t)' +  (,■(!' -«')/■■' 

(4) 

-  (a'x' 

-  2a'cx  +  oV  +  b^x^  - 

-a'b')la 

(6) 

-  (c'a:' 

-  2a'cx  +  a<)  ja'^ 

(6) 

-  (CI- 

al'la' 

(7) 

Hence:     r,  =  (c/o) 

z  -  a 

(8) 

In  like  manner  it  may  be  shown  that 

r,  -  (c/o) 

x^a 

(9) 

u.,;.„ 

Google 

406        ELEMENTARY  MATHEMATICAL  ANALYSIS      [5236 

Hence  from  (8)  and  (9)  it  follows: 

rj  -  r,  =  2a  (lO) 

Hence  in  any  hyperbola,  the  difference  between  the  distances  of  any 

pmnt  on  it  from  the  foci  is  constant  and  equal  to  the  transverse  axis. 

The  above  relation  may  be  derived  in  terms  of  the  parametric 

anglefl.    Thus,  since  in  any  hyperbola  r  =  osecffandy  "•i>tan6, 

r,'  =  6'  taa»  9  +  (a  sec  tf  -  c)> 

=  6'  tan'  e  +  a'  sec'  9  -  2a<;  sec  fl  +  c» 
To  put  the  r^ht-hand  side  in  the  form  of  a  perfect  square,  write 
6«  =  c'  -  a'.     Then 

n'  =  c*  sec'  fl  -  2(ic  see  e  +  a' 
Therefore:  ri  =  csec^  -  a  (11) 

and:  rt  =  csecfl  +  a  (12) 

236.  The  Ratio  Definition  of  the  Hyperbola.  Through  the 
points  of  intersection  of  the  o-circle  with  the  asymptotes,  draw 
JK,  I'K'.  These  lines  are  called  the  directrices  of  the  hyperbola. 
It  will  now  be  proved  that  the  ratio  of  the  distance  of  any  point  o( 
the  hyperbola  from  a  focus  to  its  distance  from  the  corresponding 
directrix  is  constant.     Adopt  the  notation: 

c/a  =  sec)3  =  e  (1) 

Then  from  the  figure: 

PFi  jPH  =  fi  /(a;  -  ON)  =  r,  /(a  sec  #  -  a  cos  0)  (2) 

Substituting  ri  from  (11)  above: 

PF,  IPH  =  {c  sec  e  -a)  /(a  sec  S  -  o  cos  /3)  (3) 

=  (asec^secS  -  o)/(aseo0  -  ocosjS)  (4) 

sec(3secfl  -  1 
=   sec^-^^rff-  =  ^«^^  =  ^  =  ''/''  <^' 

which  proves  the  theorem.  The  constant  ratio  e  is  called  the 
eccentricity  of  the  hyperbola,  and,  as  shown  by  (5),  Is  always  greater 
than  unity. 

Assuming  the  converse  of  the  above,  it  is  obvious  that  the  hyper- 
bola might  have  been  defined  as  follows:  The  hyperbola  is  the 
locus  of  a  -point  whose  distance  from  a  fixed  point  {called  the  focus) 
is  in  a  constant  r(Uio  greater  than  unity  to  its  distance  from  a  fixed 
line  {coiled  the  directrix). 
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237.  The  Latus  Rectum.  The  double  ordinate  through  the  focus 
13  called  the  latus  rectum  of  the  hyperbola.  The  value  of  the 
Bemi-latus  rectum  is  readily  found  from  the  equation: 

y  =  (i>/a)  Vx'  -  a' 

by  substituting  c  for  x.    If  { represents  the  correspondii^  value  of 

y- 

Hence  the  entire  latus  rectum  is  represented  by: 

31  =  2bVa  (2) 

Equation  (1)  may  also  be  written: 


l  =  b^l?-l  (3) 

In  Fig.  167  the  distances  AFi,  AN,  ON,  OB,  Of  i,  F,N  may 
readily  be  expressed  in  terms  of  a  and  e,  as  follows  in  equations 
(4)  to  (8).  Collecting  in  a  single  table  the  other  important  for- 
mulas for  the  hyperbola,  we  have: 


AT,  -  c  -  0  -  ate  -  1) 

(4) 

AH  -  AF,le  -aCe-D/e 

(5) 

ON  =  acoB^  =  a/e 

(6) 

e  =  B€C^ 

m 

OB  =  b  =  atang  =  a  Ve'  -  1 

m 

OFi  =  c  =  ae 

F.H- 

c-OiV-ae-a/e  .a(e--l);e 

m 

1 

-  b'/a  =-  b  Ve'  -  1  =.  a(e'  -  1) 

(10) 

r,  =  M  -  a  =  X  sec  (3  -  a 

(U) 

ri  =  ei  +  a  =  xsece  +  a 

(12) 

The  important  properties  of  the  hyperbola  are  quite  similar 
to  those  of  the  ellipse.  It  is  a  goo^  plan  to  compare  them  in 
parallel  columns. 
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1.  Definition  of  Foci  and  Focal'  I.  Definition  of  Foci  and  Focal 
Radii  '        Radii 

2.  o'  -  6'  +  c=  '  2.  a'  +  b'  =  c' 

3.  n  +  ri  -  2a  3.  r,  -  ri  =  2a 

4.  Eccentricity,  «  =  1  =  cos  0  i.  Eccentricity,  e  =  -  =  aec  0 

5.  Definition  of  Directrices  5.  Definition  of  Directrices 

PF,  PF, 

6.  The  Ratio  Property,  p„  =  e  6.  The  Ratio  Property,  pf,   =  e 

26'  26' 

7.  The  Latus  Rectum  =  —  7.  The  Latus  Rectum  =  — 


1.  Find  the  eccentricity  and  axes  of  x'/i  -  j/'/lS  =  1. 

3.  Find  the  eccentricity  and  latus  rectum  of  the  hyperbola  eon- 
jUEMte  to  the  hyperbola  of  the  preceeding  exercise. 

^_8/A  hyperbola  has.a  transverse  axis  equal  to  14  units  and  its 
asymptotes  make  an  angle  of  30°  with  he  x-axia.  Find  the  equation 
of  the  hyperbola.  "^ 

4.  Find  the  latus  rectum  and  locate  the  foci  and  asymptotes  of 
4x\  -  SGy''  -  144. 

6.  Locate  the  directrices  of  the  hyperbola  of  the  preceding  exercise, 
6.  In  Fig.  167  show  that  rt  -  GK'  and  ri  -^  GI  and  hence  that 
r,  ^  r,  =  IK'  or  2a: 

.  Find  the  equation  of  the  hyperbola  having  latus  rectum  4/3 
..2S. 
/"S-iThe  eccentricity  of  a  hyperbola  is  3/2  and  its  directrices  are 
thV-lines  X  —  2  and  i  —  —  2.     Write  the  equation  and  draw  the 
;urve  with  its  asymptotes,  o-circle,  6-cirele,  and  foci. 

9.  Find  the  eccentricity  and  axes  of  Si'  —  5^'  =  —  45. 
10.  Find  the  eccentricity  of  the  rectangular  hyperbola. 
(Sfl  Describe  the  shape  of  a  hyperbola  whose  eccentricity  is  nearly 
joIty.     Describe  the  form  of  a  hyperbola  if  the  eccentricity  is  very 


"A5t 


Yli/  Describe  the  hyperbola  if  6/a  =  2,  but  a  very  smell. 
raSJ  Write  the  equation  of  the  hyperbola  if  (1)  e  =  5,  o 
!  =  25,  o  -  24;  (3)  clT,  6  =  8, 
14.  Describe  the  locus ; 

(i  +  1)V7  -{y-  3)V5  =  1- 


i.vCoogIc 


1238] 


THE  CONIC  SECTIONS 


409 


16.  Find  the  equatioa  of  the  hyperbola  whose  center  is  at  the 

origin  and  whose  transverse  axis  coincides  with  the  :c-8xis  and  which 
pasaesjhrough  the  points  (4.5,   -  I),  (6,  8). 

(^•The  Polar  Equation  of  the  ElUpse  and  Hyperbola.  In 
mechanics  and  astronomy  the  polar  equations  of  the  ellipss  and 
hyperbola  are  often  required  with  the  pole  or  origin  at  the  right  focus 
n  thecaae  of  the  ellipse  and  at  theleft  focus  in  the  case  of  the  hyper- 
In  these  positions  the  radius  vector  of  any  point  on  the 


bola. 


Fig.  168.— Polar  Equation  of  a  Conic. 


curve  vill  increase  with  the  vectorial  angle  when  8  <  180°.  To 
obtain  the  polar  equation  of  the  ellipse  and  hyperbola,  make  use  of 
the  ratb  property  of  the  curves,  namely:  that  the  locus  of  apoint 
whose  d^tances  from  afixcd  point  (called  the  focus)  is  in  a  constant 
ratio  e  b  its  distances  from  a  fixed  line  (called  the  directrix),  is  an 
ellipse  J  c  <  1  or  a  hyperbola  if  e  >  1.  In  Fig.  168  letP  be  the 
fixed  poht  or  focus,  IK  the  fixed  line  or  directrix,  P  the  moving 
point,  aid  PL  =  /  the  aemi-latus  rectum.  Then  the  problem  is 
to  find  tie  polar  equation  from  the  equation 

PF 

PH  =  '  (1) 
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If  e  is  left  unrestricted  in  value,  the  work  and  the  result  will  apply 
equally  well  either  to  the  ellipse  or  to  the  hyperbola. 

When  the  point  P  occupies  the  position  L,  Fig.  168,  we  have 
PF  "  I  and  PH  ~  FN,  whence  from  (1) 

FN  =  '  (2) 

Take  the  origin  of  pol&r  codrdinates  at  F,  and  also  take  FP  =  p 

and  the  angle  AFP  =  6.    Then: 

PH  =  FN  ■-  FD  (3) 

FD  =  POOB0  (4) 

Hence  from  (2),  (3)  and  (4) 

PH  =  l  -pcosfl  (5) 

Subatitutii^  these  values  of  FP  and  PH  in  (1),  clearing  of  frac- 
tions and  solving  for  p,  we  obtain 


""l  +  ecose  ^"' 

which  is  the  equation  required. 

When  e  <  1,  (6)  ia  the  equation  of  an  ellipse  with  pole  at  the 
right-hand  focus,  When  e  >  1,  (6)  is  the  equation  of  a  hyperbola 
with  the  pole  at  the  left  focua;  in  both  cases  the  origin  has  been  so 
selected  that  p  increases  as  9  increases. 

Note:  Calling  FN  (Fig.  168)  ■■  n,  equation  (1)  above  may  be 
written  in  rectangular  coordinates: 

yf-Y-e  (7) 

aj'+v'-e'C-x)'  (8) 

which  may  be  reduced  to  the  form: 

\*  +  1  _  e^;    +  1  _  e>  -  (1  -  e*)'  "*' 

By  |$T7  and  87  this  represents  an  ellipse  if  e  <  1  or  a  hyper- 
bola if  e  >  1.  Thus  starting  with  the  ratio  definition  (7'  we  have 
proved  that  the  curve  is  an  ellipse  or  a  hyperbola ;  that  it,  we  have 
proved  the  statements  in  italics  at  bottom  of  pp.  401  and  406. 
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Exercises 

1.  Graph,  on  polar  paper,  form  MS,   the  curve  p  =  .    .  ^ 
for  e  =  2;  also  for  e  =  1/2,  also  for  e  =  1. 

It  will  be  sufficient  in  graphing  to  use  fi  -  0",  30°,  60°,  90°,  120% 
150°,  180°,  210°,  .    .    .,360°. 

2.  Write  the  polar  equation  of  an  ellipse  whose  semi-latus  rectum 
is  6  feet  and  whose  eccentricity  is  1/3. 

3.  Write  the  polar  equation  of  an  ellipse  whose  semi-axes  are  5 
and  3. 

4.  Discuss  equation  (6)  for  the  case  e  =  0. 

5.  Write  the  polar  equation  of  ft  hyperbolft  if  the  eccentricity  be 
V2  and  the  distance  from  focua  to  vertex  be  4. 

«.  Write  the  polar  equations  of  the  aaymptotea  of 


7.  Compare  the  curves  P  =  4  4-~'^roa^  ^""^  **  ^  4  —  "5eoH"B" 

8.  Disouisa  the  equation  p  =  .  .  ,-_ — y  in  which  0  is  a 
constant. 

239.  RatioD^nltionof  tbePaiabola.  Amoi^  the  curvea  of  the 
parabolic  typo  previously  discussed,  the  one  whose  equation  is  of 
the  second  degree  is  of  paramount  importance.  On  that  account 
when  the  term  parabola  is  used  without  qualification,  it  is  under- 
stood that  the  curve  is  the  parabola  of  the  second  order,  whose 
equation  may  be  written,  y''  =  ax  or  x^  =  ay. 

The  locua  of  a  point  whose  distance  from  a  fixed  point  is  always 
equal  to  its  distance  from  a  fixed  line  is  a  parabola.  In  Fig. 
169,  let  F  be  the  fixed  point  and  HK  the  fixed  line.  Take  the  ori- 
gin at  A  half  way  between  F  and  HK.  Let  P  be  any  point  satis- 
fying theconditionPF  =  PH.  Call  Oi)  •■  x,PD  =  !/,  and  represent 
the  given  distance  FX  by  2p.    Then,  from  the  r^httriai^lePFD; 

ppt   =   yt+  PDX  (1) 

=  y'+{x-  OFY 


=  y^  +  {x  ~  -pY 
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Since  PF  by  definition  equals  PH  otx  +  p,  we  have: 

(X  +  pY  =  y^  +  {x-  p)'  (2) 

whence: 

y=  =  4px  (3) 

which  is  the  equation  of  the  parabola  in  terms  of  the  focal  distance, 
OF  or  p. 
The  double  ordinate  through  F  is  called  the  latus  rectum. 
The  semi-latus  rectum  can  be  computed  at  once  from  (3)  by 
placing  X  =  p,  whence : 

I  =  2p  (4) 

where  I  is  the  semi-latus  rectum.    Hence  the  entire  latus  rectum  is 
4p,  or  the  coefficient  of  x  in  equation  (3). 


-^  A    F  D      N 

y    ^^ — 


Fio.  169.— Properties  of  the  Parabola  y 


In  Fig.  169,  the  quadrilateral  FLIK  ia  a  square  since  FL  and 
FK  are  each  equal  to  2p. 

210.  Polar  Equation  of  the  Parabola.  In  accordance  with  the 
ratio  definition  of  the  parabola,  its  polar  equation  is  found  at 
once  from  equation  (6),  5238,  by  puttii^  e  -  1.  Hence  the  polar 
equation  of  the  parabola  is 


■  1  +  cos  fl 


(1) 
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For  this  equation  we  may  make  the  following  table  of  values : 


e 

p 

(f 

1/2 

w 

( 

i8(r 

a> 

270- 

1 

This  shows  that  the  parabola  has  the  position  shown  in  Fig.  168. 
This  is  the  form  in  which  the  polar  equation  of  the  parabola  is 
used  in  mechanics  and  astronomy. 

241.  The  Conies.  It  is  now  obvious  that  a  sii^le  defimtion 
can  be  given  that  will  include  the  ellipse,  hyperbola  and  parabola. 
These  curves  taken  tt^ether  are  called  the  conies.  The  definition 
may  be  worded:  A  conic  is  Ike  locus  of  a  ■point  whose  dialances 
from  a  fixed  point  (called  the  focus)  otkI  a  fixed  line  ^called  the 
directrix)  are  in  a  constant  ratio.  The  unity  between  the  three 
curves  was  shown  by  their  equation  in  polar  coordinates.  Moving 
the  ellipse  so  that  its  left  vertex  passes  through  the  origin,  as  in 
§76,  and  writing  the  hyperbola  with  the  origin  at  the  right  ver- 
tex (so  that  both  curves  pass  through  the  origin  in  a  comparable 
manner),  we  may  compare  each  with  the  parabola  as  follows: 

The  eUipse:  y^  =  2lx  -  (lb^ja')x^  (1) 

The  parabola:  y'  =  2ii;  (2) 

The  hyperbola:  j/'  ==  2lx  +  {h^la^)x^  (3) 

In  these  equations  I  stands  for  the  semi-latus  rectum  of  each 
of  the  curves.    These  equations  may  also  be  written: 

I,"  -  21a;  -  (i/a}x'  (4) 

V*  -=  2lx  (5) 

V'  -  2ix  +  {lla)x'  (6) 

whence  it  is  seen  that  if  I  be  kept  constant  while  a  be  increased 
without  limit,  the  ellipse  and  hyperbola  each  approach  the  para- 
bola as  near  as  we  please.  Only  for  large  values  of  x,  if  a  be  large, 
is  there  a  material  difference  in  the  shapes  of  the  curves. 
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1.  Write  the  equation  of  the  circle  in  the  form  (!)  above. 

2.  Write  the  equation  of  the  equilateral  hyperbola  in  the  form  (3) 

above. 


Fio.  170.— A  Hyperbola  Translated  at  an  Angle  of  45°  to  OX. 


S.  Describe  the  ci 


where  «  ie  a  constant. 
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4.  Iq  Fig.  170  traaslate  the  curve  xy  ~  I  by  suitable  change 
in  the  equation  to  the  position  shown  by  the  dotted  curve,  if  the 
tranatation  of  each  point  is  unity. 

6.  In  Pig,  171  translate  the  curve  y'  =  4px  by  suitable  change  in 
the  equation  to  the  position  shown  by  the  dotted  curve,  if  the 
distance  each  point  is  moved  be  3p. 

6.  A  bridge  truss  has  the  form  of  a  circular  segment,  as  shown  in 
Fig.  172.  If  the  total  span  be  80  yards  and  the  altitude  BS 
be  20yards,  find  the  ordinates  C|Di,  C:0|  erected  at  uniform  intervals 
of  10  yards  along  the  chord  AAi. 


-* I       8      t        •      T 

A,  a         Ci     Ci     C      A 


Fi<3.  173. — Bridse  Tfubb  in  the  Form  of  a  Parabolic  Segment. 

7.  A  bridge  truss  haa  the  form  of  a  parabolic  segment,  as  shown  in 
Fig.  173.  The  span  AAi  is  24  yards  and  the  altitude  OB  is  10 
yards.  Find  the  length  of  the  ordinates  DC,  DiCi,  .  .  .  erected  at 
uniform  intervals  of  3  yards  along  the  line  AAi. 

242.*  The  Conies  are  Conic  Sections.    The  curves  now  known 

a9  the  conies  were  originally  studied  by  the  Greek  geometers  as  the 
sections  of  a  circular  cone  cut  by  a  plane.  At  first  these  sections 
were  oiade  by  passing  a  plane  perpendicular  to  one  element  of  a 
right  circular  cone.  If  the  angle  at  the  apex  of  the  cone  was  a 
right  angle,  the  section  was  called  the  seclion  of  the  right  angled 
cone.  It  the  angle  at  the  apex  of  the  cone  was  less  than  90°,  the 
section  made  by  the  cutting  plane  was  called  the  section  of  Ike 
acute  angled  cone.  Likewise  a  third  curve  was  named  the  section 
of  the  obtuse  angled  cone.  Thua  the  curves  of  three  different 
t^pes  now  called  the  parabola,  ellipse,  and  hyperbola  were  studied. 
The  present  names  were  not  introduced  until  much  later,  and 
until  it  was  shown  that  the  three  classes  of  curves  could  be  made 
respectively  by  cutting  any  cone:  (1)  by  a  plane  parallel  to  an 
element;  (2)  by  a  plane  cuttii^  opposite  elements  of  the  same  nappe 
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of  the  cone;  (3)  by  a.  plane  cuttii^  both  nappea  of  the  coce.  The 
two  ntqipes  of  a  conical  surface,  it  will  be  remembered,  are  the 
two  portions  of  the  surface  separated  by  the  apex. 

In  F^.  174,  let  the  plane  NDN'D',  called  the  cutting  plane,  cut 
the  lower  nappe  of  a  right  circular  cone  in  the  curve  VPV.  We 
shall  prove  that  this  curve  is  an  ellipse. 

Let  the  plane  VAV  pass  through  the  axis  of  the  cone.  It  is 
then  possible  to  fit  into  the  cone  two  spheres  which  will  be  tangent 
to  the  elements  of  the  cone  and  also  tangent  to  the  cutting  plane. 


Fio.  174. — Section  of  a  Circular  Cone. 

For  it  is  merely  necessary  to  locate  by  plane  geometry  the  circle 
inscribed  in  the  triangle  A  FK',  and  the  escribed  circle  RF'R',  and 
then  to  rotate  these  circles  about  the  axis  AB  to  describe  the 
required  spheres  while  the  hne  AR  describes  the  conical  surface. 

Let  the  points  at  which  the  cutting  plane  touches  the  two 
spheres  be  called  F  and  F'. 

From  any  point  P  on  the  curve  VPV  draw  lines  PF  and  PF' 
to  the  points  F  and  F'.  These  line3  are  tai^ent  to  the  spheres, 
since  each  lies  in  a  tangent  plane  and  passes  through  the  point  of 
tangency.    Through  P  draw  an  element  of  the  cone  AHPK.    The 
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lines  PH  and  PK  are  also  tangents  to  the  upper  and  lower  spheres 
respectively.  Since  all  tangents  to  the  same  sphere  from  the  same 
external  point  are  equal: 

PF   =PH 
PF'  =  PK 
Hence: 

PF  +  PF'  =PH  +  PK 
But  PH  +  PK  is  an  element  of  the  frustum  SHS'  RKR',  and  hence 
preserves  the  same  value  for  all  positions  of  P.     Hence: 

PF  +PF'  =  a  constant  sum 
Therefore  the  section  is  an  ellipse  with  foci  F  and  F'. 

Let  the  upper  and  lower  circle  of  tangency  of  the  spheres  and 
conical  surface,  namely  SHS'  and  RKR',  be  produced  until  they 
cut  the  cutting  plane  in  the  straight  lines  ND  and  N'D'.  DPD' 
is  a  perpendicular  at  P  to  the  parallel  lines  ND  and  N'D'.  We 
shall  show  that  the  parallel  lines  ND  and  N'D'  are  the  directrices 
of  the  ellipse. 
Since: 

PF  =  PH 


PFIPD  =  PHIPD 
The  two  intersecting  tines  DD'  and  HK  are  cut  t>y  the  parallel 
planes  DNS  and  D'N'R'.    Hence  we  have  the  proportion: 

PH/PD  =  PKIPD'  =  HKIDD' 
This  last  ratio,  however,  has  the  same  value  for  all  positions  of 
P,  since  HK  is  an  element  of  the  frustum  and  since  DD'  is  the 
fixed  distance  between  the  parallel  lines  NO  and  N'D'. 

Therefore  with  respect  to  the  points  F  and  F'  and  the  lines 
ND  and  N'D'  the  ratio  definition  of  the  ellipse  applies  to  the 
curve  VPV.  It  is  easy  to  show  that  the  ratio  HKjDD  is  less 
than  unity. 

If  the  cutting  plane  be  passed  parallel  to  the  element  AR', 
it  is  easy  to  prove  that  the  curve  of  the  section  satisfies  the 
ratio  definition  of  the  parabola.  In  case  the  cutting  plane  cuts 
both  nappes,  one  of  the  tangent  spheres  lies  above  the  apex  and 
it  is  easy  to  show  that  PK  —  PH  is  constant. 
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243.  Tai^at  to  the  Parabola.  Let  us  inveatigate  the  condition 
that  the  line  y  =  mx  -(-  h  shall  be  tangent  to  the  parabola  y*  — 
4px.  First  find  the  points  of  intersection  of  these  loci  by  solving 
the  two  equations  for  i  and  y. 

y    =mx  +  b  (1) 

y^  =  4p:c  (2) 

as  simultaneous  equations. 

Eliminating  y  by  substituting  the  value  of  y  from  (1)  in  (2) 

m'x'  +  2mbx  +  i»  -  4px  =  0  (3) 

or 

mV  +  2(m6  -  2p)a:  +  (.=  =  0  (4) 

Solving  for  x  (see  formula  for  quadratic,  Appendix. 
_  mh  —  2p      2Vp'  -  ■pmb 


-yn^  (5) 

Therefore  there  are  in  general  two  values  of  x  or  two  points  of 
intersection  of  the  straight  line  and  the  parabola.  By  the  defini- 
tion of  a  tangent  to  a  curve  (§  146)  the  line  becomes  a  tan- 
gent to  the  parabola  when  the  two  points  of  intersection  be- 
come a  single  point;  that  is,  when  the  radical  in  (5)  vanishes. 
This  condition  requires  that: 

p'  —  ■pTfih  =  0 

h  =  p/m  (6) 

Therefore  when  b  of  equation  (1)  has  this  value,  the  line  touches 
the  parabola  at  but  a  single  point,  or  is  tangent  to  it.  The 
equation  of  the  tangent  is  therefore: 

y  =  ini-f-p/m  (7) 

This  line  ia  tangent  to  the  parabola  y*  =  4px  for  all  values  of 
m.  Substituting  in  (5)  the  value  of  &  >=  Vl^i  ^^  ^^^7  ^I'd  t>Ii^ 
abscissa  of  the  point  of  tangency: 

X,  =p/m'  (8) 

Substituting  this  valud  of  x  in  (7)  the  corresponding  ordinate  of 
this  point  is  found  to  be: 

y.  =  2p/m  (9) 
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241.  Properties  of  the  Parabola.  In  Fig.  169,  F  is  the 
focus,  HK  is  the  directrix,  PT  is  &  tangent  at  any  point  P. 
The  perpendicular  PN  to  the  tangent  at  the  point  of  tai^enoy  is 
called  the  normal  to  the  parabola.  The  projection  DT  of  the 
tai^Bnt  PT  on  the  x-axis  is  called  the  subtangent  and  the  pro- 
jection DN  of  the  normal  PN  on  the  x-axis  is  called  the  snb- 
normaL  The  line  through  any  point  parallel  to  the  axis,  ssPR, 
is  known  as  a  diameter  of  the  parabola. 

(a)  The  siMangent  to  (A«  parofeolo  at  any  pdnl  is  bisected  by 
the  vertex.  It  is  to  be  proved  that  OT  =  OD  for  all  positions  of  P. 
Now  OD  is  the  abscissa  of  P,  which  has  been  found  to  be  p/m'. 
From  the  equation  of  the  tangent; 

y  =  mx  +  p/m 
the  intercept  OT*  on  the  x-axis  is  found  by  putting  y  —  Q  and 
solving  for  x.     This  yields: 

X  =  -  pim* 
This  is  numerically  the  same  as  OD,  hence  the  vertex  0  bisects 
DT. 

(6)  The  svbnormal  to  the  parabola  at  any  point  is  constant  and 
equal  lo  the  semi4atits  redum. 

The  angle  DPN  has  its  sides  mutually  perpendicular  to  the 
sides  of  the  angle  DTP,  hence  the  angles  are  equal.    Since  the 
tangent  of  the  angle  DTP  =  m,  therefore: 
tangent  DPN  =  m 
From  properties  of  the  right  triangle  PDN : 
DN  =  PD  tangent  DPN 
=  PDm 

=  {2plm)m  =.  2p 
Since  KF  also  equals  2p,  we  have 

KF  =  DN 
(c)  PFTH 18  a  rhoTnbus.    By  hypothesis  PF  =  PH.    To  prove 
the.  figure  PFTH  a  rhombus  it  is  merely  necessary  to  show  that 
FT  -  PH. 
Now: 

FT  =  F0  +  OT 

PH  =  DK  =  DO  +  OK 
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But: 

OD  =  OT  and  OK  =  FO 
therefore: 

FT  =  PH 

and  the  figure  ia  a  rhombus. 

It  follows  that  the  two  diagonalB  of  the  rhombus  intersect  at 
right  angles  on  the  y-ax\e. 

((f)  The  normai  to  a  parabola  bisects  the  angle  between  the  focal 
radius  and  the  diamder  at  the  point.     We  are  to  show  that: 

Z  NPF  =  Z  NPR 
Since  FPHT  is  a  rhombus: 

Z  FPT  =  ^  TPH 
But: 

Z  TPH  -  Z  RPS 
being  vertical  angles.    From  the  two  r^ht  angles  NPT  and  NPS 
subtract  the  equal  angles  laat  named.    There  results: 
Z  FPH  =  Z  NPR 

It  is  because  of  this  property  of  the  parabola  that  the  reflectorB 
of  locomotive  or  automobile  headlights  are  made  parabolic. 
The  rays  from  a  source  of  light  at  F  are  reflected  in  Unes  parallel 
to  the  axis,  so  that,  in  the  theoretical  case,  a  beam  of  light  is  sent 
out  in  paraUel  lines,  or  in  a  beam  of  undiminishii^  strength. 

246.  To  Draw  a  Parabolic  Arc.  One  of  the  beat  ways  of  de- 
scribing a  parabolic  arc  is  by  drawing  a  large  number  of  tangent 
hues  by  the  principle  of  §244  (c).  Since  in  Fig.  169  the  tan- 
gent is  for  all  positions  perpendicular  to  the  focal  line  FH  at 
the  point  where  the  latter  crosses  OY,  it  is  merely  necessary  to 
draw  a  large  number  of  focal  lines,  as  in  Fig.  175,  and  erect 
perpendiculars  to  them  at  the  points  where  they  cross  the  {/-axis. 

The  equations  of  the  tangent  lines  in  Fig.  175  are  of  the  form: 
y  =  ntx  +  p/m  (l) 

in  which  p  is  the  constant  given  by  the  equation  of  the  parabola, 
and  in  which  m  takes  on  in  succession  a  sequence  of  values  appro- 
priate to  the  large  number  of  tangent  lines  of  the  figure.  These 
lines  are  Bftid  to  eoDstitute  a  family  of  lines  and  are  said  to  envekqi 
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the  curve  to  which  they  are  tangent.    The  curve  itself  is  called 
the  envelope  of  the  family  of  lines. 

The  curve  of  the  supportii^  surface  of  an  aeroplane  as  well  as 


Pig.  1 76. — Graphical  Constructioa  of  a  Parabolic  Arc  ' '  by  Tangents. 


the  curve  of  the  propeller  blades  is  a  parabolic  arc.    The  curve  of 
the  cables  of  a  suspension  bridge  is  also  parabolic. 

Exercises 
1.  Write  the  equation  of  the   parabola  which  the   family   y  = 
mx  4-  7/2m  envelops. 


:,.;,l,ZDdbyG00gle 


422        ELEMENTARY  MATHEMATICAL  ANALYSIS       IS246 

3.  Draw  an  arc  of  a  parabola  if  p  ■■  3  inches. 

3.  At  what  point  is  ^  =  mx  +  3/in  tangent  to  the  parabola 
y'  =  12*7 

4.  At  what  point  ie  y  =  mx  +  ll/m  tangent  to  ^*  =  44x? 

G.  Draw  the  family  of  lines  y  =  mx  +  l/m  for  m  =  0.4,  m  =  0.6, 
m  =  0.8,  m  =  l,m  =2,m  =  i,m  =  8. 

246.  Tangent  to  the  Circle.  An  equation  of  a  tangent  line  to 
a  circle  can  be  found  as  In  the  case  of  the  parabola  above  by  finding 
the  points  of  intersection  of: 

y  =  Tnx-i-b  (l) 

x'  +  y'  =  o'  (2) 

and  then  imposing  the  condition  that  the  two  points  of  intersection 
shall  become  a  single  point.     The  value  of  b  that  satisfies  this 


Fia.  176,— The  Equatio: 

condition  when  substituted  in  (1)  gives  the  equation  of  the  re- 
quired tai^ent.  It  ia  easier  to  obtain  this  result,  however,  by  the 
following  method.  In  Fig.  176  let  the  straight  line  be  drawn 
tangent  to  the  circle  at  T.  Let  the  slope  of  this  line  be  m. 
Then  m  =  tan  ONT  °=  tan  a,  if  a  be  the  direction  angle  of  the  tan- 
gent line.  The  intercept  of  the  line  on  the  y-tads  can  be  expressed 
in  terms  of  a  and  a: 

b  =  aaeoa  =  aVi  +  m'  (3) 
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Heuce  the  equation  of  the  tai^ent  to  the  circle  isi 
y  =  mi  ±  aVl  +  m' 
The  double  sign  Is  written  in  order  to  include  in  a  single  equation 
the  two  tangents  of  given  slope  m,  as  illustrated  in  the  diagram. 
Exercises 
i.  Find  the  equations  of  the  tangents  to  x^  +  y^  "  16  making  an 
angle  of  60°  with  the  2-axis. 

2.  Find  the  equations  of  the  tangents  to  x*  +  y^  =  2S  making  an 
angle  of  45°  with  the  z-axis. 

3.  Find  the  equation  of  tangents  to  s'  +  y'  =  25  parallel  to 
y  =  3z  -2. 

4.  Find  the  equation  of  tangents  to  x'  +  y*  =  16  perpendicular 
to  y  =  (1/2)1  +  3. 

0.  Find  the  equatbnsof  the  tangents fo  (s  —  3)'  +  (y  —  4)'  —  25 
whose  alope  is  3. 

247.  Nonnal  Equation  of  Stra^ht  Line.  The  normal  equation 
of  the  straight  line  was  obtained  in  polar  coordinates  in  §69. 
The  equation  was  written; 

p  cos  (e  -  a)  =  0  (1) 

In  this  equation  (p,  B)  are  the  polar  coordinates  of  any  point  on 
the  Une,  a  is  the  distance  of  the  hne  from  the  origin  and  a  is  the 
direction  ai^le  of  a  perpendicular  to  the  line  from  the  origin. 
(See  Fig.  177.)     Expandii^  cos  {$  —  a)  in  (1)  we  obtain: 

p  cos  fl  cos  a  +  p  sin  e  sin  a  =  a  (2) 

But  for  any  value  of  p  and  8,  p  cos  S  =  x  and  p  siad  =  y. 
Hence  (2)  may  be  written  in  rectangular  coordinates: 

z  cos  a  +  y  sin  a  =  a  (3) 

This  also  is  called  the  nonnal  equation  of  the  straight  line. 
If  an  equation  of  any  line  be  given  in  the  form: 

ax  +  by  =  c  (4) 

it  can  readily  be  reduced  to  the  normal  form.  For  dividing  this 
equation  through  by    Vo'  +  6': 


Va*  +  b'  Va'  +  b*  Va'  +  b' 

Now  o/Vo^  +  6'  and  6/Vo'  +  b'  may  be  regarded  as  the  cosine 
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and  sine,  respectively,  of  aa  angle,  for  a  and  b  are  divided  by  a 
number  which  may  be  represented  by  the  hypotenuse  of  a  right 
triangle  of  which  a  and  6  are  legs.  Calling  this  angle  a,  equation 
(5)  may  be  written: 

X  cosa  +  ysiaa  =  d  (6) 

which  is  of  the  form  (3)  above.  Inasmuch  as  the  right  side  of  the 
equation  in  the  normal  form  represents  the  distance  of  the  line 
from  the  origin,  it  is  best  to  keep  the  right  side  of  the  equation 
positive.  The  value  of  a  and  the  quadrant  in  which  it  lies  is 
then  determined  by  the  signs  of  cob  a  and  sin  a  on  the  left  aide  of 
the  equation.     The  angle  a  may  have  any  value  from  0°  to  360°. 

Illusthations; 

(1)  Put  the  equation  3a;  —  4y  ■■  10  in  the  normal  form.  Here 
a'  +  6'  =  25.     Dividing  by  5  vre  obtain: 

(3/5)1  -  C4/5)j,  -  2 
The  distance  of  this  line  from  the  origin  is  2.    The  angle  a  is  the  angle 
whose  cosine  is  3/5  and  whose  sine  is  —  4/5.     Therefore  from  the 
tables: 

a  =  306°  52' 

(2)  Put  the  equation  —3x+iy  =  20  in  the  normal  form. 

Here  cos  a  =  -  3/5,  sin  a  -  4/5,  o  =  4.    Hence   a  =  126°  52'. 

(3}  What  is  the  distance  betweeathelines(l)  and  (2)?  Thelines 
are  parallel  and  on  opposite  sides  of  the  origin.  Their  distance 
apart  ia  therefore  2  +  4  or  6. 

EzerclBeB 

1.  The  shortest  distance  from  the  origin  to  a  Une  is  5  and  the  direc- 
tion angle  ot  the  perpendicular  from  the  origin  to  the  line  is  30°. 
Write  the  equation  of  the  line. 

3.  The  perpendicular  from  the  origin  upon  a  straight  line  makes 
an  angle  of  13S°  with  OX,  and  its  length  is  2^2.  Find  the  equa- 
tion of  the  line. 

3.  Write  the  equation  of  a  strught  line  in  the  ncwmal  form  if 
a  =  60*  and  o  =  Vs. 

248.  To  Translate  Any  Point  a  Given  DiBtance  in  a  GiveBDirec- 
tion.  To  move  any  point  the  distance  d  to  the  right  we  sub- 
stitute {xi  —  d)  for  X.    To  move  the  point  the  distance  d  in  the 
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y  direction  we  eubslitute  (j/i  —  d)  for  y.    To  move  any  point 
the  distance  d  in  the  direction  a  we  substitute; 


y  =  y,~ds\na  (1) 

which  must  give  the  desired  position  of  the  new  point.  It  is 
not  necessary  to  use  the  subscript  attached  to  the  new  codrdinates 
if  the  distinction  between  the  new  aud  old  coordinates  can  be 
kept  in  mind  without  this  device. 

The  circle  i'  +  j/°  =  a*  moved  the  distance  d  in  the  direction 
a  becomes  r 

(x  -  d  cos  a)'  -\-iy~d  sin  a)»  =  a' 
which  may  be  simplified  to: 

x''  —  2dx  COS  a  +  y^  —  2dy  sin  a  "  a'  —  d' 
249.  Distance  of  Any  Point  From  Any  Line.    Let  the  equation 
of  the  line  be  represented  in  the  normal  form: 

2COS  a  +  ysina  -  a  (1) 

and  let  {xi,  $/i}  be  any  point  F  in  the  plane.  (See  Fig.  177.) 
If  the  point  C^i,  j/i)  is  on  the  same  side  of  the  line  as  the  origin, 
the  point  can  be  moved  to  the  line  by  translating  the  point 
the  proper  distance  in  the  a  direction.  Let  the  unknown  amount 
of  the  required  translation  be  represented  by  d.  To  translate 
the  point  P  the  amount  d  in  the  a  direction,  we  must  substitute 
for  Xi  and  yi  the  values: 

xi  =  X  -  dcosa  ,-. 

l/i=!/-rfsina  *^' 

By  hypothesis  the  point  now  lies  on  the  line,  and  therefore  the 
new  coordinates  {x,  y)  of  the  point  must  satisfy  the  equation  of 
the  tine.  Hence,  solving  (2)  for  x  and  y  and  substituting  their 
values  in  (1)  we  have: 

(i, +  d  cos  «)  cos  a +  (!/,  + d  sin  a)  sin  a  =  a  (3) 

Performing  the  multiplications  and  solvit^  for  the  unknown 
number  d,  we  have: 

d  =  —  (xi  cos  a  +  yi  sin  or  —  a)  (4) 

This  is  the  distance  of  (jxi,  yi)  from  the  line.  Since  this  distance 
would  ordinarily  be  looked  upon  as  a  signless  <a  arithmetical 
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number,  the  algebrtuc  b^h  may  be  ignored,  and  only  the  absolute 
value  of  the  expression  be  used.  The  negative  sign  means  that 
the  given  point  hes  on  the  origin  side  of  the  line. 

Equation  (4)  may  be  interpreted  aa  follows: 

To  find  the  dislajice  of  any  -point  from  a  given  line,  put  the  equa- 
tion of  Ike  liTie  in  the  normal  form,  transpose  all  terms  to  the  left 


\ 

Y 

^    \     . 

memher  and  substitute  the  coordinates  of  the  given  point  for  x  and 
y.  The  ahsolvie  vohte  of  the  left  memher  is  the  distance  of  P  from 
the  line. 

If  the  given  point  P  and  the  origin  of  codrdlnates  he  on  op- 
posite aides  of  the  given  line,  then  the  point  P  (Fig.  177)  must 
be  translated  in  the  direction  (180°  +  a)  to  reach  the  line. 
Hence  the  substitutions  are 

Xi  =  X  -  dco3  (180°  +  a) 
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or, 

Xi  =  X  +  d  cos  a 
yi'^y  +  dsina 
Solving  these  for  x  and  y,  substituting  in  the  equation  of  the  line, 
and  solving  4or  d  we  obtain: 

d  =  ii  cos  a  +  yi  sin  a  —  a  (6) 

The  absolute  value  is  of  the  same  form  as  before.  Hence  only 
the  one  formula  (4)  is  required.  When  the  result  in  any  problem 
comes  out  negative  it  merely  means  the  given  point  lies  on  the 
or^in  side  of  the  line. 

The  above  facts  may  be  stated  in  an  interesting  form  as  follows: 
Let  any  line  be: 

X  cos  a  +  y  sin  a  —  a  =  0 
If  the  codrdinates  of  any  point  on  this  hne  be  substituted  in  this 
equation,  the  left  member  reduces  to  zero.  If  the  coordinates  of 
any  point  not  on  the  line  be  substituted  for  x  and  y  in  the  equation, 
the  left  member  of  the  equation  does  not  reduce  to  zero,  but 
becomes  negative  if  the  given  point  is  on  the  origin  side  of  the  line 
and  positive  if  the  given  point  is  on  the  non-origin  side  of  the 
line.  The  absolute  value  of  the  left  member  in  each  case 
gives  the  distance  of  the  given  point  from  the  hne.  Thus  every 
line  may  be  said  to  have  a  "positive  side"  and  a  "negative 
side."    The  "negative  side"  is  the  side  toward  the  origin. 

Exercises 

1.  Find  the  distance  of  the  point  (4,  5)  from  the  line  3x  +  4^  »  10. 

3.  Mnd  the  distance  from  the  origin  to  the  line  x/3  —  y/i  =  1. 
8.  Find  the  distance  from  <- 3,  -4)  to: 

12(*  +  6)  =5(ff-2) 

4.  Find  the  distance  from  (3,  4)  to  the  line  x/S  -  y/i  -  1. 

G.  Fmd   the   distance   between    the   parallel   lines    y  =  2x  +  Z, 
y  ^2x  +  5. 

6.  Find  the  distance  between  y  =  2x  —  Z,  y  =  2x  +  5. 

7.  Fmd  the  distance  from  (0,  3)to4x  -Zy  =  12. 

8.  Find  the  distance  from  (0,  1)  to  »+  2  —  2]/  =  0. 

260.  Tangent  to  a  Circle  at  a  Given  Point    The  equation  of 

the  tangent   to  the   circle   obtained    in  §246   is  the  equation 
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of  the  tai^eat  line  having  &  given  or  required  slope  m.    We 
shall  now  find  the  equation  of  the  line  that  is  tangent  to  the  circle 
al  a  given  point  (xi,,  y^). 
The  line: 

fl  =  p  cos  («  -  a)  (1) 

or  its  equivalent: 

xwsa  +  ysina  =  a  (2) 

is  tai^ent  to  the  circle  of  radius  a,  and  the  point  of  tangency  is  at 
the  end  of  the  radius  whose  direction  angle  is  a.  The  point  of 
tangency  is  therefore  (a  cos  a,  a  sin  a).  Hence,  multiplying  (2) 
through  by  a,  we  obtain: 

i(a  cos  «)  +  y(a  sin  «)  =  a'  (3) 

or: 

Xoi  +  y,J  =  a'  (4) 

which  is  the  equation  of  the  line  tangent  at  the  point  (xg,  y^  to 
the  circle  of  radius  a. 

Thus  Sx  +  iy  =  25  is  tangent  to  a:'  +  y'  =  25  at  the  point 
(3,  4). 


Fi<3.  178.— TaoBent  to  the  Ellipse 


261.  Tangent  to  the  Ellipse  at  a  Given  Point.  It  is  easy  to 
draw  the  tangent  to  the  ellipse  at  any  desired  point.  In  Fig.  178, 
let  Pa  be  the  point  at  which  a  tangent  is  desired.  Then  draw  the 
major  circle,  and  let  Pi  of  the  circle  be  a  point  on  the  same  ordinate 
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as  Pt,.  Draw  a  tangent  to  the  circle  at  Pi  and  let  it  meet  the  x-axia 
at  T.  Then  when  the  circle  ia  projected  to  form  the  ellipse,  the 
straight  line  PiT  ia  projected  to  make  the  tangent  to  the  ellipse. 
Since  T  when  projected  remaina  the  same  point  and  since  Pt  is 
the  projection  of  Pi,  the  line  through  P*  and  T  is  the  tangent  to 
the  ellipse  required. 

The  equation  of  the  tangent  P^T  is  also  readily  found.  The 
equation  of  PiT  is: 

xxa  +  yy\  =  a'  (I) 

To  project  this  into  the  line  Pi,T  it  is  merely  necessary  to  multiply 
theordinatea  y  andj/'oby  &/a;  that  is,  to  substitute  ■y  =  ay/b  and 
y't  =  aytlb.     Whence  (1)  becomes: 

i«r  +  a^oy/6»  =  o'  (2) 

or  dividing  by  a', 

iox/a»  +  yoy/b»  =  1  (3) 

which  is  the  tangent  to: 

at  the  point  (xo,  y^. 

Exercises 

1.  Find  the  equations  of  the  tangents  to  the  ellipse  whose  aemi-axea 
are  4  and  3  at  the  pointa  for  which  a;  =  2. 

3.  Find  the  equations  of  the  tangents  to  a^'/16  +  t*/9  ■=  1  at  the 
ends  of  the  left  latus  rectum.  ^ 

S.  Required  the  tangents  to  i'/9  +  ;/'/4  =  1  making  an  angle  of 
45°  with  the  x-axis. 

4.  Find  the  equations  of  the  tangents  to  x'/lOO  +  2/*/25  —  I  at 
the  points  where  ^  =  3, 

5.  Find  the  equations  of  the  tangents  to  xV36  +  V*/16  •>  1  at 
the  points  where  x  =  y. 

2S2.  The  Tangent,  Normal,  and  Focal  Radii  of  the  Ellipse.  In 
the  right  triangle  PiOT,  Fig.  178,  the  side  PiO  is  a  mean  propor- 
tional between  the  entire  hypotenuse  OT  and  the  adjacent 
s^ment  OD.    That  ia: 

a=  =  xdOT 
But:  FiT  =  OT  -  OF, 
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Likewise:  FtT  =  OT  +  OFt 

Therefore:  FiT/F^T  =  (a*/io  -  ae)  [(a'lxo  +  ae) 

=  (ffl  -  exo)  /(a  +  exo) 
But  by   §231  this  laat  ratio  ia  equal  to  ri/rj.    Therefore  we 
may  write:  F^T/F^T  =  P^FilPoFi. 

Hence  T,  which  divides  the  base  FtFi  of  the  triangle  P(f^i 
externally  at  T  in  the  ratio  of  the  two  sides  PFi  and  PFi  of  the 
triangle,  lies  on  the  bisector  of  the  external  angle  F^,Q  of  the 
triangle  fjPoFi.     This  proves  the  inipori,ant  theorem: 

The  tangent  to  the  ellipse  bisects  the  external  angb  between  the 
focaJ  radii  al  the  point. 

This  theorem  provides  a  second  method  of  constructing  a 
tangent  at  a  given  point  of  an  ellipse,  often  more  convenient 
than  that  of  g261,  since  the  method  of  ^251  often  runs  the 
construction  oS  of  the  paper. 

The  normal  Po^,  being  perpendicular  to  the  tangent,  must 
bisect  the  internal  angle  FtPoFi  between  the  focal  radii  f  jPo  and 
FiPo. 

Since  the  angle  of  reflection  equals  the  angle  of  incidence  for 
hght, sound,  and  other  wave  motions,  a  source  of  light  or  sound  at 
Fi  is  "brought  to  a  focus"  again  atFj,  because  of  the  fact  that  the 
normal  to  the  ellipse  bisects  the  angle  between  the  focal  radii. 
^263.  Additional  Equations  of  the  Straight  Line.  The  equations 
of  the  straight  lino  in  the  slope  form: 

y  =  mx  +  b  (1) 

and  in  the  normal  forms: 

p  cos  (fl  -  a)  =  a  (2) 

X  cos  a  +  y  sin  a  =  a  (3) 

and  the  general  form: 

ax  +  by  +  c  =  0  (4) 

have  already  been  used.  Two  constants  and  only  two  are  neces- 
sary for  each  of  these  equations.  The  constants  in  the  first 
equation  are  m  and  6;  in  the  second  and  third,  a  and  a;  in  the 
fourth  a  jc  and  b  /c,  or  Miy  two  of  the  ratios  that  result  from  divid- 
ing through  by  one  of  the  coefficients.  Equation  (4)  appears  to 
contain  tliree  constants,  but  it  is  only  the  relative  size  of  these  that 
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determines  the  particular  line  represented  by  the  equation,  since 
the  line  would  remain  the  same  when  the  equation  is  multiplied 
or  divided  through  by  any  constant  (not  zero). 

These  facts  are  usually  summarized  by  the  statement  that  two 
conditions  are  nec^sary  and  sufficient  to  determine  a  straight 
line.  The  number  of  ways  in  which  these  conditions  may  be  given 
ia,  of  course,  unlimited.  Thus  a  straight  line  is  determined  if  we 
say,  for  example,  that  the  line  passes  throi^h  the  vertex  of  an 
angle  and  bisects  that  angle,  or  if  we  say  that  the  line  passes 
through  the  center  of  a  circle  and  is  parallel  to  another  line,  or  if 
we  say  that  the  straight  line  is  tangent  to  two  given  circles,  etc. 
An  important  case  is  that  in  which  the  line  is  determined  by  the 
requirement  that  it  pass  through  a  given  point  in  a  given  direc- 
tion. The  equation  of  the  line  adapted  to  this  case  is  readily 
found.  Let  the  given  point  be  (x^,  j/i).  The  line  through  the 
origin  with  the  required  elope  is 

y  =  mx 
Translate  this  line  so  that  it  passes  through  (xi,  y,)  and  we  have 
y  -  yi  =  m(x  -  i,)  (5) 

Another  way  of  obtaining  the  same  result  is:  substitute  the 
coordinates  (a^j,  j/i)  in  (1) : 

y,  =  mxi  +  b  (6) 

Subtract  the  members  of  this  from  (1)  above,  so  as  to  eliminate 
ft.    There  results: 

ff  -  Vi  -  m(a:  -  xi)  (7) 

This  is  the  required  equation;  the  given  point  is  (ij,  j/O  and  the 
direction  of  the  line  through  that  point  is  given  by  the  slope  m. 

Another  important  case  is  that  in  which  the  straight  line  is 
determined  by  requiring  it  to  pass  through  two  given  points. 
Let  the  second  of  the  given  points  be  (xi,  yi).  Substitute  these 
GoSrdiuates  in  (5) : 

Vi  -  y,  =  m(xi  -  xi)  (8) 

To  eliminate  m,  divide  the  members  of  (7)  by  the  members  of  (8) : 
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or,  as  it  is  usually  written: 

^jzji.y±^iyi  (10) 

This  is  the  equation  of  a  line  passii^  through  two  given  points. 
Since  (10)  may  be  looked  upon  as  a  proportion,  the  eqtiation  may 
be  written  in  a  variety  of  forms. 

ir  264.  The  Circle  TIitoui^  Three  Given  Points.  In  general,  the 
equation  of  a  circle  can  be  found  when  three  points  are  given. 
Either  of  the  general  equations  of  the  circle: 

(x  -  ky  +  (y  -  fc)'  =  a'  (1) 

or: 

xs  +  {,*  +  2?a;  +  2f!/  +  c  =  0  (2) 

contains  three  unknown  constants,  so  that  in  general  three 
conditions  may  be  imposed  upon  them.  It  is  best  to  illustrate 
the  general  method  by  a  particular  example.  Let  the  three 
given  points  be  (—  1,  3),  (0,  2),  and  (5,  0).  Then  since  the  co- 
ordinates of  these  points  must  satisfy  the  equation  of  the  circle, 
we  obtain  from  (2)  above: 

1  +  9  -    2j  +  6/  +  c  =  0  (3) 

4  +  4/  +  c  »  0  (4) 

25  +  lOff  +  c  =  0  (5) 

Eliminating  c  from  (3)  and  (4)  and  from  (4)  and  (5),  we  obtain: 

6  -    2^  +  2/  =  0 

21  +  lOg  -  4/  »  0 


Eliminating  /: 
whence: 


-51 


So  the  equation  of  the  circle  is: 

j;l  +  yl  _  iix  _  I7j,  +  30  .  0 

Exercises 
1.  Find   the  equation  of    the  line  passing  through  (2,  3)  w 
slope  2/3. 

3.  Find  the  equation  of  the  line  passing  through  (2,  3),  (3,  5). 
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8.  Find  the  line  passing  through  (2,  "  1)  malting  an  angle  whose 
tangent  is  2  with  the  Z'a»3. 

4.  Find  the  line  through  (2,  3)  parallel  to  y  =  7i  +  11. 

6.  A  line  passes  through  (  —  1,  —  3)  and  is  perpendicular  to 
y  —  2i  =  3.     Find  its  equation. 

6.  Find  the  line  passing  through  (  -  2,  3),  (  -  3,  -  1). 

7.  Find  the  equation  of  the  line  which  pasaes  through  ( —  I,  —  3), 
C  -  2,  4). 

8.  Find  the  slope  of  the  line  that  paaees  through  ( —  1,6),  ( —  2,  8). 
n.  Find  the  equation  of  the  line  passing  through  the  left  focus  and 

the  upper  end  of  the  right  latus  rectum  of  a'/25  +  y'/9  =  1. 

10.  Find  the  equation  of  the  circle  passing  through  (2,8),  (5,7), 
and  (6,  6). 

11.  Find  the  equation  of  the  circle  which  passes  through  (1,  2), 
(  -  2,  3),  and  (  -  1.  -  1). 

^^12.  Find  the  equation  of  the  parabola  in  the  form  y*  =  4px  which 
p&saee  through  the  point  (2,  4). 

266.  Change  from  Polar  to  Rectangular  Coordinates.     The 

relations    between  x,  y   of  the   Cartesian  system   and   p,  8  of 

the  polar  system  have  already  been  explained  and  UBe  made  of 

them.     The  relations  are  here  broi^ht  tt^ether  for  reference: 
z  =  p  cos  tf  (1) 

J  =  psmO  (2) 

By  these  we  may  pass  from  the  Cartesian  equation  of  any  locus 

to  the  equivalent  polar  equation  of  that  locua.    Dividing  (2) 

by  (1)  and  also  squaring  and  adding,  we  obtain: 

e  =  tan_-'^y/x  (3) 

P  =  Vx'+y^  (*) 

These  may  be  used  to  convert  any  polar  equation  into  the  Cartesian 

equivalent. 

2S6.  Rotation  of  Any  Locus.     It  has  akeady  been  explained 

that  any  locus  can  be  rotated  throi^h  an  angle  a  by  substituting 
(d  —  a)  for  S  in  the  polar  equation  of  the  locus.  It  remains  to 
determine  the  substitutions  for  x  and  y  which  will  bring  about 
the  rotation  pf  a  locus  in  rectangular  coordinates.  Let  us  consider 
any  point  P  of  a  locus  before  and  after  rotation  throi^h  the  given 
angle  a.    Call  the  oo6rdinates  of  the  point  before   rotation 
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(x,  y)  in  rectangular  coordinates  and  (p,  0)  in  polar  codrdinates. 
Then,  from  (1)  and  (2),  5256, 

X  t  p  COB  $  (1) 

y  =  peine  (2) 

Call  the  coordinates  of  the  point  after  rotation  {x,,  yO  and 
(pi,  tfi)i  but  note  that  the  value  of  p  is  unchanged  by  the  rotation. 
Then  for  the  point  f,  Fig.  179,  we  may  write; 


xi  = 


(3) 
(4) 


Since,  however,  the  rotation  requires  that 

9  *  9i  -  a  (5) 

equations  (1)  and  (2)  become: 

X  =  p  coa  (0,  -  a)  =  p  cos  ffi  cos  a  +  p  sin  ffi  sin  a        (6) 

y  =  pain  (61  -  a)  =  p sin Oi cos  a  -  p cos  9i sin  a        (7) 

But,  from  (3)  and  (4),  p  cos  8,  and  p  sin  ffi  are  the  new  values  of 

X  and  y;  hence,  substituting  in  (6)  and   7)  from  (3)  and  (4)  we 

obtain: 

X  =  Xi  cos  «  +  yi  sin  a  (8) 

y  =  yi  cos  Q  —  Xi  sin  a  (9) 

Hence  if  the  equation  of  any  locus  is  given  in  rectangular  co- 
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ordinatea,  it  is  rotated  through  the  positive  angle  a  by  the  sub- 
stitutions 

X  cos  a  +  y  sin  a  f  or  z 
y  COS  a  —  X  mh  a  for  y  (10) 

in  which  it  is  permissible  to  drop  the  subscripts,  if  the  context 
shows  in  each  case  whether  we  are  dealing  with  the  old  x  and  y 
or  with  the  new  x  and  y. 

If  the  required  rotation  is  clockwise,  or  negative,  we  must 
replace  a  by  ( —  a)  in  all  of  the  above  equations. 

Whenever  convenient,  the  equation  of  a  curve  should  be  taken  in 
the  polar  form  if  it  is  required  to  rotate  the  locus.  < 

Important  Facts:  The  following  facta  should  be  remembered 
by  the  student: 

(1)  To  rotate  a  curve  through  90°,  change  xtoy  and  yto{—  x). 
This  fact  has  been  noted  in  §6S. 

(2)  Rotalion  through  any  angle  haves  the  expression  z^  +  y^ 
(m-  any  function  of  it)  unchanged.  This  is  obvious  since  the  circle 
!'  +  !/'  =  a'  is  not  changed  by  rotation  about  {0,  0). 

(3)  Rotation  through  -\-  45°  changes  2xy  to  y'  —  i*. 
Rotation  through  —  ib"  changes  2xy  to  x^  —  y*. 

(4)  Rotation  through  +  45°  changes  x^  —  y^  to  2ay. 
Rotalion  through  —  45°  changes  z^  —  y^  to    —  2xy. 

Statementa  (3)  and  (4)  follow  at  once  from  consideration  of  the 
equations 

x'-y'  =  a'  (1) 

2xy  =  a'  (2) 

y'-x^  =  a^  (3) 

-  2zy  =  a'  (4) 

of  the  (our  hyperbolas  bearing  corresponding  numbers  (1),  (2), 

(3),  (4)  in  Fig.   180.    The  proper  change  in  any  case  can  be 

remembered  by  thinking  of  the  four  hyperbolas  of  this  figure. 

(5)  The  degree  of  an  equation  of  a  locus  cannot  be  changed  by 
a  rotation.  This  follows  at  once  from  the  fact  that  the  equations 
of  transfoTmation  (8)  and  (9)  are  linear. 

Exercises 
In  order  to  shorten  the  work,  use  statements  (1)  to  (4)  whenever 
possible. 
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1.  Turn  the  locus  a;'  —  v'  =  4  through  45°. 

3.  Turn  x'  +  y^  =  a'  through  79°.     Turn  4xy  =  1  through  45". 

8.  Turn  z  cos  a  -f  j/sina  =  athroughanangte^.  (Since  this  locus 
b  well  known  in  the  polar  form,  transformation  formulas  (6)  and  (7) 
above  may  be  avoided.) 

4.  Rotate  i'  —  y'  =  1  through  90°. 

B.  Rotate  x'  —  y'  "  a"  through  —  45°. 

8.  Change  the  equation   (if  —  a)'  +  {y  —  b)'  =  r'  to  the  polar 

7.  Change  p  cos  29  =  2a,  one  of  a  class  of  curves  known  as  Cote'a 
spirals,  to  the  Cartesian  form. 

c3|B8 JjVrit e  the  equation  of  the  lemniscate  in  the  polar  form. 

;^aff8.TShow  that  p'  —  2ppi  cos  (9  —  fli)  +  jn'  =  a'  is  the  polar  equa- 
tion of  a  circle  with  center  at  (pi,  Si)  and  of  radius  a. 

10.  Write  the  Cartesian  equation  of  the  locus  p'  ^  16  sin  2B. 

11.  Turn  p'  -  8  sin  2B  through  an  angle  of  45°. 
18.  Rotate  s'  -  2jf'  =  1  through  90°. 

18.  Rotate  (i"  +  j/'}M  +  (,x'  -  s')H  =  1  through  45°. 
14.  Rotate  log  («'  +  y')  =  tan  (i'  —  y')  through  45°. 

267.  EUipse  with  Major  Axis  at  46°  to  tiie  OX  Axis.  The 
ellipse  frequently  arises  in  applied  science  as  the  resultant  of  the 
projection  of  the  motion  of  two  points  moving  uniformly  on  two 
circles,  as  has  already  been  explained  in  §186.  Thus  the 
parametric  equations: 

X  =  aeosl  (1) 

y  =  bBiat  (2) 

define  an  ellipse  which  may  be  considered  the  resultant  of  two 
S.H.M.  in  quadrature.    We  shall  prove  that  the  equations: 

^  =  o  cos  (  (3) 

y  =  o  sin  {(  +  a)  (4) 

define  an  ellipse,  with  major  axis  making  an  angle  of  45°  with  OX. 
The  graph  is  readily  constructed  as  in  Fig.  181.  The  Car- 
tesiiui  equation  of  the  curve  is  found  by  eliminating  t  between 
(3)  and  (4).  Expanding  the  sin  (t  +  a)  in  (4)  and  substituting 
from  (3)  we  obtain: 

y  =  I  sin  a  +  V  a'  —  x'  cos  a  (5) 

Transposing  and  squaring: 

x'  —  2xy  sin  a  +  y^  =  a^  cos'  a  (6) 
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By  §266  rotate  the  curve  through  an  ai^le  of  (—  45°.)  We 
know  that  {x'  +  j/')  is  unchanged  and  that  2By  is  to  be  replaced 
by  {x'  —  3/'}.    Therefore  {6}  becomes: 

x'(l  —  sin  a)  +  j;'(l  +  sin  a)  =  a'  coa'  a  (7) 


Fia.  181.— The  Ellipse  x  =  a  cos  t,  y  =  o  sin  ((  +  a). 

Replacing  cos'  a  by  1  —  sin'  ex,  and  dividing  through  by  the 
right  member,  we  obtain; 


oHl  +  sin  o)  ^  a'Cl  -  sin  «) 
which  may  be  written: 


2a'  cos*  ^      2a'  sin»  ^ 

where  j3  ia  the  complement  of  a.  Equation  (8)  or  (9)  proves 
that  the  locus  is  an  ellipse.  It  is  any  ellipse,  since  by  properly 
choosing  a  and  a  the  denominators  in  (8)  can  be  given  any  desired 
values.  Hence  the  pair  of  parametric  equations  (3)  and  (4),  or 
the  Cartesian  equation  (5)  represents  an  ellipse  with  its  major  axis 
inclined  +  45°  to  the  OZ-axis. 

2D8.  General  Equation  of  the  Second  Degree.  The  general 
equation  of  the  second  degree  in  two  variables  may  be  written  in 
the  standard  form: 

ax'  +  2hxy  +  by^  +  2gx  +  2fy  +  c  =  0  (1) 
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In   the  next   two   Hections   we   Bhall   show  that   the   genert^ 
equation  of  the  second  degree  in  two  variables  represents  a  conic. 
We  Bhall  be  able  to  dbtinguish  three  caees  as  foUows: 
The  general  equation  of  the  second  degree  repreaenta: 

an  ellipse     if  A'  -  a6  <  0  (2) 

a  parabola   if  ft'  —  ob  =  0  (3) 

a  hyperbola  if  A'  —  ait  >  0  (4) 

To  render  the  above  classification  true  in  all  cases  we  must  classify 
the  "im^inary  ellipse,"  Ti  +  li  =  —  1,  as  an  ellipse,  and  other 
degenerate  cases  must  be  similarly  treated.  The  expression 
A'  —  af)  is  called  the  quadratic  mvaiiant  of  the  equation  (I),  so 
called  because  its  value  remains  unchanged  as  the  curve  is  moved 
about  in  the  coordinate  plane.  In  other  words,  as  the  locus  (1) 
is  translated  or  rotated  to  any  new  position  in  the  plane,  and  whUe 
of  course  the  coefBcients  of  x*,  xy,  and  y'  change  to  new  values,  the 
function  of  these  coefficients,  A'  —  ah,  does  not  change  value,  but 
remains  invariant.  This  fact  is  not  proved  in  this  book,  but  it  can 
readily  be  proved  by  comparing  the  value  of  A'  —  o&  before  and 
after  the  substitutions: 

X  cos  a  +  y  sia  a  —  miot  X 
3/  cos  a  —  X  sin  a  —  n  for  y 
where  m  and  n  indicate  the  amount  of  the  translation,  and  a  the 
angle  of  rotation. 

2fi9.*  Conies  with  Their  Axes  Parallel  to  the  Co&xlmateAxes.' 
Let  us  connder  the  equation 

ax^  +  by^  +  2gx  +  2fy  +  c^0  (1) 

If  we  solve  this  equation  for  y  in  terms  of  x,  we  get 

-f  ±  V-ai)X^-2bsx-bc+p  ,„, 

y ^ ^^) 

1.  We  saw  in  completing  the  squares,  §77,  that  (1)  is  the 
equation  of  an  ellipse  when  a  and  6  are  alike  in  a^ebraic  signs. 
We  can  now  restate  this  condition  by  saying  that  (2)  is  the  equa- 
tion of  an  ellipse  when  the  coefficient  of  z'  is  negative.    Note 

i,i^**  >■><'  ""   "^   ^"""  ^^«  oorrespondoniw  course  prepBred  by  ProfsHor 
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that  the  equation  of  a  obde  is  included  as  a  special  case  when 

2.  We  saw  in  completing  the  squares,  §ST,  that  (1)  is  the 
equation  of  a  hyperbola  when  a  and  b  have  unlike  signs.  We 
can  restate  this  condition  by  saying  that  (2)  is  the  equation  of 
a  hyperbola  when  the  coefficient  of  x^  is  positive. 

3.  We  observe  that  (1)  is  the  equation  of  a  parabola 
when  a  =  0.  We  can  restate  this  condition  by  saying  that 
(2)  is  the  equation  of  a  parabola  when  the  coefficient  of  x^  is 
zero. 

260.  *  The  General  Case.    Write  the  quadratic  in  two  variables 

in  the  standard  form: 

ax^  +  2hxy  +  by^  +  2gx  +  2fy  +  c  =  0  (1) 

I.  We  have  already  seen,  §43,  that  when  and  only  when 
A  =  0  and  a  =  b  the  locus  of  (1)  is  a  circle. 

II.  When  h  is  not  equal  to  zero,  we  have  aa  yet  no  knowledge 
of  the  nature  of  the  locus  represented  by  (1),  except  that  it  is 
not  a  circle. 

Let  us  rotate  this  locus  clockwise  throi^h  an  angle  a  and  see  if 
the  equation  can  be  simplified  so  that  the  character  of  the  locus 
represented  by  (1)  can  be  recognized.  Substituting  in  (I)  from 
g266,  we  get 

o(x  cos  a  —  y  sin  a) '  +  2h{x  cos  a  —  j/  sin  a)  {x  sin  a  +  ^  cos  a) 
+  b{x  Bma  +  y  cos  a)'  +  2g{x  cos  —  ysina) 

+  ?f(:i;sina+ycosa)  +c  =  0  (2) 

If  we  simplify  (2),  we  find  that  the  coefficient  of  the  term  in  a; j  is: 

2(6  -  a)  sin  a  cos  a  +  2ft(cos=  a  —  sin'  a)  (3) 

This  term  will  drop  out  of  (2),  if  we  can  find  a  value  for  the  angle 

a  that  will  make  (S)  zero. 

Substituting  in  (3)  from  equations  (1)  and  (2),  gl66,  we  get: 

(6  -  a)  sin  2a  +  2A  cos  2a  =  0  (4) 

From  this  we  find: 

tan  2a  =  ~~^  (5) 
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Hence  if  we  chooee  a  as  half  of  the  angle  whose  tangent  is  ■  _  ■' 
equation  (2)  will  have  no  term  in  xy,  and  it  will  be  of  the  form: 

Ax*  +  fij/'  +  2Gi  +  2F!/  +  C  =  0  (6) 

whore  A,  B,  0,  F,  and  C  stand  for  long  expressions  in  terms  of 
the  coefficients  of  equation  (1). 

Since  the  loci  of  equations  (1)  and  (6)  are  identically  the  same 
curve,  we  now  see  from  §258  that  the  locus  of  (1)  must  be 
an  ellipse,  hyperbola,  or  parabola. 

III.  We  can  now  devise  a  test  by  which  we  can  tell  immediately 
which  curve  is  represented  by  equation  (1).  If  we  solve  (1)  for 
y  in  terms  of  x,  we  get 


(7) 


Let  us  now  consider  the  two  equations: 


It  is  obvious  that  the  locus  of  (7),  whatever  it  is,  may  be  obtained 
by  shearii^  the  locus  of  (9)  in  tJie  line  (8).  We  must  consider 
the  three  following  cases: 

1.  When  A'  <  ah  the  coefficient  of  a;'  in  (9)  is  negative  and  the 
locus  of  (9)  is  an  ellipse.  Hence  the  locus  of  (7)  is  a  locus  made 
by  shearing  an  ellipse  in  a  line,  and  is  therefore  a  closed  curve. 
The  locus  of  (7)  is  in  this  case  an  ellipse,  for  it  must  be  either  an 
ellipse,  a  hyperbola,  or  a  parabola  by  II,  and  it  caunot  be  either 
a  hyperbola  or  a  parabola  since  it  is  a  closed  curve. 

2.  When  A'  >  ah  the  coefficient  of  i'  in  (9)  is  positive  and  the 
locus  of  (9)  is  a  hyperbola.  Hence  the  locus  of  (7)  is  a  locus  made 
by  shearing  a  hyperbola  in  a  line,  and  is  therefore  an  open  curve 
with  two  branches.  The  locus  of  (7)  is  in  this  case  a  hyperbola, 
for  it  cannot  be  an  ellipse  or  a  parabola  since  it  has  two  open 
branches. 

3.  When  A*=  ah  the  coefficient  of  x"^  in  (9)  is  zero  and 
the  locus  of  (9)  is  a  parabola.  Hence  the  locus  of  (7)  is  a 
locus  made  by  shearing  a  parabola  in  a  line,  and  is  therefore  an 
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open  ourve  with  one  branch.  The  locus  of  (7)  is  in  this  case  a 
parabola,  for  it  cannot  be  an  ellipse  or  a  hyperbola  since  it  has 
one  open  branch. 

We  now  state  the  results  in  this  form:    The  locus  of  the  general 

equation  of  the  second  degree  in  two  variables  is  for 

k*  <,  ah   an  ellipse 

A'  >  ob    a  hyperbola 

A*  —  o6    a  parabola 

If  we  shear  the  locus  of  (7)  in  any  line  y  =  mx  +  b,  the  form 
of  the  equation  is  not  changed.  Hence  the  followii^  important 
facts: 

The  shear  of  an  ellipse  in  a  line  is  an  ellipse. 

The  shear  of  a  hjfperbola  in  a  line  is  a  hyperbola. 

The  shear  of  a  parabola  in  a  line  is  a  parabola. 

If  we  put  {mx)  for  x  and  (ny)  for  y  in  (7),  no  change  will  be 
made  in  the  a^n  of  the  coefficient  of  x';  hence  the  elongation  or 
contraction  {orthographic  projection)  of  an  ellipse,  hyperbola,  or 
parabola  in  any  direction  is  an  ellipse,  hyperbola,  or  parabola. 

261.  Shear  of  the  Circle.  The  effect  of  the  addition  of  the  term 
mx  to  f{x),  in  the  equation  y  =  f(x),  has  been  shown  in  §37  to 


be  to  change  the  shape  of  the  locus  by  lamellar  or  shearii^  motion 
of  thexy  plane.  We  usually  speak  of  this  process  as"  the  shear  of 
the  locus  y  =  fix)  in  the  line  y  =  mx."    When  applied  to  the  circle 
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y  =  ±  Va*  —  a;'  the  effect  is  to  move  vertically  the  middle  point 
of  each  double  ordinate  of  the  circle  to  a  position  on  the  line 
y  =  mx.    The  result  of  the  shearing  motion  is  shown  in  Fig.  182. 
The  area  bounded  by  the  curve  is  unchanged  by  (he  shear. 
The  equation  after  shear  is: 

y^mx±  ^l^^i  (1) 

This  is  the  same  form  as  equation  (5)  of  §267,  if  we  put 
wi  = and  then  multiply  all  ordinates  by  cos  a.  There- 
fore the  curve  of  Fig.  182  is  an  ellipse. 

The  straight  line  y  =  mx  passes  through  the  middle  points  of 
the  parallel  vertical  chords  of  the  eUipse  , 

y  =  mx+  Vo"  -  X'  (2) 

The  locus  of  the  middle  points  of  parallel  chords  of  any  curve  is 
called  a  diameter  of  that  curve.  We  have  thus  shown  that  the 
diameter  of  the  ellipse  is  a  straight  line.  Since  the  same  reasoning 
applies  to 

y  =  mx  +  (bla)yla'-x'  (3) 

which  may  be  regarded  as  any  ellipse  in  any  way  oriented  with 
respect  to  the  origin,  the  proof  shows  that  the  mid-points  of  arbi- 
trarily selected  parallel  chords  of  an  ellipse  is  always  a  straight 
line. 

262.  A  Second  Proof.  The  generality  of  the  preceding  fact 
may  seem  clearer  if  the  ellipse  be  kept  fixed  in  position  while  the 
direction  of  the  set  of  parallel  chords  is  arbitrarily  selected.  Con- 
sider first  the  circle 

x'  +  y'  =  a^  (1) 

and  draw  any  set  of  parallel  chords.  Let  the  slope  of  these  chords 
be  s.    Then  the  equation  of  the  chords  is 


in  which  p  is  an  arbitrary  parameter,  to  various  values  of  which 
correspond  the  dlfTereut  chords  of  the  family  of  parcel  chords. 
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The  equation  of  the  bisectors  of  all  of  the  chords  is  a  line  throi^h 
the  origin  perpendicular  to  (2),  or: 

y---,  m 

Now  if  the  circle  (1)  and  the  chorda  (2)  and  the  diameter  (3)  be 
changed  by  orthographic  projection  upon  a  plane  through  the 
A'-axia,  then  the  circle  (1)  becomea  an  ellipse,  while  the  parallel 
chords  and  the  line  through  then-  mid-pointa  remain  atra^jht  lines, 
but  with  modified  slopes.  Let  the  given  orthographic  projection 
multiply  all  ordinatea  of  (1),  (2)  and  (3)  by  —  Then  the  equation 
of  the  ellipse  is: 

The  parallel  chorda  now  have  the  equation 

The  equation  of  the  locus  of  the  mid-pointa  of  the  parallel  chords 

or  the  diameter  is: 

»--S  <») 

Representii^  — ,  the  slope  of  (5),  by  m,  equation  (6)  takes  the  fgrm: 

y=  --^2  (7) 

which  is  the  equation  of  the  diameter  of  (4)  that  bisects  the  family 
of  parallel  chords  of  alope  m. 

263.  Confocal  Conies.  F^.  183  shows  a  number  of  ellipses 
and  hyperbolas  possessli^  the  same  foci  A  and  B.  This  family 
of  curves  may  be  represented  by  the  single  equation: 

in  which  the  parameter  k  takes  on  any  value  lying  between  0 
and  o',  and  in  which  a  >  b.    If  fc  satisfies  the  inequality: 

0  <  fc  <  6' 
the  curves  are  ellipses.    If  k  satiafiea  the  inequality: 

6'  <  A:  <  a= 
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the  curves  are  hyperbolas.  The  ellipses  of  Fig.  183  may  be 
regarded  as  representing  the  successive  positions  of  the  wave  front 
of  sound  waves  leavii^  the  sounding  body  AB;  or  they  may  be 
regarded  as  the  equipotontial  lines  around  the  magnet  AB,  of 
which  the  hyperbolas  represent  the  lines  of  magnetic  force. 

Exercises 


2.  Draw  the  ci 


X  =2eoB9 

y  -  2  sin  (9  +  t/6). 


3.  Find  the  axes  of  the  ellipse: 

X  —  deoa  8 

y  =.  3sin  (9  +  ir/4). 

4.  Draw  the  curve: 

.      y  =  x±  Vto  -  x'. 
6.  Draw  the  curve: 

V  =  s  ±  Va;'  -  hx. 
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6.  Show  that: 

y  ^  X  ±  \6x  is  a  parabola. 

7.  Sketch  the  curve: 

y  =  (1/2)1  +  Vl6  -  I'. 

8.  Sketch  the  curve: 

B  -  5:c  sin  60°  +  coa  60°V25  -  x^. 

9.  Discuss  the  curve: 

x'/a'  +  yVb'  -  2ixy/ab)  cos  a  =  sin'  c. 

Show  that  the  loeus  is  always  tangent  to  the  rectangle  x 
=  ±  a,  y  =  ±  b,  and  that  the  points  of  contact  from  a  parallelo- 
gram of  constant  perimeter  4v'a'  +  ^  fo''  all  values  of  a. 

10.  Show  that  X  =  a  cos  (S  —  o),  y  —  t  cos  (S  —  (J)  represents  an 
ellipse  for  all  values  of  a  and  ff. 

11.  Prove  from  equation  (13),  §367,  that  the  distance  from  the 
end  of  the  minor  to  the  end  of  the  major  axis  of  the  resulting  ellipse 
remains  the  same  independently  of  the  magnitude  of  a. 

13.  Show  that  the  following  construction  of  the  hyperbola 
xy*  =  a'  is  correct.  On  the  —  i-axis  lay  off  OC  =  a.  Connect  C 
with  any  point  A  on  the  y-axis.  At  C  coostruct  a  perpendicular  to 
AC  cutting  the  y-axis  in  B.  At  B  erect  a  perpendicular  to  BC  cutting 
the  +  i-axis  at  D.  Through  A  draw  a  parallel  to  the  z-asis  and 
through  D  draw  a  parallel  to  the  ^axis.  The  two  lines  last  drawn 
meet  at  P,  a  point  on  the  desired  curve. 

13.  Explain  the  following  construction  of  the  cubical  parabola 
a'y  —  I*.  Lay  off  OB  on  the  —  y-a\ia  equal  to  a.  Prom  B  draw  a 
line  to  any  point  C  of  the  i-axis.  At  C  erect  a  perpendicular  to  BC 
cutting  the  ^-axis  at  D.  At  D  erect  a  perpendicular  to  CD  cutting 
the  i-axia  at  E.  Lay  off  OE  on  the  y-axia.  Then  OE  is  the  ordinate 
of  a  point  of  the  curve  for  which  the  abscissa  is  OC. 

14.  Explain  and  prove  the  following  CDnstruction  of  the  semi- 
cubical  parabola,  ay'  =  x'.  Lay  off  on  the  —  jc-axis  OA  =  a. 
From  A  draw  a  parallel  to  the  line  y  =  tnr,  cutting  the  ^-axis  in  B. 
Erect  at  it  a  perpendicular  to  AB  cutting  the  x-axis  at  C,  and  at  C 
erect  a  perpendicular  to  OC.  The  point  of  intersection  with  y  =  mx 
is  a  point  of  the  curve. 
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Problems  for  Review 

1.  Find  the  approximate  equations  for  the  followiDg  data: 
(a)  Steam  pressure:  v  =  volume,  p  =  pressure. 

(6)  Gas-engine  mixture:  v  =  volume,  p  —  pressure. 


" 

V 

V 

V 

2 

68.7 

3,54 

141.3 

4 

31.3 

4.13 

115.0 

6 

19.8 

4.73 

96.0 

8 

14.3 

5,35 

81.4 

10 

11,3 

5-94 

71.2 

6.55 

63.5 

7.14 

54.6 

5.  Show  that  p*  =  a'  cos  28  is  the  polar  equation  of  a  lenmiscate.  r 

3.  Whenanelectriccurrent iscutoff, therateof  decreaseinthecur-  ^^ 
rent  is  proportional  to  the  current.    If  the  current  is  36.7  amperes 
when  cut  off  and  decreases  to  1  ampere  in  one-tenth  of  b,  second, 
determine  the  relation  between  the  current  C  and  the  time  t. 

4.  Write  four  other  equationsfor  the  circle  p  =  Sv'Ssinfl  —  2cosfl.V 

6.  Write  fourotherequationsfor  the  sinusoids  —  sin  a  —  v'Scosi.'K, 

6.  Find  the  ai^e  that  3x  -^  4^  -  12  makes  with  ix  —  3y  =  12. 

7.  From  the  equation 

e  =  6  sin  (21  ~  1°) 

determine  the  amplitude,  period,  and  frequency  of  the  8.H.M. 

.  8.  A  simple  sinusoidal  wave  has  a  height  of  3  feet,  a  length  of  29 
feet,  and  a  velocity  of  7  feet  per  minute.  Another  wave  with  the 
same  height,  lei^th,  and  velocity  lags  15  feet  behind  it.  Give  the 
equation  of  each. 

9.  Interpret      ri(cos    Bi  +  i    sin    «i)      as    an    operator    upon 
r,(cos  Bj  -I- i  Bin  8,)- 

10.  Give  a  rule  for  writing  down  the  value  of  t*. 

11.  Calculate; 

(3y3^30H  ^i  tyii)!  ,  (^ 

(2  +  2V2i) 

12.  Calculate:    (1  -  v/St)". 


1°  +  i  sin  36°)  (cos  20° -I- 1  sin  20')' 
2(cosU°4-  i  sin  11°) 
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15.  Write  the  inverse  functions  of  the  following:  4^ 

(a)  y  =  ax",  (6)  y  =  eini,  (c)  y  =  e',  (d)  y  =  log.i. 
U.  Plot  the  amount  of  tin  required  to  make  a  tomsto  can  to  holdf^  ^ 
1  quart  as  a  function  o^  the  radius  of  its  base.     Determine  approxi- 
mately from  the  graph  the  dimensions  requiring  the  least  tin. 

16.  Find  the  axes  of  the  ellipse  whose  foci  are  (2,  0)  and  ( -  2, 0),  i- 
and  whose  directrices  are  i  =  ±  5. 

10.  Write  the  polar  equation  for  the  ellipse  in  problem  15.      '■^ 

17.  Find  the  equation  of  the  hyperbola  whose  foci  are  (5,  0)  and  *^ 
(  —  5,  0) ,  and  whose  directrices  are  x  =  ±  2. 

18.  Write  the  equation  of  the  hyperbola  in  17  in  polar  coordinates.  ^ 

19.  Diacusa   the  curve  p(l  +  cos  fl)  =4.     Write  its  equation  in  ^^ 
rectangular  coordinates. 

20.  Find  the  foci  of  the  hyperbola  2xy  =  a'.    Also  its  eccentricity.  *»-- 

21.  What  property  of  the  parabola  is  useful  in  designing  automobile 
headlights? 

22.  How  do  you  draw  a  tangent  to  an  ellipse?    To  a  parabola? 

23.  Find  the  equation  of  a  pomt  whose  distance  from  the  point  ^  ^ 
(3,  4)  is  always  twice  its  distance  from  the  line  3x  +  iy  =  12.    What 

is  the  locus? 
31.  Give  the  type  of  each  of  the  following  conies ; 
(o)  2x'  +  2y'  +3x  -  iij  +  3  "0.    V 
(6)  2'  +  4xj/  +  4ff»  +  I  -  3i/  +  8  =  O.C- 

(c)  I'  +  Zxy  -  3y'  +  31  -  2j/  -  3  =  0.  ^ 

(d)  I'  -  5xy  +  7y*  +  2i  +  3|/  +  28  =  0.  £, 

36.  Solve  each  of  the  equations  in  problem  24  for  y  and  explain 
how  the  graphs  may  be  constructed  by  shear. 

26.  A  point  moves  so  that  the  quotient  of  its  distance  from  two  /. .. 
fixed  points  is  a  constant.     Fmd  the  equation  of  the  locus  of  the 

27.  Evaluate:  J-  J  +*_-  i        ^ 

log  10  -  log,  8  +  log;  49*. 

2S.  Find  the  maximum  and  minimum  value  of  (3  sin  x  —  4  cos  x).  m 
What  values  of  x  give  these  maximum  and  minimum  values? 

29.  Fmd  the  equation  of  a  circle  passing  through  the  points  (1,  2), 
(-1,3)  and  (3,  -2). 

50,  A  sinusoidal  wave  has  a  wave-length  of  »,  a  period  of  ■■,  and  an 
amplitude  of  t.     Write  its  equation. 

51.  Compute  graphically  the  following: 

(l  +  i)(l  -i);    (1  +i)  +(I-i);    ** 
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■  i±|i;    7.l.4rx6.i.(-»-): 

{7  +6i)";     \/7i  +31. 
32.  I^ove  by  the  addition  formulas  that;  ^ 
sin  (90°  -t)  -  cos  r 
8in(90°+r)  =co8r 
eia  (360°  -  t)  =  ~  sin  t 
tan  (r  +270°)  =  ~  cotr. 
3S.  Sketch  the  curves:  <^ 

y  -  2"'". 
What  property  of  the  exponential  function  do  these  curves  illustrateT 

34.  Sketoh  y  -  2'  and  y  =  3'. 

35.  Solve:     i'  +  6i  +  Vx'  +  6x  +  1  -  1. 

^  36.  Find  graphically  the  product  of3  —  2tby— 2  +  i. 
<.ST.  Find  all  the  values  of: 

(cos  #  +  i  sin  »)';  {cos  ff  +  t  sin  e)H;  v^I]  vT 

In  38.  Write  a  short  theme  on  operators,  making  mention  of  (a)  the 
integers;    (6)  (- 1);  (c)  V  -  I;  W)  cisff.    Develop  the  rules  for  addi- 
tion, subtraction,  multiplication,  and  division  of  vectors,  and  state 
them  in  systematic  form. 
1^39.  Show  that 
sin  (o  +  6+  e)  =  sin  a  cos  fe  cos  c  +  cos  a  sin  6  cos  c 

40.  Sketch  the  curves 


'on  the  same  sheet  of  paper.     What  property  of  the  exponential  func- 
tion do  these  curves  illustrate? 

^41.  Draw  upon  squared  paper,  using  2  cm.  —  1,  the  curve  y*  =  x.  '  ■ 
By  counting  the  small  squares  of  the  paprr  find  the  area  bounded  by 
the  curveandthe  ordinatesz  =  1/2,  I,  U,  2,  2),  3,  3j,  4,  ...     By 
plotting  these  points  upon  some  form  of  oocirdinate  paper,  find  the 
functional  jelation  existing  between  the  x  coiirdiaate  and  the  area 
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*'7*S,  The  latitude  of  two  towns  is  27°  31'.  They  we  7  miles 
apart  measured  od  the  parallel  of  latitude.  Find  their  difierenoe  in 
loi^itude. 

) iS.  Solve  3''"'  =  2'*'.    Be  vMy  careful  to  take  account  of  all 

questionable  operations  .     There  are  two  aolutions.  _. 

44.  Find  (three  problems)  the  equation  connecting:         /  5  TT  i- A 


X 

y4* 

6.8 

19.0 

14.2 

21.6 

21.8 

23.2 

32.0 

26.3 

49.5 

31.5 

65.0 

39.1 

78.0 

47,0 

. 

y 

.002 

18.8 

0.04 

19.3 

0.06 

19.6 

0.08 

19.7 

0.10 

20.2 

0.12 

20.5 

0.14 

21.0 

0.16 

21.4 

0.18 

21..  8 

0.20 

21.9 

0.22 

22.1 

X 

y  • 

1.3 

21 

2.0 

25 

2.8 

29 

3.7 

33 

4.3 

35 

5.3 

38 

40.  Find  the  w 


*Tl6.  Prove  that: 


e  length,  period,  frequency,  amplitude  and  velocity^ 
V  =  l0wa(2x  -  30- 


47.  Find  the  parametric  equations  of  the  cycloid. 
*-^48.  Find  the  equation  of  the  ellipse,  center  at  the  origin,  i 
elding  with  coordinate  axes,  passing  through  the  point  (  — 
having  eccentricity  3/5. 

40.  Define  the  "logarithm  of  a  number." 
i^O,  Prove: 

CSC  2i(l  -  cos  2i)  =  sin  a;  sec  x. 


xa- 


x)  = 


51.  A  S.H.M.  has  amplitude  6,  period  3.     Write  its  equation  if 

time  be  measured  from  the  negalive  end  of  the  oscillation.     State  the 
difference  between  a  S.H.M.  and  a  wave. 
^  03.  Find  by  inspection  one  value  of  x  satisfying  the  following  equa- 
tions: 
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(a)                    COB  45'  COB  (90°  -  »)  -  ain  45°  sii 

(90°-*)  -ooei. 

(6)  OOB  C45«  -  i)  cos  (45°  +  »)  -  sin  (45°  -x)^ 

a  (45°  + a;)  -coax. 

S3.  Sketoh  on  Cartesi&n  paper: 

!/  =  !' 

V  =  2-           V  =  log,  X 

)/  =  3-          y-log,x 

y  -B-           !/  =  log,  X 

y-lfP        3,  =  Jog,„a;. 

*-   64.  Solve  3-  +2x  -  1. 

6S.  Sketch:.  », 

fi-'a.O     p/=  sec  e,                p  -  o  Bin  fl,  ^ 

P  =  -aainff.O 

"  =  ^0    P=o<«8fl.O        P=-''«»9,0 

r=a-acoBe. 

p  -  2(  -  ooe  S),                        p  =  2  cos  e  -  3, 

p  =  COS  «  +  sin  ff. 

'^  (^8.  Simplify  the  expreBsion: 

■Mi-')«»  6 -)--(*-) 

»(i-') 

paints  is  a  constant.    Find  the  equation  of  the  locus.     Discubb  the 
^  68.  Simplify  and  represent  graphically : 

(a)  -[-+-%  (6)  (1  +  t)(l  +  2t). 

59.  Find  the  velocity  and  frequency  of  the  wave  of  problem  30. 
■^     60.  Find    the  coordinates  of    the  center,  the  eccentricity,  and 

the  lengths  of  the  semi-axes  of:  (o)  a'  +  3*  +  y'  —  7, 
(6)  a;'  +  2a;  +  4»>  -  33/  •=  0,  (c)  x'  -  x  -  y'  -  y  ~  0, 
(d)    a:'  +  a;  +  y  +  3  =  0. 

61.  Find  the  amplitude,  period,  frequency  and  epoch  of  the  fol- 
lowing S.H.M.: 

1/  =  7  sm  6(. 
^  —  6  sin  2wt. 
V  —  a  sin  (qi(  +  it). 
6S.  Find  cis'  $.     Hence  show  that: 

cos  5a;  •  cos'  a;  —  10  coa'  x  sin'  x  +  5  cos  x  sin*  x. 
63.  Find  graphically  (on  form  MS)  the  fifth  roots  of  2'  cis  35*. 
*•  64.  Complete  the  following  equations: 

sin  (a  ±6)  -7  tan2i  =  ? 

cos  (o  ±  6)  -  7  oot  2ai  =  t 
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cob2i:-?  oot2=? 

6B.  Chai^  the  equations  of  exertases  33  and  40  to  logarithmic 
form.  What  propertiee  of  logarithms  are  illustrat«d  by  these 
equations? 

68.  Solve  x'  -x'  +  7x  +  6  =0. 

67.  Show  that  the  sum  of  the  two  focal  radii  of  the  ellipse  is  constant. 
^—98.  y  ^  —  3t'  +  41  -~  5  and  x  =  5(are  the  parametric  equations  of  a 
curve.     Disousa  the  curve. 

69.  Show  that  lr{co6  S  +  i  sin  e)J  [r'(cos  C  +  i  sin  e')]  - 
TT'tcos  (9  +  e')+i  Bin  (ff  +  9')]. 

TO.  TwoS.H.M.haveamplitudeOandperiodtwoseconds.  Thepoint 
exeouting  the  first  motioa  is  one-fourth  of  a  second  in  advance  of 
the  point  executing  the  second  motioa.  Write  the  equations  of 
motion. 

71.  Show  that: 

sin  5x  —  sin>  x  —  10  sin'  x  cm^x  +  6  sin  x  cos*  x. 
jfli.  Prove  that: 

tan  (45°  +  t)  -  tan  {45°  -  r)  -  j4r-^^" 

73.  Show  that  the  difference  of  the  two  tocal  radii  for  the  hyperbola 
is  constant. 
^r  74.  Find  graphically  the  quotient  of  6  —  2t  by  3  +  75i. 

7B.  Solve  by  inspection,  for  y: 
Bin  {90°  +  \y)  cos  (90°  -  !if)  +  cos  (90°  +  Jj/)  sin  (90°  -  ii;)  -  sin  y. 
4»7S.  Write  the  parametric  equations  for  the  circle,  the  elUpse,  the 
hyperbola. 
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CHAPTER  XIV 
A  REVIEW  OF  SECONDARY  SCHOpL  ALGEBRA 

300.  Only  the  most  important  topics  are  included  in  this 
review.  From  five  to  ten  recitations  should  he  given  to  this 
work  before  beginning  regular  work  in  Chapter  I. 

With  the  kind  permission  of  Professor  Hart,  a  number  of  the 
exercises  have  been  taken  from  the  Second  Course  in  Algebra, 
by  Wells  and  Hart. 

301.  Special  Products.    The  (ollowbg  producle  are  fundamental: 

(1)  The  product  o/  the  ium  arid  difference  o/  any  two  numfeers: 

(x+y)(x-y)  =j'-i/' 

(2)  The  square  of  a  binomi^: 

ix  ±  !/)'  =  x^±2xy  +  y' 

If  the  second  term  of  the  binomial  has  the  sign  (— ),  then  the  mid- 
dle term  of  the  square  has  the  sign  (— ). 

(3)  The  product  of  two  binomials  having  a  common  term: 

(X  +  aHx  +  6)  =  j>  +  („  +  b)r  +  at 
thus  {x  +5)(.x  -  11)  =  x'  +  (5  -  U)x  +  5(-ll) 

=  x'  -dx  -.55 

(4)  The  product  of  two  general  binomials: 

(ax  +  b)(,cx  +  d)  =aex'  +  (be  +  ad)x  +  bd 

(3a  -  ib)(2a  +  76)  =  (3a)(2o)  +  (-  8  +  21)(.6  +  (-4  6)  (76) 
=  6o'  +  13o6  -  286' 

Exercises 

Find  mentally  the  following  products: 
1.  (5x  -  2!,)'.  4.  (2m  +  3)(m  +  4). 

a.  (a  +  llb)(a  +  36).  B.  (j,»  +  it)(y'  +  4r). 

8.  (a  -  2i.)(a  +  12i>).  '  6.  (Sxj/  -  7)'. 
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7.  (Su"!!  -  i){3uhi  +  4).  n.  (2  -  380(5  +  2g(). 

8.  C2j  -  5)(i  +  4).  SO.  (aV>  +  Gc){a'b  -  13c). 

9.  i2T'  -  7)(3r'  +  5),  31.  (Ip  +  5)(ip  -  4). 
10.  (p'  -  33){p'  +  7g).  82.  (a'  +  7)(a'  -  11). 
H.  (o  +  i)(a  -  i).  8S.  (3a  +  5){7a  -  8). 
12.  (i^  +  SyUix  -  5y).  34.  (1  +  8n)(l  -  9n). 
18.  {«  -  J){u  -  1).  36.  (2a  -  6')(2a  +  36*). 
14.  (2j  +  3)(J;r  +  1).  36.  (m  -  l){9i  -  i). 
16.  (3i»  +  46c)(33:>  ~  4bc).  37.   (20  -  16z)(3  +  2i). 

16.  <if  -  8)(v  +  5).  38.   (r'  +  16s)(r'  -  s). 

17.  (*  -  i){x  -  i).  89.  (a  -  6«')(o  +  *=). 

18.  (1  -  6s)(3  +  2s).  40.  (4r  +  «o)(4r  -  5uv). 

19.  (2(  -  7io')(3i  -  4ic').  41.  (6i=  -  i)>. 

30.   (!u  -  i)(ia  +  i)-  43.   (1  +  23n)(5  -  n). 

21.  (3r  -  7()(5?-  +  2[).  43.  {x'  -  v')(.x'  +  j,'). 

22.  (IW  ~  l)(12a;'  +  1),  44.   (5o'  -  4)>)(«a'  -  56). 

33.  (2'  -  8)(z'  +  12).  4S.  {x^y  +  !;'i)(i;'y  -  y'l). 

34.  (r  +  3i/')(3:  -  2!,').  46.  (Ja  +  10)(2o  +  i). 
26.  (5m'  -  6s')(5m>  +  s=)  47.  (9r  +  23)(3r  -  48). 

26.  (5i  +  i)(.5x  -  i).  48.  (12i'  +  5)(4i«  -  3). 

27.  (3i  +  7)(i  -  5).  4«.  (a»6*  +  4i')'. 

38.  (4a  -  36')'.  60.  (a*  ~  6')(a*  +  6'). 

61.  (o  +  6)(a  -  6)(o'  +  6')(a*  +6<). 

62.  (a  +  6  +  c)'  -  ?  8B.  (a  +b)'  =  ? 

63.  (o  +  6)'  -  7                    •  66.  (a  -  6)'   =•  ? 

64    (a  -  6)>  =  7  67.  (a  +  6  +  c  +  a)>  =  ? 

68.  5a;>  -  I3i;'  +  {2x'  -  (y*  +  ir')  +  5y>}  ~  z']  =  1 
S».  at  -  [46»  -  (2a'  -b')  -  {-  5a'  +  2a6  -  36'i  ]  =  7 

60.  3y'  -  [2y*  +  (9«  -  23,*)!  =  7 


803.  Factoring.  A  rational  and  Integral  monomial  b  one  that  iB 
made  up  of  the  product  of  two  or  more  arithmetical  or  literal  number). 
Thus  10,  7x,  4a6c,  Ga'by'  are  rational  and  integral,  but  2o/6,  Sbi/x 

The  algebraic  sum  of  any  Dumber  of  rational  and  integral  mono- 
mials is  called  a  rational  and  integral  polynomial. 

To  factor  an  algebraic  expression  is  to  find  two  or  more  rational 
and  integral  expressions  which  will  produce  the  given  expreBsion 
when  multiplied  together. 

Next  to  the  removal  of  a  common  monomial  factor  from  all  of  the 
termsof  a  polynomial,  as,  forexample,na  +  nb  +  nc  =  n(a  +  b  +  c), 
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the  most  fundamental  cases  of  factoring  are  those  depending  upon 
the  special  products  of  the  preceding  section.    Thus, 

(1)  The  difference  of  too  aguoTes  equala  the  product  of  the  sum  and 
the  difference  of  their  sguare  roots: 

x'  -y'  =  (,x  -  y){x  +  y) 
Thus 

81o«  -b"  =  C9o<  -  6')(&o*  +  6*) 

(2)  A  trinomial  is  a  perfect  square  when,  and  only  when,  two  of  its 
terms  are  perfect  squares  and  the  remaining  term  is  twice  ifte  product  of 
their  square  roots. 

To  find  the  square  root  of  a  trioomial  perfect  square,  take  the  square 
roots  of  each  of  its  two  perfect  square  terras  and  connect  them  hy  the 
sign  of  the  reraaining  term. 

T^,  9a'  -  24a4  +  166'  is  a  perfect  square,  since  V9^  =  3o, 
^"166*  -  46  and  2iab  -  2(3a)(46). 

Also  6a*  +  30a  +  16  is  not  a  perfect  square,  for  30a  does  not  equal 
2(3a)(4). 

(3)  Trinomials  of  the  form  x'  +  px  +  q  can  be  factored  vihen  two 
numbers  can  be  found  vthose  product  is  q  and  whose  sum  is  p. 

Thus  I'  -  4i  ~  77  =  (j  +  7)<i  ~  11),  for  7(-  H)  =  -  77  and 
(+7)  +  {-ll)  =  -4. 

(4)  Trinomials  of  the  form  ax'  +  bx  -\-  e,  if  factorable,  may  be  foe- 
tared  in  accordance  with  the  properties  of  the  special  product  (4),  $301. 
In  the  product 


aex'  -J-  (be  +  ad)x  +  bd 

the  terms  acx'  and  bd  are  called  end  products  and  bcx  and  adx  are 
called  cross  products.  This  most  important  case  of  factoring  is  best 
learned  from  the  conaideration  of  actual  examples. 

Factor  21a;'  +  5i  -  4. 

From  the  term  2\x',  consider  as  possible  first  terms  7z  and  Zx, 
thus  (7x  )(.Zx  ).  For  factors  of  (- 4),  try  2  and  2,  wiEh  unlike 
signs,  and  signs  so  arrai^ed  that  the  cross  product  with  larger  absolute 
value  shall  be  positive;  thus  (7i  —  2)(3i  +  2).  This  gives  middle 
term  Sx;  incorrect.  For  (—4)  try  4  and  1,  with  signs  selected  as  be- 
fore; thus,  [7x  -  l){Zx  +  4).  Middle  term  26i;  incorrect.  Try 
(7*  +  4)(3i  ~  1).     Middle  term  5x;  correct. 
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(5)  The  difference  of  two  cubes:  x'  —  y'  =  {x  —  y)(,x*  +  xy  +  y*). 

Thus  27a;'  -  y*  =  (_Zx)'  -  (];')• 

=  l.3x-y^)(.Qx^  +  3zy'  +  y') 

(6)  The    sum    of    two    cubes;  **  +  j'  =  (.x  +  y){x*  —  xy  +  y'). 

Thus  125a»  +b>  =  (So)'  +  (6')' 

-  (So  +  6»)(25a'  -  Soft'  +  6') 

308.  To  factor  a  polynomial  completely,  first  remove  any  monomial 
factor  present;  then  factor  the  resulting  expression  by  any  of  the  type 
forms  which  apply,  until  prime  factors  have  been  obtained  throughout. 
Thus, 

(ffl)  5a'  -  56'  -  5(o'  -  6*)  -  5(o'  -  b'Ka>  +  6») 

-  5(a  -  6)(a'  +  ah  +  6»)(a  +  6)(o'  -  db  +  b') 
(6)  42<w'  +  lOax  -  8a  =  2<.(21a;'  +  5x  -  i) 
=  2a(.7x+i)(.3x-l) 

Exercises 
Factor  the  following  expressions: 
1.  tV"*'  -  ^V*-  22.  X*  +  6x  —  27. 

a.  9j»  -  iy*.  23.  c*  -64t'. 

3.  25i»  -  1.  24.  8a;'  -  1. 

4.  81  -  4a;'.  28.  1  -  13i  -  68l». 

6.  1  -  64a'6«c'.  ae.  X*  -  Sx^  -  566'- 

8.  x'  —  y*.  27.  au'  —  40W  —  iSof'. 

7.  225    -  a'.  38.  28o'  -  a  -  2. 

8.  121i»  -  liiy'.  29.  3s'  -  17a(  +  24i». 

9.  49m'  -  36i'i/'z'.  30.  16r'  ~  r  -  6. 

10.  169  -:^a*x\  SI.  4v'  -  Sjf  ~  7. 

11.  4a;'  -  20i  +  25.  82.  64u'  -  27a;'. 

12.  ga<  +  Gab  +  b>.  33.  Sar  -  3ai  +  id- 

13.  a'6'  -  17oic  -  60c>.  34.  o'  +  2o  -  35. 

14.  r*  -  llr'  +  30.  38.  9a;'  +  12ij/  -  32i/'. 
16.  166'  +306  +  9.  SB.  a»  +  lOob  +  256'. 

16.  81u'  +  180uu  +  IOOp'.  37.  626i'v'  -  ^. 

17.  36a'  -  132o  +  121.  88.  Scdy'  -  9cdy  -  30cd. 

18.  x^'  -  Axy'  +  4.  39.  4oa;"  -  25aif«. 
18.  a»6'  -  2o6  -  35.  40.  Sj/'  +24. 

20.  «'  +  «•-  110.  41.  4*'  -  27a;  +  45. 

21.  a'6'  -  14o'6  +  49.  43.  6a;»  +  7x  -  3. 
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48.  ^g'  -  I.  68.  2am'  -  50a. 

44.  I0x*y  -  SsV'  -  5xy'.  M.  72  +  7i  -  49i>. 

45.  m>n'  +  7mn  -  30.  W.  3Ii>  +  23iy  -  Sy'. 

46.  i>  -  3ij/  -  TOy".  61.  24o'  +  26a  -  5. 

47.  mi'  +  7mx  -  44m.  68.  1  -  313/  -  lOSiV'- 

48.  a;'  -  3j'  ~  lOSi.  68.  i'  -  14nw  +  40m'. 

49.  x>  -  V*.  64.  2(>  +  lOoi  -  28a'fc. 
M.  s*  -  Si*!/  -  24j/'.  65.  c'  +  27(i'. 

51.  8n»  +  18n  -  5.  66.  Zx'y  -  27iy'. 

52.  Zx*  -  12.  67.  -^x^'  -  ^i*!/*. 
68.  9m'  -  42m*  +  49i'.  68.  49nV  -  \9^n>y'. 
64.  lOi'  -  39j  +  14.  e».  a'  -  I61  +  48. 
55.  12i'  +  Hi  +  2.  70.  i«  +  23i  -  50. 

66.  3ftc'  +  121  -  35.  71.  o»n*  +  31o%»  +  30. 

67.  X*  -  8y'.  72.  9a;'  +  Zlxy  +  4j/'. 

304.  General  Distributive  Law  in  Multiplication.    From  the 
ii^  of  a  product,  we  may  write 


+  ay  +  6v  +  cjf  + .    .    - 
+  az  +6z  +CZ+.    ,    ., 
etc. 
Stating  this  in  words  r  The  product  of  one  polynomial  by  another  is  the 
turn  of  all  the  terms  found  by  mulUplyiTm  each  term  tff  <me  polynomial 
by  each  term  of  the  other  polynomial. 

To  multiply  several  polynomials  together,  we  continue  the  above 
process.  In  words  we  may  state  the  generalised  distributive  law  of 
the  product  of  any  number  of  polynomials  as  follows: 

The  product  of  k  polynomiaU  is  the  aggregtUe  of  all  of  the  possible 
partial  product*  which  can  be  made  by  multiplying  together  k  terms,  of 
which  one  and  only  one  must  be  taken  from  each  polynomioi. 
Thus, 

.) 


(a  +  b+c 

■■  +  . 

.    .)(x  +y  +  z+. 

.    .)(u  +  P  +  tr  + 

=  axu  +  axv  + 

.  +ayu  +  <,yv+  .    . 

.  +  azu  +  azu  + 

+  bxu  +  bxv  +  . 

,   +byu  +  byv  +  .    . 

.  +bzu  +  biv  + 

+  CCU  +  CXV   +  . 

If  the  number  of  termt  in  the  different  polynomials  be  n,r,  s,  t.  . 
respectively,  the  total  number  of  terms  in  the  product  will  be  nret  .  . 
The  student  may  prove  this. 
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SOB,  The   FusdamenUl  Theoiem  in  the  Factoring    of  r*  ±  a*. 

The  expression    (x'  —  a')  is  always  divisible  by  {x  —  a). 
Write  I"  —  fl»  =  i"  —  (w""'  +  oa""'  —  a' 

=  i--'(i  -  a)  +  a(2"-'  -  a'-') 

Now  if  (a:""'  —  a""')  is  divisible  by  (i  —  a),  then  plainly 
x'-'{,x  ~  a)  +  ad'-'  -  o"-')  is  also  divisible  by  {x  -  a).  But 
thia  last  expreBsion  equals  (i"  —  a'),  as  we  have  shown.  Therefore, 
i/  (i  —  a)  exactly  divides  (i""'  —  a""')!  it  will  also  exactly  divide 
(X'  -  a'). 

But  {x  —  a)  will  exactly  divide  (i'  —  o'),  therefore  it  will  divide 
(x*  —  a*),  and  since  (r  —  o)  exactly  divides  (a*  —  a*)  it  will  exactly 
divide  (a;'  —  o'),  and  so  on. 

Therefore,  whatever  positive  whole  number  be  represented  by 
n,  (i  -  a)  will  exactly  divide  (*•  -  o"). 

We  see  that  (i  —  a)  is  wie  factor  of  {x'  —  a").  The  othtr  factor 
of  (a;"  —  (»")  is  found  by  actually  dividing  (x'  —  a")  by  (i  —  a). 
Thus 

{««  -  a')  -  Ct  -  o)(a;--'  +  oa?--'  +  a'x--'  +  .    .    .  +  a-h:  +  o-"') 

a)  divides  i"  +  o"  if  n  be  odd,  and 

3C6    Quadratic  equations  are  usually  solved  (a)  by  factoring,  (b) 

by  ciimpleting  the  square,  or  (c)  by  use  of  a  formula. 

(a)  To  solve  by  factoring,  transpose  all  terms  to  the  left  member  of 
the  equation  and  completely  factor.  The  solution  of  the  equation  is 
then  deduced  from  the  fact  that  if  the  value  of  a  product  is  zero,  then 
one  of  the  factors  must  equal  zero.     Thus 

(1)  Solve  the  equation 

x'  +  5i  =  15x 

*     Transposing  x*  —  15x  +  S4   =  0 

Factoring  (i  -  9)  (a;  -  6)  =  0 

X  -9  ^OiSx  =  9 

a;-6-0iti  =  6 

Hence  the  roots  of  the  equation  are  9  and  6. 

Check:    Does  (9)'  +  54  =  15  X  97 
Does  (6)'  +  54  =  15  X  67 

(b)  To  solve  by  completing  the  square,  use  the  properties  of 
(x  ±  a)'  ■  i'  ±  2ax  +  a',  as  follows: 
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(2)  Solve  x'  -  \2x  =  13. 

Add  the  square  of  1/2  of  12  to  each  side 

ar>  -  12l  +  3fl  =  49 

Take  the  aqusre  root  of  each  member 


Check:    Does  (13)'  -  12  X  13  =  13 
I>oea{~l)'  -12  X(-l)  = 


Since  i: 

a  general  {x  —  a)(x  —  b)  =  x'  - 

-  (o  +  6). 

.    K 

Does  13  +  (-!) (■ 

Doesl3(-l)  =  -13? 

-12)? 

(3)  Solve  X*  -  20i  +  97  =  0. 

Transpose  97  and  add  the  square  of  1/2  of  20  to  each  side ; 
I'  -  20a  +  100  =  -  97  +  100  =  3 
Take  the  square  root  of  each  number: 

I  -  10  =  ±  -\/3 

si  =  10  +  V3 
a;,  =  10  -  \/3 

Check:    Does  xi  +  x,  =  -  (-30)7 
Does  XiXi  =  97? 

(c)  To  solve  by  use  of  a  formula,  first  solve 

ax>  +bi  +  c  =0 
The  roots  are 

-b±y/ti''-  4ac 


(4)  Solve  2x*  -Sx  -5  -  0. 

Comparing  the  equation  term  by  term  with  (1)  we  have 
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Substitute  these  values  in  the  formula  (2) 

^       -(-3)±V(-3)'-4(2)(^5) 
*  2(2)  :■ 


Check:    Doea  xi  +  Xt  =  ~  b/a  =  3/27 
Does  x,x,  =  c/o  =  -  5/2? 


Solve  the  following  quadratics  in  any  manner: 

1.  i'  +  5i  +  6  =  0.  " " 

2.  a;'  +  4i  -  96. 

3.  x'  =  110  +  X.  Si.  I'  -  I  =  6. 

4.  I'  +  5a;  =  0.  32.  i>  +  7i  =  -  12. 
6.  6i'  +  7a;  +  2  -  0.  83.  i'  -  6:c  -  14. 

6.  8**  -  Iftr  +  3  =  0.                  34.  a:'  +  a;  =  12. 

7.  a;«  +  ma  -  2m'  =  0.                 35.  r»  -  a;  -  12. 

8.  3('  -  (  -  4  =  0.  36.  «»  -  6a;  -  5. 

».  10r>  +  7r  -  12.  37.  *»  =  -  4a:  +  21. 

10.  a:'  +  2oa;  -  6.  38.  a;'  =  -  4a;  +  5. 

11.  i»  +  4a;  =  5.  39.  i'  +  5:c  +  6  -  0. 

12.  a;*  +  ftr  =  16.  40.  x^  +  11a;  =  -  30. 

13.  2a;'  -  20i  -  48.  41.  a»  -  7a;  +  12  =  0. 

14.  a;'  +  3a:  -18.  43.  a:'  -  13a;  =  30. 
16.  a;'  +  5a;  =  3fi.  43.  3a;'  +  4a:  -  7 

16.  3a:'  +  6a;  -  9.  44.  3a:'  +  6i  =  24. 

17.  4i'  -  4a;  =  8.  4S.  43:'  -  5a;  -  26. 

18.  a;'  -  7i  =  -  6.  «.  6a;'  -  7a;  =  24. 

19.  a:'  -  oi  =  6a'.  47.  2a:»  -  35  =  3a:. 
30.  I'  -  2<w  =  3o'  48.  3i'  -  60  =  Si. 

21.  i'  -  a;  -  2.  49.  3a:'  -  24  =6r. 

22.  I'  +  a:  =  a'  +  o.  60.  2^'  -  3a;  -  104. 

23.  a;'  -  10a;  =  -  9.  51.  2a:'  +  10a:  =  300. 

24.  2a;'  -  15a:  -  60.  68.  3a:'  -  10a:  =  200. 
26.  a;'  +  Si  =  -16.  63.  4a;'  -  7a:  +  ^  =  0. 
36.  3a;'  +  12i  =36,  64.  ^'  -  fa;  =  -  ^. 

"         "           "  56.  9a;'  +  fti  -  43  =  0. 
66.  18a:'  -  3a:  -  86  -  0. 
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67. 

h^~3x  +  H 

=  0. 

59.  2j'  -  22j 60. 

-«).  ar'  +  7i  -  370  =  0. 

SB. 

4-2+2- 

0. 

61.  5i'  -  ii  -  tjT  =  0. 

"■f 

-| 

+  1=0. 

63. 

:c'  +  2*  +  I  - 

&C  +  6. 

89.  8'  -  58  +  6. 

64. 

«■  -  49  =  10(a; 

-7). 

70.  r"  +  3r  -  4. 

60. 

2j'  +  601  =  - 

400. 

71.  2s'  +  4os  -  c  =  0. 

66. 

a'  +  7a  +7  = 

0. 

72.  x>  +  Sax  -  5  =  0. 

67. 

a>  =  3z  +  2. 

78.  I'  -  lOox 9a'. 

68. 

r  =  r'  -  3. 

74.  CT'  +  2dx  +e  =  0. 

7S.  2a: 

H-ftr 

-n  -0. 

76. 

»■+»».*. 

83.  4i'  -  3»  =  3. 

77. 

.'-s  +  i,- 

84.  flC  +  4i  =  6. 

78. 

.■-?.-!- 

0. 

86.  5(1'  -  25)  =  «  -  5- 

78. 

'■+*'-*. 

86.  9u'  +  18u  +  8  =  0 

80. 

'■  - !  - 1', 

87.  x'  +  px  +  q. 

81. 

•■-*.-  ¥■ 

88.  3:'  -  te'  +  15  ^  0. 

82. 

3r'  -  2r  =  40. 

2                "F" 

89.  «*  -  29u'  +  100-0. 
5              8 

W. 

.■  -  '  -  3.' 

M.  5-^  +  8"^  =  3. 

91. 

2,  +  i-f, 

>^'^2-"-V'i- 

93. 

i+4  =  i^ 

_-    34 

24 

,,.,.  +  ■"  +  ». 2  + 

96.  -- 

I  — 

■2    +    1=0. 

97.  »' 

-35i 

+  216  =  0. 

98 

"+^  =  » 

99     ( 

.+r-f(-3+' 

100. 

^  +  1 

-a  +  L. 

307.  Tbe  Definitions  of  Exponents. 

(1)  n  a  positive  integer:  a"  =  aaa  .    .    .  to  n  factors. 

(2)  n    and    r    positive    integers:    a'^'  =  \/a  and  a"^'  «  ("J/V)" 

=  v^. 

(3)  a"  =  1. 

(4)  n  any  number,  positive  or  aegative,  integral  or  fractional: 

308.  The  Laws  of  Exponents.     For  n  and  r  any  numbers,  positive 
or  negative,  integral  or  fractional : 

(1)  a'a'    =  a"*',  or  law  for  multiplication  and  division. 

ooglc 
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(2)  (a*)'  =  O",  or  law  for  involution. 

(3)  a»6"  =  (ad)*,  or  distributive  law  of  eicponente. 

Note:  The  student  muat  distinguish  between  —  a*  and  (—  n)". 
Thus  -  8"  =  -2,  and  (-  8)^  -  -2,  but  (-3)'  =  9ftad  -3'  = 
-9. 

Exercises  1 

Use  the  definitions  of  exponents  (1),  (2),  (3),  (4)  $307,  and  the  laws 
of  exponents  (I),  (2),  (3),  !308,  and  find  the  results  of  the  indicat«d 
operations  in  the  following  e: 


«•  ©'■ 


a.  I"  +  x>. 

17. 

(o')'. 

10.  X*  +  j". 

18. 

{«')'. 

11.  a"  ■¥  a". 

19. 

f-o6>)' 

18.  e'**  ^  e\ 

30. 

(o*!/')'. 

13.  10"+'  -^  10'. 

31. 

(6-)'. 

li.  n'*'  -i-  w*'. 

S3. 

(-  a-6') 

16.  11"+^  ■!-  tt". 

33. 

Co'6>)'. 

16.  «•-'*'  +  X'. 

M. 

(r-a")P. 

"■  ©■■ 

37. 

Exercises  3 

Write  each  of  the  following  sixteen  expressions,  using  fractional 
exponents  in  place  of  radical  signs : 


1.  Vi: 

4.  y'a'. 


e.  (V5)".  10.  (,^3'. 

7.  -Cf^.  11.  ,yi^. 

8.  (v^'.         u.  (^i): 


Find    the    numerical    value   of   each    of   the    following    sixteen 
expressions: 


17.  4*. 

18.  27*. 

19.  9*.- 
30,  lei 


31.  625*.- 

33.  64*.- 
23.  216*. 

34.  16*. 


27.  32E. 
26.  81*. 


Write  each  of  the  following  expressions  ii 
ligns  instead  of  fractional  exponents : 


"  29.  256*. 
80.  64*.  - 
31.  512*. 
33.  128*. 

0  ways,  using  radical 
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Sla*. 

37. 

nt                  4L  rS. 

40.  al. 

34.  ll. 

3B. 

bi.        43.  ^-:. 

46.  6^. 

SJ.  mS. 

39. 

ei.                  43.  y~: 

47.  i~. 

38..» 

40. 

hK                 44.  ai 
Ezerdses  3 

«.  .=?. 

Periomi  the  indicated  operations  in  each  of  tiie  following  exampiea 
by  means  of  the  kws  of  exponents. 

at 

1.  o*  X  a* 
X  a*  =  a"**  =  oT^^ 

.««. 

!..tx.l. 

..  .ixA 

8.  *T.  X  oTi 

3.  .»  X  ■*. 

a* 

J.  .»Xa«. 
».a»*«t. 

7.  aiXai. 

».hl*hi. 
10.  ml  +  m^ 

11.  8a'6l  +  40*'. 
U.  9«»  +  a*. 
IS.  lal)I. 
(al)i.aH-oA. 

18.  6a*  H-  3o*. 
14.  oiiT  +  a*  bi. 

16.  Col)A. 

18.  (a«)J 

30.  [(.-iflf . 

17.  (il)S. 

( 
SS.  (of.*)'. 
«4.  {(Hf*)l. 

19.  (.A)'. 

S3.  (aliM)*. 
J.y,l.(al)!(.i)l(,l,«. 
35.  (aSo'iV)*- 
86.   (aiiV)"- 

31.  (isiv. 

aW,A. 

37.  (32xlyl)*. 

88.  Cia'ftM*. 

"•  Q 

/a«y_(at)J      a» 
UV        0.')*       »' 

"■(7*)' 

38.  (a*+Q*+l)(o*  +  a 

C,.;,l,zf;dbyG00gle 
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We  arrange  the  work  thus: 

o*  +  o*  +  1 

a>  +  ai+ai 

J  +  a*  +a 

-ai  -a-ai 

a'+2ai  +  ai        -a* 

37.   Ix  +  2yi  +  Syi)(.x  -  2yi  +  By*). 

39.   (o*  -  3<i*6*  +  iah  -  ahh(.a^  -  2o*6*). 

40.  (a- -2a-  +  3o=)(2o--o^). 

Exercises  i 

Find  the  numericul  value  of  each  of  the  following; 

1.  2->.                  4.  10-'.                7.  2-V                10. 

1024-*. 

2.  4-'.                  6.  1-'                    8.  16*.              11. 

512-t. 

3.  (-2)-'.           6.  2-'.                  9.  81-i              12. 

625-*. 

16-i  -, 

Write  each  of  the  following  exprtsaiona  without  using  negative 
exponents: 


L.  x-'. 

25.  6o-'. 

29.  {X  +  y)- 

-■.      S3.  2o'i-V*- 

t.  x^-'. 

26.  Zar^b-^. 

30.  (-«)-'- 

54.  (-  „•)-'. 

1 

2o-' 

a-lhi 

i.  —■ 

"■  36'^--V 

''^-  F'- 

"■  ,.-ib-i 

m-' 

'■    i^ 

Write  each  of  the  foUowing 

expressions  in  one 

Hne.- 

r  ^■ 

39    -"-*"■ 

«  ??'C. 

13     ""'"■ 

'•  o' 

''*'•  c'd' 

"•  4r-'(' 

**■  5a.6^ 

4 

4A       2l-'l/» 

**"*V"' 

„     oSi 

*•  or' 

"■  3q->j/->' 

"■       U'2-'    ■ 

"■  .-V"' 

16(a+6)-' 
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Perform  the  indicated  operations  in  each  of  the  following  by  means 
of  the  lawH  of  expooentB. 

1.  o»  X  a-*.  4.  8a-*  X  3a'.  7.  m"*  X  m"*. 

2.  r"  X  r"".  6.  «"'  X  u*.  8.  6iw:-*  X  ibxK 


10.  (-7a-'&-')(-4a'6-i)(o-'b>3;-'). 
li.  (2aV*)(a-5bS-  iahi  +  oV*}. 


12.  la-^b-'c-' 

^8o 

'6-'c-* 

23. 

(•-tw)-'. 

13.  56i'j/-V 

4-71- 

'«-'«-' 

24. 

(.i»i)-... 

14.  18a-*6ic- 

^  Hahic-K 

SB. 

(Si-K-')-' 

16.  ti,iy-l,i 

-i-2x 

*a*^-i. 

36. 

(.-n>)V 

IS.   (a^»)>. 

*           '  , 

17.  (o-')->. 

27. 

(o-'b-'")-* 

1»  (•')-". 

28. 

C-  U')-'. 

ID.  (ni)-'. 

29. 

JO.  (r-i)-*. 

30. 

M.  (»-)'. 

31. 

B.  {abe)-'. 

32. 

(-liV)* 

"■  iV 

36.    ( 

?) 

i 

3W 

«■  (!.').-' 

37. 

-)• 

•»•( 

»■  (f^)-' 

38. 

a-'6 

:" 

"•( 

42.  (a»j-'-f-3a'a;->)(4o-i 


tir'y')  ■ 


12(i'g-'  -  ISo'j-'  +  IBo^g-' 
4ai-'  +  7o'i-'   -    9o'a;-'  +  ISa'!"* 
48.  {2«-i  -  3i  +  4«i)(a-*  -  2*"'  +  Zx-h- 
44.  Cie-*  -  2i-*!/*  +  9*)(*-J  -  yh. 
48.  (3x*  -  li*^  +  4)  X  2i-*. 

46.  (I-*  +  x-\  +  l)(i-*  -  1). 

47.  {x-^  +  !/-')(^-*  -  i/-')- 

48.  (:i:^v-(-!/*)(xi  -r*)- 
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49.  (2a*  -  3aa*)(3a-*  +  2i-*)(4a*i*  +  9o-*i*). 
60.  {a;-*  -  x-^y^  +  x-^y  -  yh  -i-  {x-^  -  j/*). 


61.  {X-*  +  2*-'  -  3i-')  •¥  (X-*  +  Sa-'). 

309.  Reduction  of  Studs  or  Radicals. 

1.  7/  any  factor  of  the  number  under  the  radical  sign  i»  an  exact 
power  of  the  indicated  root,  the  root  of  Ikal  factor  may  be  extracted  and 
written  as  the  coeffidenl  of  Ike  surd,  while  the  other  factors  are  left 
under  Ike  radical  sign. 


(1)  Thus, 

VS  =  VTx  2 

-  VW2 

=  2V2 

(2)  AlHo, 

VSi  =  V27  X  3 

=  ^^27^3 

=  3^3 

(3)  Also, 

^16oi'  =  •i'&r'  X2aj 

-  VS^'{/2ii 

=  2:.i/2;ii 

2 .   The  expression  under  the  radical  sign  of  any  surd  c 
made  integral. 


\27 
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3.  We  may  change  the  index  of  aome  iutSs  in  tkefoUovnng  manner: 

(1)  ThuH,  \/4  -  Vvt 

__    -V2 

(2)  Also,  v'lOOO  =  Vn/IOOO 

=  V^ 

(3)  Also,  \/256eitt'  =  \/v'256^' 

=  v/ieco' 

A  surd  is  in  its  Amplest  form  when  (1)  no  factor  of  the  expression 
under  the  radical  sign  is  a  perfect  power  of  the  required  root,  (2)  the 
expression  under  the  radical  sign  is  integral,  (3)  the  index  of  the  surd  is 
the  lowest  possible. 

Methods  of  making  the  different  reductions  required  by  this  defini- 
tion have  already  been  explained.     We  give  a  few  examples. 


mStapUy^--, 

•P      'la 

\8b'  ^l26' 

<2,  Simplify  ^f. 

=lv« 

#-%! 

-  k" 

-?V.5 

(3)  Simplify  |^?|. 

5'/512_  5    /8 
2^125      2\l 

'4. 
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In  any  piece  of  work  it  is  usually  expected  that  all  the  surds  will 
finally  be  left  in  their  simpieat  form. 


teduce  each  of  the  following  s 

lurds  to  its  simplest  for 

m: 

4      '•# 

'•# 

'■•^^.• 

#      '•^- 

'■^h 

•■xR- 

9.  Simplify  v'12  +  A  ^75  +  6V^- 

10.  Simplify  1  +  Vs  +  V2  -  ^27  -  Vl2  +  VTS. 

11.  Simplify   i^21  +7^2   X  '^21  -  7V2. 

15.  Find  the  value  of  z'  -  6*  +  7  if  ^  =  3  -  y/3. 

13.  Find  the  value  when  x  =  VS  ot  the  expression 

2a;-  1         2a;  +X 
(*-l)'       {a  +  I)»' 

14.  Find  the  value  ot 

<35vro  +  77v'2  +  esVaxVio  +  V2+  Vs)- 

Solve  and  check  each  of  the  following  equations: 

16.  Vx+i  =  4. 

16.  V2x  +  6  =  4. 

17.  Vlte^  16  =  6; 

18.  \/2x  +7  =■  V5x -  2. 

19.  14  +  V4i  -  40  -^10. 

20.  y/m'x  +  9  -  4^41  -  3. 

ai.  V'^  +  x  =  i  +Vi. 

as.  Vx_-7  =  Vj-  14  +  1. 
M.  Vi-  7  =  Va  +  l  -  2. 
aB.  ;e  =  7  -  y/^  7. 


26.  Vj  +  20- Vi-l  -3  =0. 

aT.  Va:  +  3  +  V3s  -2=7. 

J».  ViSn  +  V.-S-ZVi. 

20.             , 

_              18 

"'•VT5^9-Vi<5^ 

-»-  TiS. 

,0.  --.^J,  . 

,  Vi+l 

"V.-i  " 

■  Vi-Vx- 
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Damped  vibrations,  276 
Damping  factor,  277 
Decreasing  function,  58 

geometrical  series,  206 
DeMoivres  theorem,  373 
Descartes,  Ren^,  26 
Diameter  of  any  curve,  442 
of  ellipse,  442 
of  parabola,  419 
Direction  of  ellipse,  401,  413 
of  hyperbola,  406,  413 
of  parabola,  411,  413 
Discontinuous  function,  11,31,55 
Distance  of  point  from  line,  425 
Distributive  law  of  multiplica- 
tion, 189,  351 
general,  456 
Double  angle,  functions  of,  295 
scale,  5-8,  20,  21,  245-265 
■  of  algebraic  functions,  20 
of   logarithmic   functions, 
245-265 

"e,"  220,  223,  238,  267 

Eccentric  angle,  140 

Eccentricity  of  earth's  orbit,  402 
of  ellipse,  400 
of  hyperbola,  406 
of  parabola,  411,  413 
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Ellipse,  137   et   seq.;  39S  el  seq. 
Chaps.  iV  and  XIII. 

axes  of,  138 

construction,  142,  143 

directrices,  401,  413 

eccentricity,  400 

focal  radii,  39S,  426 

foci,  398 

latua  rectum,  403 

parametric  equatioo,   140 

pnlar  equation,  409 

shear  of,  436 

symmetrical  equation  of,  138 

tangent  to,  428 

vertices,  138 
Elhptic  motion,  326,  382 
Empirical  curves,  261,  274 

formulas,  71 
Envelope,  421 

Epicycloid  and  epitrochoid,  393 
Epoch  angle,  322,  326,  330 
Even  function,  115 
Ejtponential  curves,  237-244 

equation,  211,  219 

function  Chap.  VIII,  214  et 

defined,  219,  221,  223 
compared  with  power,  265 
Exponents,  definition  of,  460 
irrational,  222 
laws  of,  460 

Factorial  number,  183 
Factoring,  453-155 

fundamental  theorem  in,  457 
Factor  theorem,  163 
Family  of  curves,  74 

of  lines,  420 
Focal  radii  and  foci,  386 
of  ellipse,  398,  429 
of  hyperbola,  404 

radius  of  parabola,  412 
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Frequency  of  S.  H.  M.,  323 

of  sinusoidal  wave,  329 
uniform  circular  motion,  99 
Function,  of  a  function,  91 
periodic,  30,  113,  360 
power,  46  et  seq.,  265 
rational,  14,  162 
S.  H.  M.,  327 
trigonometric,  100 
Functions,  9,  10 

algebraic,  13,  14 

circular,    Chap.    Ill,   94    et 

seq.,  100 
continuous,  10 
discontinuous,  11,  31,  55 
even  and  odd,  115 
explicit  and  implicit,  139 
exponential,  219,  221,  223, 

265 
increasing    and    decreasing, 

58,  152 
integral,  14,  162 

General  equation  of  second  de- 
gree, 437-440 
Geometrical  mean,  202 

progression,  202  et  seq. 
Graphical  computation,  15  etseq. 
of  integral  powers,  19 
of  logarithms,  217 
of  product,  16,  388 
of  quotient,  17,  87,  88 
of  reciprocals,  89 
of  sq.  roots,  18,  21 
of  squares,  18,  21,  87 
solution  of  cubic,  177 
simultaneous  equations, 
174  et  aeq. 
Graph  of  arithmetical  series,  200 
of  binomial  coefficients,  196, 

197 
of  complex  number,  349 
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Graph  of  cycloid,  392 

of  ellipse,  142,  143 

of  equation,  37 

of  functions  of  mutilpli 
gles,  298,  299 

of  geometrical  series, 
210 

of  hyperbola,  153-156 

of  hyperbolic  functions,  274 

of  logarithmic  and  exponen- 
tial curves,  216,  217, 
237  et  »eq. 

of  parabolic  arc,  420 

of  power  function,  46,  48,  59, 
73,  86 

of  sinusoid,  112 

of  tangent  and  secant  curves, 
U7-I51 

Half-angle,  functions  of,  296 
Halley's  law,  260 
Harmonic  analysis,  336 

curves,  363,  364 

functions,  327 

motion,  Chap.  X,  321  el  aeq. 
compound,  334 
Hyperbola,  Chap.  IV  and  XIII. 

asymptotes,  154,  157 

axes,  155,  157 

center,  157 

conjugate,  158 

eccentricity,  406 

foci  and  focal  radii,  404 

latua,  rectum,  407 

parametric  equations,  154 

polar  equation,  409 

rectangular,  54,  153 

symmetrical  equation,  151 

vertices,  157 
Hyperbolic  curves,  51,  54 

sine  and  cosine,  273 

system  of  logarithms,  223 


Identities,    107,    108,    132,    133, 

282-297 
Image  of  curve,  53 
Increasing  function,  58,  152 

progresHion,  199 
Increment,  l(%arithmic,  256 
Infinite  discontinuity,  55 

geometrical  prt^ression,  206 
Infinity,  54,  55 
Integral  function,  14,  162 
Intercepts,  40,  41 
Interest,  compound,  205,  256 

curve,  211 
Int«rpolation,  231 
Intersection  of  loci,  169 
Inverse  of  curve,  130 

of  strait    line    and  circle, 
130 

trigonometric  functions,  132, 
378,  379 
Irrational  function,  14 

numbers,  334 

Lamellar  motion,  82 

Langley's  law,  70 

Latitude  and  longitude  of  a  point, 
26 

LatuB  tectum  of  ellipse,  403 
of  hyperbola,  407 
of  parabola,  412 

Law  of  circidar  functions,  126 
of  complex  numbers,  350 
of  compound  interest,  256 
of  exponential  function,  267 
of  power  function,  76 
of  sines,  cosines,  and  tan- 
gents, 301-303 

Lead  or  lag,  330,  368 
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Legitimate  traneformations,  167 

Lemuiscate,  387,  389 

limit,  ISO 

Limiting  lines  of  ellipse,  146 

Loci,  Chap.  XII,  381  el  geg. 

defined  by  focal  radii,  386 

Theorems  on,  57,  60, 80, 129, 
242,  292 
Locus  of  points,  36 

of  equation,  36 
Logarithmic      and      e:q»onential 
functions,   Chap.   VIII, 
214  ei  seq. 

coordinate  paper,  267-274 

curves,  237-244 

double  scale,  245-265 

functions,  219,  223 

increment    and    decrement, 
256,  258,  259,  277 

tables,  229-233 
Logarithm   of  a   number,    216, 

223 
Logarithms,  common,  223 

graph,  216-217 

properties  of,  226-229 

systems  of,  223 

Mantissa,  229 

Mean,  arithmetical,  198 

geometrical,  202 

harmonical,  212 

progressive,  194 
Modulus    of    complex    number, 
356 

of  decay,  259,  277 

of  logarithmic  system,  242 
Motion,  circular,  99 

compound  harmonic,  334 

connecting  rod,  338 
^Elliptic,  325,  382 

sheariDg,  81 

S.  H.  M.,  321  el  «eq. 


<EX  487 

Naperiaa  base,  220,  223,  228,  257 

system  of  Ic^.,  223 
Napier,  John,  214 
Natural   system    of   logarithms, 

223 
Negative  angle,  96 

functions  of,  116 
Newton's  law,  260 
Node,  113 
Normal,  130 

equation  of  line,  130,  423 

to  ellipse,  429 

to  parabola,  419 

Oblique  triangles,  300-315 
Odd  functions,  115 
Operators,  344 
Ordinate  of  point,  26 
Origin,  26 

at  vertex,  145,  413 
Orthogonal  systems,  119 
Orthographic  projection,  61,  117, 
137,  158,  243 

Paper,  logarithmic,  268  et  geg. 
polar,  118  el  eeq. 
rectangular,  26  et  aeq. 
semi-log,  251,  261  et  teg. 
Parabola,  50,  411 
cubical,  50 
polar  equation,  412 
properties  of,  419 
semi-cubical,  50 
PwaboUc  curves,  47  ei  seq.  267 
Parameter,  140,  381 
Parametric  equations,  140,  381 
of  cycloid,  391 
of  ellipse,  140 
of  hyperbola  1S4,  155 
Pascal's  triangle,  188,  189 
Periodic    functions     («ee    tiig-- 
fena.),  30,  113,  360 
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Period  of  S.  H.  M.,  322 

of  simple  pendulum,  325 

of  uniform  circularmotion, 

99 
of  wave,  328 
Permutations,  183,  184 

and  combinations,  Chap.  VI, 
1S2  et  seg. 
Phase  angle,  322,  326,  330 
Plane  triangles,  300-315 
Polar  coArdinates,  118,  433 

diagrams  of  periodic  func- 
tions, 120,  293,  360 
equation  of  ellipse,  409 
of  hyperbola,  409 
of  parabola,  412 
of  straight  line,  129 
form  of  complex  number,  358 
relation  to  rectangular,  131, 
433 
Polynomial,  162 

Positive  and  negative  angle,  96, 
115 
coordinates,  26 
side  of  line,  427 
Power  function,  46  et  seq. 

compared    with  exponen- 
tial, 265 
law  of,  76,  77 
practical  graph,  73 
variation  of,  57 
Probability  curve,  197 
Products,  special,  452 
Progressions,  Chap.    VII,  198  el 

arithmetical,  198-201, 215 

decreasing,  206 

geometrical,  202-210,  215 

harmonical,  211,  212 
Progressive  mean,  194 
Projection,  orthographic,  61,  117, 
137.  158,  243 


Proportionality  factor,  64 

Quadrants,  26 
Quadratic  equations,  457 

syatema  of  equations,  171 
Questionable       transformations, 
167 

Badian  unit  of  measure,  97,  98 
Radicals,  reduction  of,  465 
Radius  vector,  118 
Ratio  definition  of  conies,  413 
Rational  formulas,  71 

functions,  14,  162  < 

numbers,  364 
Ratio  of  --"^  and  ^—  148, 
Rectangular  co6rds,  (»ee  Co6rdi- 
natea).    Chap.    II,    26 

Reflection  of  curve,  53 

Heflector,  87 

Remainder  theorem,  162 

Reversors,  346 

Right  angle  system,  97 

Root  of  any  complex  number,  377 
of  equation,  85 
of  function,  85,  163 
of  unity,  376 

Rotation  of  locus,  78 

polar  co6rdinates,  127-129 
rectangular,  433-435 
of  rigid  body,  78 

Scalar  numbers,  343 
Scale,  1,  3 

algebraic,  3,  342 
functions,  20 
arithmetical,  3,  342 
double,  5  et  seg. 

logarithmic,  245-265 
uniform,  2 
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Scientific  laws  and  formulaa,  65      Tables,  damped  vibrations,  276, 


Seiche,  332  el  seq. 
S-formulas,  305 
Semi-cubical  parabola,  50 
Semi-logarithmic  paper,  251-261 
Series,  <see  progressions),  19 
Shearing  motion,  S3  et  seq. 
Shear  of  circle,  441 

of  ellipee,  436,  441 

of  hyperbola,  441 

of  parabola,  441 

of  straight  line,  81  el  teq. 
Simple  harmonic  function,  327 

motion,   Chap.   X,  321  et 

pendulum,  63,  195,  325" 
Sine,  100 
law,  301 

Sinusoid,  112,  113 

Sinusoidal    varying    magnitude. 


Slide  rule,  149  el  seq. 
Slope  of  line,  39 

of  curve,  40,  113 
Stationary  waves,  332 
Statistical  graphs,  27 
Straight  line,  40,  130,  423,  430 


Strai: 
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Sub-normal,  419 
Sub-tangent,  240,  419 
Supplementary  angles,  111 
Surds,  reduction  of,  465 
Symmetrical  equation  of  ellipse 
138 
of  hyperbola,  157 
systems  of  equations,  174 
Symmetry,  51,  57 

with  respect  to  point,  51 
to  line,  51 


logarithms,  331 
material  in  concrete,  44 
natural  trig,  functions,  104, 

123 
powers,  49,  50 


of" 


"  241 


Tangent,  100 
graph,  147 
law,  303 

to  circle,  422,  427 
to  curve,  239 
to  ellipse,  42S,  429 
to  parabola,  418 
Theorems,  binomial,  189  el  seq. 
factor,  163 
remainder,  162 
functions  of  composite  an- 
gles, 292 
on  loci,  57,  60,  80,  139,  242, 
392 
Transformations,  legitimate  and 

questionable,  167 
Translation,  78,  79,  424 
of  any  locus,  79,  80 
of  point,  434 
of  rigid  body,  78 
Transverse  axis,  157 
Triangle  of  reference,  100,  106 
Triangles,  solution  of,  123,  300- 
315 
objique,  300-315 
right,  123-125 
Trigonometric  curves,  112,  120, 
147-151,  298 
functions,  100  el  seq. 
Trochoid,  393 
Troehoidal  wave,  331 
Trough  of  sinusoid,  113 

Uniform  circular  motion,  99 
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Unit,  change  of, 
of  angular 


97 


Variables  and  constants,  13 

and  functioDS  of  variables, 
Chap.  I 

Variation,  63 

of  power  function,  67 

Vector,  118,  357 
radius,  118 

Vectorial  angle,  100,  118 

Velocity,  angular,  99,  322 


of  TV 


;,  329 


Versora,  347 
Vertices  of  ellipse,  138 
of  hyperbola,  157 
Vibrations,  damped,  276 

Waves,  Chap.  X.,  326  et  * 
compound,  334 
length  of,  327 
sinusoidal,  326  et  seg. 
stationary,  331 
trochoidal,  331 

Zero  of  function,  85 


i.vCoogIc 


f  r' 


3,q,l,ZDdbyG00gIe 


5^ 


:,  Google 


:,.;,l,ZDdbyG00gle 


:,.;,l,ZDdbyG00gle 


:,.;,l,ZDdbyG00gle 


:,.;,l,ZDdbyG00gle 


